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Prologue

Wavelets are everywhere nowadays. Be it in signal or image processing, in astronomy,
in fluid dynamics (turbulence), in condensed matter physics, wavelets have found ap-
plications in almost every corner of physics. In addition, wavelet methods have become
standard in applied mathematics, numerical analysis, approximation theory, etc. It is
hardly possible to attend a conference on any of these fields without encountering
several contributions dealing with them. Correspondingly, hundreds of papers appear
every year and new books on the topic get published at a sustained pace, with pub-
lishers strongly competing with each other. So, why bother to publish an additional
one?

The answer lies in the finer distinction between various types of wavelet transforms.
There is, indeed, a crucial difference between two approaches, namely, the continuous
wavelet transform (CWT) and the discrete wavelet transform (DWT). Furthermore, one
has to distinguish between problems in one dimension (signal analysis) and problems
in two dimensions (image processing), since the status of the literature is very different
in the two cases.

Take first the one-dimensional case. Beginning with the classic textbook of
Ingrid Daubechies [Dau92], several books, such as those of M. Holschneider [Hol95],
B. Torrésani [Tor95] or A. Arnéodo et al. [Arn95], cover the continuous wavelet trans-
form, in a more or less mathematically oriented approach. On the other hand, the
discrete wavelet transform is treated in many textbooks, more in the signal process-
ing style, such as M. V. Wickerhauser [Wic94], M. Vetterli and J. Kovacevi¢ [Vet95],
P. Wojtaszczyk [Woj97], or S. G. Mallat [Mal99], whereas others emphasize the algo-
rithmic aspects, sometimes in a rather abstract way, for example, C. K. Chui [Chu92]
or Y. Meyer [Mey94] (of course, there are many more on the market). Altogether these
books tell a fascinating story, that is ideally depicted in the highly popular volume of
B. Burke Hubbard [Bur98], which is based on interviews by the author with all the
founding “fathers” of the theory (J. Morlet, A. Grossmann, I. Daubechies, Y. Meyer,
etc.).

It is a fact that DWT-inspired methods (multiresolution, lifting scheme, etc., that we
shall describe in due time) constitute the overwhelming majority among the wavelet
community, under the joint influence of electrical engineering (signal processing with
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filters and subband coding) and applied mathematics (numerical and algorithmic
methods). Yet the CWT and, more generally, redundant representations of signals,
offer distinct advantages in certain cases, as we shall see later.

In two dimensions, that is, application to image processing, the situation is clearer.
Discrete methods are somewhat trivial, since the basic structure is that of a tensor
product, 2-D = 1-D ® 1-D, enforcing a Cartesian geometry (x and y coordinates).
Thus most textbooks on the DWT will cover, although briefly in general, the 2-D case
as a straightforward extension of the 1-D setup. As for the 2-D CWT, it receives at best
a cursory treatment in most cases. The raison d’étre of the present volume is precisely
to fill this gap in the literature and give a thorough treatment of the 2-D CWT and
some of its applications in image processing and in various branches of physics. As
a byproduct, we will also discuss in detail several extensions, such as 3-D wavelets,
wavelets on the sphere or wavelets in space-time.

A historical note

Before entering the subject proper, it may not be uninteresting to give some details on
its origin, without pretension to completeness, of course; we are not historians. The
first extension of the wavelet transform to imaging is due to Mallat [259,260], who
developed systematically a 2-D discrete (but redundant) WT, combining the traditional
concept of filter bank and the analogy with human vision. In fact, most of the concepts
are indeed already present in the pioneering work of Marr [Mar82] on vision modeling,
in particular the idea of multiresolution. Indeed, when we look at an object, our visual
system works by registering first a global, low-resolution, image and then focusing
systematically to finer and finer details. Thus, contrary to the 1-D case, the 2-D discrete
WT preceded the continuous version.

The 2-D continuous WT was born in a quite different way. The story starts in the
coffee room of the Institut de Physique Théorique in UCL, Louvain-la-Neuve (LLN), in
Spring 1987. Alex Grossmann from Marseille, one of the founding fathers of wavelets,
was visiting J.-P. A., indeed they had already started to collaborate on the application
of 1-D wavelets in NMR spectroscopy. Thus the two were discussing a possible Ph.D.
topic for a young African student, called Romain Murenzi (R.M.). The latter had just
concluded a Master’s thesis on five-dimensional quantum field theory, a subject hardly
practical for a developing country! So the idea came up, why not try to do in two dimen-
sions what had been so successful in 1-D, namely, wavelet analysis? The topic seemed
tractable, involving moderate amounts of mathematics and some simple computing
technology, and if it worked out, there could be very interesting practical applications.
The problem was that nobody knew how to do it! The next summer, R.M. went down to
Marseille and started to work with Grossmann and Ingrid Daubechies who happened
to be there too. And when he came back 3 months later, the solution was clear. The key
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is to start from the operations that one wants to apply to an image, namely, translations
in the image plane, rotations for choosing a direction of sight, and global magnification
(zooming in and out). The problem is to combine these three elements in such a way
that the wavelet machine could start rolling (there are mathematical conditions to sat-
isfy here). The result of R.M. was that the so-called similitude group yields a solution
(actually, the only one). There remained to put it all together, to turn the mathematical
crank and to apply the resulting formalism to a real problem, namely, 2-D fractals
(the outcome of a visit of R.M. to Arnéodo in Bordeaux), and the Ph.D. thesis was
within reach [Mur90]. Several papers followed [12,13], more M.Sc. or Ph.D. students
got involved over the years. We may cite Pierre Carrette, St€éphane Maes, Canisius
Cishahayo, Pierre Vandergheynst, Yébéni B. Kouagou, Laurent Jacques, Laurent De-
manet. Each of them has brought his contribution to the edifice, small or big, but always
useful.

This is probably a good place for asking, why wavelets? After all, there are plenty
of methods available for processing images. What is new here? A key fact is probably
that wavelets are somehow a byproduct of quantum thinking. More precisely, it is an
application of the quantum idea of a probe for testing an object, the result being given
by the scalar product of the two functions (indeed the framework is a Hilbert space,
that of finite energy signals). To get the transform, the probe is translated and scaled
(zoom), and turned around in the 2-D case, and the result is plotted as a function of
the corresponding parameters. (Actually the same could be said of the so-called Gabor
or Windowed Fourier transform.) One gets in this way a highly flexible and efficient
tool for signal/image processing, that sheds a different light and offers an alternative
approach to many standard problems, in particular those involving the detection of
singularities or discontinuities in signals. As somebody once remarked, wavelets do
not solve all the problems, but they often help asking the right questions.

Another sign of the quantum influence is the crucial role played by a unitary group
representation, a tool largely absent in classical physics — and thus from signal process-
ing as well. And it is no accident, in our opinion, that the crucial steps in developing
wavelets were made by Alex Grossmann and Ingrid Daubechies, both educated as
theoretical (quantum) physicists. Otherwise, it might have taken much longer for elec-
trical engineers and mathematicians to meet!

About the contents of the book

Now it is time to give some indications on the contents of the book. One can divide
it into several stages. In a first part (Chapters 1-3), we develop systematically the
continuous wavelet transform, first in one dimension (briefly), then in two dimensions.
The emphasis here is on the practical use of the tool, with a minimum of mathematics.
Then we devote two long chapters, 4 and 5, to applications. Three short chapters, 6-8,
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set the general mathematical scene. This allows us, in Chapters 9 and 10, to describe
wavelets in more general settings (3-D, sphere, space—time). In Chapter 11, finally,
we discuss some recent developments that actually go beyond wavelets. This gradual
structure is one of the original aspects of the book, in comparison with those on the
market.

Let us go into more details. As a warming up exercise, we begin, in Chapter 1, with
a rather concise overview of the 1-D WT. This allows the reader to develop a feeling
about the wavelet transform and to understand its success in signal processing. All
aspects will be touched upon: the continuous WT, multiresolution and the discrete WT,
various generalizations of the latter, some applications. One of the leitmotives is the
role of redundancy, especially with respect to stability of the representation.

Chapter 2, which forms the hard core of the first part, presents in a systematical
way the theory of the 2-D CWT. As said above already, the starting point is to decide
which elementary operations one wants to apply to an image. Choosing translations in
the image plane, rotations (direction of sight), and global magnification (zooming in
and out), together with the probe idea, leads uniquely to the 2-D CWT. We study in
detail its basic properties: energy conservation, reconstruction formula, reproducing
property, covariance under the chosen operations. Then we describe the interpretation
of the WT as a singularity scanner and as a phase space representation of signals.
Since the WT of a 2-D image is a function of four variables, visualizing it inevitably
becomes problematic. Hence the need to reduce the number of parameters, either by
fixing some of them, or integrating over them. This introduces a tool that will prove
very useful in the applications, namely, the various partial energy densities, that is, the
function obtained by integrating the squared modulus of the CWT over a subset of the
parameters. In other words, various types of wavelet spectra, the analogs of the familiar
power spectrum of a signal.

As is well known in 1-D, the CWT is highly redundant, as one can expect from
a transform that doubles the number of variables: one to two in 1-D, two to four in
2-D. This fact may be exploited in two ways. Either one limits oneself to a small
subset of the transform, where most of the energy is concentrated, and thus one is led
to the notions of local maxima, ridges and skeleton; or one discretizes the CWT and
obtains wavelet frames. Such a representation is still redundant, but much less than
the full CWT, and in many instances is a good substitute for a genuine orthonormal
basis. An alternative is the so-called dyadic WT, originally due to Mallat, in which only
the scale variable is discretized. Together with the latter, we also describe briefly the
standard DWT, based on the multiresolution idea, and several generalizations, mostly
the so-called [ifting scheme. We conclude the chapter with a thorough discussion of a
different scheme, called directional dyadic wavelet frames. Here, as in 1-D, there are
two conflicting requirements: redundancy of the transform, which brings stability, and
computing economy, that seeks fast algorithms. The formalism described here offers a
good compromise.
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When it comes to treating a precise problem, the first question to ask is, which wavelet
should one use? Thus there is a need for a sizable collection of them, well documented
and calibrated. The aim of Chapter 3 is to provide this. The crucial distinction here is
whether directions in the image are relevant or not. If they are not, a pointwise analysis
suffices, and one can use rotation invariant (isotropic, radial) wavelets, the best known
being the Mexican hat or LOG wavelet (already introduced by Marr [Mar82]). On the
contrary, if directions must be detected, one needs a wavelet with a good orientation
selectivity. The most efficient result is obtained with the so-called directional wavelets.
These are filters living in a convex cone, with apex at the origin, in Fourier space.
Examples are the 2-D Morlet wavelet and the family of conical wavelets. All these
wavelets, and some more, are discussed in detail in Chapter 3, and their performances
determined quantitatively.

At this stage, the tool is ready and we turn to applications. Many of them are not easy
to find, because they have appeared only in conference proceedings or in (unpublished)
Ph.D. theses. For that reason, we have decided to present them in a rather detailed
fashion, always giving original references, including personal websites when available.
In each case, we emphasize the rationale for using wavelets in the particular problem
at hand, rather than go into the technicalities.

It is convenient (although not always unambiguous) to distinguish between two
different fields of applications, image processing and physics. To the first type, the
subject matter of Chapter 4, belong contour detection and character recognition; auto-
matic target detection and recognition (for instance, in infrared radar imagery); image
retrieval from data banks; medical imaging; detection of symmetries in patterns, in
particular quasicrystals and other quasiperiodic patterns; and image denoising. The
chapter concludes with two nonlinear extensions of the CWT, which both have impor-
tant applications. The first one is contrast enhancement in images through an adaptive
normalization. This technique, based on analogy with our visual system, may be of
interest in medical imaging. Indeed typical images, such as those obtained by radiogra-
phy or by NMR imaging, have rather weak contrast, which makes their interpretation
sometimes difficult. The other problem we deal with is watermarking of images, which
consists in adding an invisible “signature” (the watermark) to an image, that only the
owner can recognize and is robust to manipulations. Clearly the field of image copyright
offers a good market for such techniques. The novel method we present is based on the
contrast analysis described previously, exploiting directional wavelets, and it turns out
to be particularly efficient.

The second class of applications, described in Chapter 5, concerns various fields of
physics. Characteristically, they all belong to classical physics, as opposed to quantum
physics, because the former relies much more on images. Indeed, there are very few
applications of wavelet analysis in quantum problems.

The first domain on which 2-D wavelets have made a substantial impact is astronomy
and astrophysics, for several reasons. The Universe has a marked hierarchical structure.
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Nearby stars, galaxies, quasars, galaxy clusters and superclusters have very different
sizes and live at very different distances. Thus the scale variable is essential and a mul-
tiscale analysis is in order. This, of course, suggests wavelet analysis, and indeed many
authors have used it in problems such as determination of the large-scale structure of the
Universe, galaxy or void counting, or analysis of the cosmic background radiation. In
addition, we describe more in depth two applications of our own, namely, the detection
of various magnetic features of the Sun, from satellite images, and the detection of dis-
tant gamma-ray sources in the Universe. In the latter case, difficult statistics problems
arise, because of the extreme weakness of the signal (such a source emits very few high
energy photons).

The next topic is Earth physics: fault detection in geophysics, seismology, climatol-
ogy (notably, thunderstorm prevision). A number of successful applications pertain to
fluid dynamics, from the detection of coherent strucures in fully developed 2-D tur-
bulence (a domain pioneered forcefully by Marie Farge [164]) to the measurement of
the velocity field in a turbulent fluid, or the disentangling of a 2-D (or 3-D) wave train.
Next comes the world of fractals. These are structures that are solely characterized
by their behavior under a scaling transformation: ideal ground for wavelets! However,
the self-reproducing properties of physical fractals are in general only approximate,
so that methods from statistical mechanics are needed. Thus, a thermodynamical for-
malism has been designed by Arnéodo and his group in Bordeaux for treating such
problems, and we give a brief account of it. Finally we touch upon the problem of
shape recognition, where wavelet descriptors have proven useful too.

At this point, the book undergoes a sort of phase transition. Up to here, everything
was done by hand, so to speak. The properties of the CWT have been derived by explicit
calculations and very few mathematical prerequisites have been asked for. But now it is
time to look over the hill and notice that the whole theory is firmly grounded in group
theory. Indeed the wavelet transform and all its properties may be entirely derived from
an appropriate representation of the affine group, both in one and in two dimensions.
A mathematical condition, called square integrability of the representation, ensures the
validity of the derivation, in particular the possibility of inverting the wavelet transform,
that is, of obtaining reconstruction formulas. We devote two rather short chapters, 6 and
7 to these developments, with a double benefit. First, on the pedagogical level, we want
to convince the reader that the group-theoretical approach is not only mathematically
correct and pleasant, it is also natural and easy. It allows us indeed to understand in
a simple and unified language the deeper mathematical structures involved. It is also
quite efficient, in that it yields a general formalism (in fact, a special case of the coherent
state formalism, well known in quantum physics, in particular, in quantum optics) that
permits us to extend the CWT to more general manifolds, such as R?, the two-sphere,
or space—time, all generalizations that will be discussed in later chapters. Of course, we
do not expect our reader to be fully conversant with group theory, and we will define all
the needed ingredients along the way. Actually we will essentially restrict our treatment
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to 2 x 2 or 3 x 3 matrices, without resort to abstract notions. Nevertheless, we found
it convenient to gather all the group-theoretical information in a separate appendix.

We begin, in Chapter 6, by revisiting the 1-D CWT in the light of the so-called ax + b
or restricted affine group of the line, that is, the set of all translations and positive dila-
tions. It turns out that the CWT may also be interpreted as a phase space representation
of signals, in the sense of Hamiltonian mechanics, and the group-theoretical language
makes this evident. The same treatment is then applied to the Gabor transform, also
called Short Time or Windowed Fourier transform, simply replacing the affine group
by the Weyl-Heisenberg group, that is, the group of phase space translations (this point
of view has also been emphasized by Daubechies [Dau92]). Next, in Chapter 7, we
repeat the procedure in two dimensions. Here the relevant group is the similitude group
SIM(2), which consists of translations, rotations and dilations of the plane, that is,
precisely all the transformations we have chosen to apply to images. Here, as in the
1-D case, the basic tool is a representation of the group by unitary operators acting in
the space of finite energy signals, a natural representation that possesses the property
of square integrability, meaning roughly that its matrix elements are square integrable
functions of the group parameters. Here too, the CWT is a phase space realization of
signals, and we spend some time exploring the consequences of this fact.

In a third chapter with a mathematical flavor, Chapter 8, we discuss two less known
properties of wavelets. First, some of them have minimal uncertainty, in the sense
that they saturate some uncertainty relations linked to the Lie algebra of the wavelet
group, exactly as Gaussians saturate those associated to the canonical commutation
relations. Then we explore the relationship between wavelet transforms and the Wigner
transform, well-known in physics and in radar theory (under the name of the closely
related ambiguity function).

The next two chapters are devoted to various extensions of the standard CWT, that
can be derived with help of the general formalism just developed. First we treat, in
Chapter 9, the higher dimensional cases. We begin with the 3-D CWT, which is a
straightforward extension of the 2-D case. Then we examine in depth the CWT over
the 2-sphere. Here, of course, there is a strong motivation from several domains, from
geophysics to astrophysics. The former is clear. As for the latter, when one considers
the whole Universe, as in the problem of gamma source detection mentioned above, it
is necessary to take the curvature into account.

However, there is an equally appealing aspect in the mathematics of the subject.
Indeed, the group to consider here is the conformal group of the sphere S2, which is
nothing but the proper Lorentz group SO, (3, 1). The same group is also the conformal
group of the plane R?, for instance, the tangent plane at the North Pole. The sphere and its
tangent plane are mapped onto each other by the stereographic projection from the South
Pole and its inverse. This operation is in fact the key to the construction of a spherical
CWT. Indeed, the operations to be performed on spherical signals are motions on the
sphere, given by rotations, and local dilations around a given point. In order to define
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these, one first defines dilations around the North Pole by lifting the corresponding
ones in the tangent plane by inverse stereographic projection. Then, dilations around
any other point of the sphere are obtained by combining the previous ones with an
appropriate rotation. As a consequence, the parameter space of the spherical CWT is
not the Lorentz group itself, but a homogeneous space of it, containing only rotations
and the dilations just defined, that is, the quotient of SO,(3, 1) by a certain subgroup.
Therefore, one needs the general formalism described in Chapter 7 in order to get a
genuine spherical CWT. As an additional benefit, one recovers the natural link between
the sphere and its tangent plane: the spherical CWT tends to the usual plane CWT
when the radius of the sphere increases to infinity (the so-called Euclidean limit). It is
gratifying that this aspect too is entirely described by the group-theoretical machinery, in
terms of an operation called group contraction. Another byproduct of our spherical CWT
is the possibility of designing good wavelet approximations of integrable functions on
the sphere, another result previously known in the plane case. Here again practical
applications are at hand, in the context of the so-called Geomathematics advertised by
Freeden and his school [Fre97].

Then we turn, in Chapter 10, to the extension of the CWT to space—time. The problem
of interest here is, of course, motion estimation, more precisely, detection, tracking,
and identification of objects in (relative) motion. Examples include traffic monitoring,
autonomous vehicle navigation, and tracking of ballistic missile warheads. This is a
difficult problem, since the data is huge and often very noisy. As a consequence, most
algorithms tend to lose track of the targets after a while, particularly if the latter changes
its appearance (e.g.,a maneuvering aeroplane) or in the case of an occlusion (one moving
object hides another one). From the wavelet point of view, one designs a spatio-temporal
CWT, whose parameters are space and time translations, rotations, global space—time
dilations, that catch the size of the target, and a speed tuning parameter that measures
its speed. The usual formalism goes through almost verbatim and allows one to design
an efficient algorithm for motion estimation. One key ingredient again is the successive
use of several partial energy densities.

In the final Chapter 11, we turn to another kind of generalizations, namely, trans-
forms specially adapted to the detection and modeling of lines and curves, called the
ridgelet and the curvelet transforms. The motivation for these new transforms, and
their superiority over standard wavelets, is that they take much better into account the
geometry of the object to be analyzed. A curve in the plane is more 1-D than 2-D,
and the conventional 2-D CWT simply ignores this fact — hence it is unnecessarily
costly. Here, of course, one experiences the much bigger richness of the 2-D world,
in particular, concerning singularities of functions. These transforms naturally lead to
new approaches to image compression and various nonlinear approximations, that we
also describe.

We conclude the chapter and the book with a topic called ‘algebraic wavelets’.
These are wavelets adapted to self-similar tilings on the line or the plane obtained by
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replacing the usual natural numbers by a different system of numeration, for instance,
the golden mean t = %(1 + +/5). This is actually a generalization of the discrete WT,
but it provides another example of wavelets adapted to a specific geometry, hence it is
not out of place in this volume, and we found it interesting to give a short account of
it, both in 1-D and in 2-D. In the latter case, typical examples are the famous Penrose
tilings of the plane, with pentagonal symmetry, and this brings us back to the study of
aperiodic patterns and to quasicrystals!

The conclusion of the whole story is definitely optimistic. Wavelets, and in particular
the continuous WT, have proven to be a versatile and extremely efficient tool for image
processing, provided one uses the right wavelet on the right problem. Their future is
undoubtly bright, in many fields of science and technology.

Before concluding this introduction, several technical remarks are in or-
der. First, most examples that are not reproduced from original papers have
been computed using our own wavelet toolbox, called the YAW (Yet Another
Wavelet) Toolbox, and freely accessible on the Louvain-la-Neuve website
<http://www.fyma.ucl.ac.be/projects/yawtb/>.

Next, we have found it useful to split the references into two sections, devoted to
books and Ph.D. theses, and regular journal articles (with a different presentation,
viz. [Ald96] and [2], respectively). As we have already said, theses are an extremely
rich source of information, although they are often only accessible on the web. In
general, we have tried to trace most of the results to the original papers. Of course,
there are omissions and misrepresentations, due to our ignorance and prejudices. We
take responsibility for this and apologize in advance to those authors whose work we
might have mistreated.
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Warm-up: the 1-D continuous
wavelet transform

1.1

What is wavelet analysis?

Wavelet analysis is a particular time- or space-scale representation of signals that has
found a wide range of applications in physics, signal processing and applied math-
ematics in the last few years. In order to get a feeling for it and to understand its
success, we consider first the case of one-dimensional signals. Actually the discussion
in this introductory chapter is mostly qualitative. All the mathematically relevant prop-
erties will be described precisely and proved systematically in the next chapter for the
two-dimensional case, which is the proper subject of this book.

It is a fact that most real life signals are nonstationary (that is, their statistical proper-
ties change with time) and they usually cover a wide range of frequencies. Many signals
contain transient components, whose appearance and disappearance are physically very
significant. Also, characteristic frequencies may drift in time (e.g., in geophysical time
series — one calls them pseudo-frequencies). In addition, there is often a direct correla-
tion between the characteristic frequency of a given segment of the signal and the time
duration of that segment. Low frequency pieces tend to last for a long interval, whereas
high frequencies occur in general for a short moment only. Human speech signals are
typical in this respect: vowels have a relatively low mean frequency and last quite a
long time, whereas consonants contain a wide spectrum, up to very high frequencies,
especially in the attack, but they are very short.

Clearly standard Fourier analysis is inadequate for treating such signals. Strictly
speaking, it applies only to stationary signals, and it loses all information about the
time localization of a given frequency component. In addition, it is very uneconomical.
When the signal is almost flat, and thus uninteresting, one still has to sum an infinite
alternating series to reproduce it. Worse yet, Fourier analysis is highly unstable with
respect to perturbation, because of its global character. For instance, if one adds an extra
term, with a very small amplitude, to a linear superposition of sine waves, the signal will
barely be modified, but the Fourier spectrum will be completely perturbed. This does
not happen if the signal is represented in terms of localized components. Indeed, as we
shall see shortly, the basic idea of the wavelet transform is to decompose a signal locally
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into contributions living at different scales. This is a marked contrast with the Fourier
components, which are sinusoidal waves repeating themselves indefinitely. As such,
it is difficult to give them any physical reality. If a piece of audio signal is identically
zero, it is because no sound is emitted, not because the Fourier components necessary to
represent the zero signal interfere destructively. These components are a mathematical
construction, rather than a genuine physical phenomenon. To quote J. Ville [364]:

Si nous considérons en effet un morceau de musique . .. et qu'une note, la par exemple, figure une
fois dans le morceau, I’analyse harmonique [de Fourier] nous présentera la fréquence correspondante
avec une certaine amplitude et une certaine phase, sans localiser le la dans le temps. Or, il est
évident qu’au cours du morceau il est des instants ou I’on n’entend pas le la. La représentation est
néanmoins mathématiquement correcte, parce que les phases des notes voisines du /a sont agencées de
maniere a détruire cette note par interférence lorsqu’on ne 1’entend pas et a la renforcer, également par
interférence, lorsqu’on I’entend; mais s’il y a dans cette conception une habileté qui honore 1’analyse
mathématique, il ne faut pas se dissimuler qu’il y a également une défiguration de la réalité: en effet,
quand on n’entend pas le la, la raison véritable est que le la n’est pas émis.

That is,

If we consider a piece of music . .. and if a note, an A for instance, appears once in that piece, Fourier
analysis will yield the corresponding frequency with a certain amplitude and a certain phase, without
localizing the A in time. Clearly the A will not be heard at certain instants. Yet the representation is
mathematically correct, because the phases of the neighboring notes conspire to suppress the A by
interference when it is not heard and to enhance it, again by interference, when it is heard. However,
although this conception shows a skillfulness that honors mathematical analysis, one should not hide
the fact that it also distorts reality: indeed, when the A is not heard, the true reason is that the A is not
emitted.

Another eloquent comment along the same line by L. de Broglie may be found,
together with the one above, in [Fla93; p.9].

Facing these problems, signal analysts turn to time—frequency representations. The
idea is that one needs two parameters: one, called a, characterizes the frequency, the
other one, b, indicates the position in the signal. This concept of a time—frequency
representation is in fact quite old and familiar. The most obvious example is simply a
musical score (see Figure 1.1). Clearly, it is not sufficient to give the pitch of a given
note, that is, the frequency to which it corresponds, it is also important to know when
to play it (time information)!

Let s(x) be a finite energy signal, that is, a square integrable function s € L*(R, dx).
In most cases, x will be a time variable and the (Fourier) conjugate quantity a frequency,
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Fig. 1.1. A traditional time—frequency representation of a signal (from Mozart’s Don Giovanni,
Act 1).
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but in general x simply represents position in the signal. Thus, following [Dau92], we
prefer to keep a neutral notation (x, &) for the couple of conjugate variables, instead of
the more familiar (¢, w). Accordingly, the Fourier transform of the signal s is defined
by

() = dx e " s(x). (1.1)

1 [e¢]
A/ 2 /oo
If one requires the transform to be linear, a general time—frequency transform of the
signal s will take the form:

oo

s(x)— Sb,a) = / dx Yp a(x)s(x), (1.2)

—00

where v, , 1s the analyzing function. Within this class, two time—frequency transforms
stand out as particularly simple and efficient: the windowed (or short time) Fourier
transform (WFT) and the wavelet transform (WT). For both of them, the analyzing
function v, is obtained by acting on a basic (or mother) function v, in particular, b
is simply a time translation. The essential difference between the two is in the way the
frequency parameter a is introduced:

(1) Windowed Fourier transform:

Up.a(x) = Dy (x — b). (1.3)

Here ¢ is a window function and the a-dependence is a modulation (1/a ~ fre-
quency); the window has constant width, but the smaller a, the larger the number
of oscillations in the window (see Figure 1.2 (left)).

(2) Wavelet transform:

1 x—>b
Yp.a(Xx) = 7 ( P ) (1.4)

The action of a on the function ¥ (which must be oscillating, see below) is a dilation
(a > 1)oracontraction (@ < 1): the shape of the function is unchanged, it is simply
spread out or squeezed (see Figure 1.2 (right)). In particular, the effective support
of ¥, , varies as a function of a.

The windowed Fourier transform was originally introduced by Gabor (actually in a
discretized version), with the window function i taken as a Gaussian; for this reason,
itis sometimes called the Gabor transform. With this choice, the function v, , is simply
a canonical (harmonic oscillator) coherent state [Kla85], as one sees immediately by
writing 1/a = p. Since the new variables are the time (position) b and the frequency
1/a, the Gabor transform yields a genuine time—frequency representation of the signal.
As for the wavelet transform, the variables are b and the scale a (or pitch in the case of
music), hence we shall speak rather of a time-scale representation.

We may remark here that the resemblance between the windowed Fourier transform
and the wavelet transform is not accidental. They are both particular instances of a large
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1/a =~ frequency

'l/)b.a(x)

high

medium

low

X

Fig. 1.2. The function v, ,(x) for different values of the scale parameter a, in the case of the
windowed Fourier transform (left) and the wavelet transform (right). The quantity 1/a, which
corresponds to a frequency, increases from bottom to top.

class of integral transforms constructed by the formalism of coherent states [Ali0O].
This general analysis, however, has a more mathematical flavor and is not needed in a
first approach, although it clarifies and unifies the picture considerably. Therefore, we
postpone it to Chapter 6, since we want to emphasize first the practical aspects of the
wavelet transform.

One should note that the assumption of linearity is nontrivial, for there exists a whole
class of quadratic or, more properly, sesquilinear time—frequency representations. The
prototype is the so-called Wigner—Ville transform, introduced originally by E.P. Wigner
[373] in quantum mechanics (in 1932!) and extended by J. Ville [364] to signal analysis:

oo e x
W, (b, ) = / dx e s(b — s +3). E=1/a (1.5)

o0

Note that the signal s(x) is usually a real function, but, in quantum mechanics, s(x)
represents a wave function, and is thus in general complex. This transform is entirely
intrinsic to the signal, since it does not contain any extra function (wavelet, window)
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that inevitably influences the result. On the other hand, it is quadratic, which implies
the appearance of interference terms whenever the signal is a superposition of two
components. In order to minimize these as much as possible, one usually smoothes
the Wigner—Ville transform with some function ®, thus obtaining a whole class of
quadratic transforms, called Cohen’s class [109,F1a93], of the general form:

C(b,§) = // db'dg' o(b —b'. & —EHW, (', &). (1.6)
R2

An example is the so-called smoothened pseudo-Wigner—Ville distribution,

+oo

+o0
SPW,(b, ) = / db g(b — b’)/ dx h(x)e % s(b' — x/2)s(b' +x/2), (1.7)

—00
corresponding to a factorizable kernel ®(b, £) = (27r)~'/2g(b) h(£), where 1 denotes
the Fourier transform of 4. Further information about quadratic transforms may be
found in [Fla93], and as a general survey for time—frequency methods, we refer to
[GroO1].

1.2

The continuous wavelet transform

Actually one should distinguish two different versions of the wavelet transform, the
continuous WT (CWT) and the discrete (or more properly, discrete time) WT (DWT)
[Dau92,Hol95]. The CWT plays the same rdle as the Fourier transform and is mostly
used for analysis and feature detection in signals, whereas the DWT is the analog of the
Discrete Fourier Transform (see for instance [Bur98] or [326]) and is more appropriate
for data compression and signal reconstruction. The situation may be caricatured by
saying that the CWT is more natural to the physicist, while the DWT is more congenial
to the signal analyst and the numericist. The continuous wavelet transform is the main
topic of this book. Nevertheless, for the sake of comparison, we will give short overviews
of the discrete WT, both in one and two dimensions.

The two versions of the WT are based on the same transformation formula, which
reads, from (1.2) and (1.4):

o0

Sb. a) = |a| " /oo dx (xai) s(x), (1.8)

where a # 0 is a scale parameter and b € R a translation parameter (one often imposes
only a > 0, which is more natural, but makes formulas slightly more complicated; see
Chapter 6). Equivalently, in terms of Fourier transforms:

S(b, a) = la|'? /oo dg Y (ag)5(E) . (1.9)
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In these relations, s is a square integrable function, representing a finite energy signal,
and the function v, the analyzing wavelet, is assumed to be well localized both in the
space (or time) domain and in the frequency domain. In addition ¥ must satisfy the
following admissibility condition, which guarantees the invertibility of the WT:

00 TEV2
cy = Zn/ d& Wl(;)l < 0. (1.10)

In most cases, this condition may be reduced to the (only slightly weaker) requirement

that ¥ has zero mean:

V(0)=0 /Oodx Y(x) = 0. (1.11)

Intuitively, it expresses the fact that a wavelet must be an oscillating function, real or
complex (“little wave™). This is often thought to be the origin of the term “wavelet”,
but it is not the case historically. Indeed the word was widely in use in the geophysics
community, with quite a different meaning, when it was introduced by Grossmann and
Morlet [205,206] in the present sense, under the name “wavelets of constant shape” —
but, of course, this lengthy nomenclature did not survive the very first founding paper!
The wavelet ¥ is said to be progressive if its Fourier transform ;[I\(f) is real and
vanishes identically for & < 0. (In the signal processing community, a signal with this
property is called analytic, following the terminology introduced by J. Ville [364].) In
addition, v is often required to have a certain number of vanishing moments:

f dx x"Y(x)=0, n=0,1,...N. (1.12)

ee}

This property improves the efficiency of ¥ at detecting singularities in the signal, since
it is then blind to polynomials up to order N, which constitute the smoothest part of
the signal.

Notice that, instead of (1.8), which defines the WT as the scalar product of the signal
s with the transformed wavelet ¥, ,, S(b, a) may also be seen as the convolution of s
with the scaled, flipped and conjugated wavelet ¥ *(x) = |a|~"/? ¥ (—x/a) :

S(b,a) = (Y xs)(b) = /oo dx ¥ b — x)s(x). (1.13)

—00
In other words, the CWT acts as a filter with a function of zero mean.

This property is crucial, for the main virtues of the CWT follow from it, combined
with the support properties of . Indeed, we must assume that v and fﬁ\ are as well
localized as possible, but respecting, of course, the Fourier uncertainty principle. This
means that, up to minute corrections, the product of the lengths of the supports of ¥
and {0\ is bounded from below by a fixed constant, usually taken as 1/2. Equivalently,
the product of the variances of the distributions |y|> and |$ | is bounded from below.
More precisely, one defines the centers of gravity (which may in fact be normalized to
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zero by a suitable redefinition of the coordinates):

xo = /Z dx X [P, & = f: dg £ 17®)P, (1.14)
and the corresponding variances

(AP = ]2 /_Z dx (¢ — %P WO (1.15)
(AEP = ]I~ /Z dt (& — &) 13- (1.16)
Then the Fourier uncertainty theorem [F1a93] says that

Ax AE > % (1.17)

Under these assumptions, the transformed wavelets v, , and @: are also well
localized. Therefore, the WT s +— S performs a local filtering, both in time (b) and in
scale (a). The transform S(b, a) is nonnegligible only when the wavelet v, , matches
the signal, that is, the WT selects the part of the signal, if any, that lives around the time
b and the scale a.

In addition, if 1; has a numerical support (bandwidth) of width A&, then IE,; has
a numerical support of width A&/|a|. Thus, remembering that 1/a behaves like a
frequency, we conclude that the WT works at constant relative bandwidth, that is,
A& /& = constant. This implies that it is very efficient at high frequency, i.e., small
scales, in particular for the detection of singularities in the signal. By comparison, in
the case of the Gabor transform, the support of @:l keeps the same width A& for all
a, that is, the WFT works at constant bandwidth, Aé = constant. This difference in
behavior is often the key factor in deciding whether one should choose the WFT or the
WT in a given physical problem.

Another crucial fact is that the transformation s(x) — S(b, a) may be inverted ex-
actly, which yields a reconstruction formula (this is only the simplest one, others are
possible, for instance using different wavelets for the decomposition and the recon-
struction):

s(x):q;l/ db/ fl—fwb,a(x)S(b,a), (1.18)

where the normalization constant ¢y, is given in (1.10) (incidentally, this relation shows
why the admissibility condition ¢, < oo is required for the transformation to be in-
vertible). This means that the WT provides a decomposition of the signal as a linear
superposition of the wavelets ¥, , with coefficients S(b, a). Notice that the natural
measure on the parameter space (a, b) is da db/a?, and it is invariant not only under
time translation, but also under dilation. This fact is important, for it suggests that these
geometric transformations play an essential role in the CWT.
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One should emphasize here that the choice of the normalization factor |a|~'/?in (1.4)
or (1.8) is not essential. This choice makes the transform unitary: ||V, 41, = [|¥1l, and
also ||S|l, = lIs|l,, where || - ||, denotes the L? norm in the appropriate variables (the
squared norm is interpreted as the total energy of the signal). In practice, one often
uses instead a factor a !, which has the advantage of giving more weight to the small
scales, i.e., the high frequency part (which contains the singularities of the signal, if
any). Thus, defining

x—>b
Yba) = a lw( ) (1.19)

a

we obtain the so-called L'-normalized transform:
Sb, a) = (Ypuls) = lal™! / dx ¢ ( )S(X) (1.20)
—00

which preserves the L'-norm of the signal, as follows immediately from the corre-
sponding convolution formula

S(b, a) = (P! % 5)(b), (1.21)

where ¥ (x) = |a|~! ¥ (—=x/a). Thus indeed [[¥*||, = |||, and 181, = lIs]l,, where
I - |I, denotes the L'-norm in the corresponding variables.

Examples

In order to fix ideas, we exhibit here two simple examples of wavelets, both in the time
domain and in the frequency domain.
(1) The Mexican hat wavelet

This wavelet is simply the second derivative of a Gaussian:

Ya(x) = (1 — x?) exp(—3x%), Pu(€) = £ exp(—1&?). (1.22)

(2) The Morlet wavelet
This wavelet is essentially a plane wave within a Gaussian window:

Ya(x) = exp(ikox) exp(—3x%) + c(x), Yu(E) = exp(—3(E — £)) + &)
(1.23)

Here the correction term ¢ must be added in order to satisfy the admissibility
condition (1.11), but in practice one will arrange that this term be numerically
negligible (< 10~*) and thus can be omitted (it suffices to choose the basic frequency
|&,| large enough, typically |&,| > 5.5).
These two wavelets have very different properties and, naturally, they will be used
in quite different situations. Typically, the Mexican hat is sensitive to singularities in
the signal, and it yields a genuine time-scale analysis. On the other hand, since it is
complex, the Morlet wavelet will catch the phase of the signal, hence will be sensitive
to frequencies, and will lead to a time-frequency analysis, somewhat closer to a Gabor
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Fig. 1.3. Wavelet analysis with a Mexican hat wavelet of the discontinuous signal bumps (shown in
the bottom panel).

analysis. In both cases, additional flexibility is obtained by adding a width parameter
to the Gaussian (see (3.8) in the equivalent 2-D situation).

As an illustration of the performance of the CWT as a singularity scanner, we first
show in Figure 1.3 the analysis with a Mexican hat wavelet of a discontinuous signal,
called bumps and consisting of three pieces, a § function, a boxcar function and a tent
function. Clearly the wavelet locates all discontinuities in the signal and in its successive
derivatives well. However, if one wants to discriminate between the various types of
singularities, one has to invoke the concept of vanishing moment, defined in (1.12). Let
us consider the successive derivatives of a Gaussian:

n

n d 2
m(x) = - exp(—3x7). (1.24)

For increasing n, these wavelets have more and more vanishing moments, and are
thus sensitive to increasingly sharper details. As an example, we consider a continuous
signal obtained by glueing together an arc of parabola (the so-called function x2) and a
linear piece and we analyze it successively with the first three derivatives of a Gaussian,
w,ﬁ")(x), n =1, 2, 3. The result is shown in Figure 1.4. In (a), the first-order wavelet

" has only one vanishing moment, hence it sees the full content of the two pieces of
the signal. In (b), the second-order wavelet w,ﬁz)(x) = 1, does not see the linear part
anymore, only the singularities at the two ends, but still sees the quadratic piece on
the left (in technical terms, one would say that this wavelet is blind to a linear trend

in the signal). In (c), finally, the third-order wavelet correctly erases both pieces of the
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Fig. 1.4. Analysis of a composite signal (bottom panel) with successive derivatives of a Gaussian.
(a) First order; (b) second order; (c) third order.

signal, keeping only the three singularities. This example shows the advantage of the
local filtering effect of the CWT. Notice that a Gabor analysis would be utterly unable
to achieve such a discrimination between singularities, let alone to detect them!

As a direct application of this behavior, an interesting technique has been designed
by A.Arnéodo et al. [49], which consists in analyzing the same signal with several
wavelets 1", for different . The features common to all the transforms surely belong
to the signal, they are not artifacts of the analysis.

1.3

Discretization of the CWT, frames

All this concerns the continuous WT (CWT). But, in practice, for numerical purposes,
the transform must be discretized, by restricting the parameters a and b in (1.8) to the
points of a discrete lattice I' = {a;, by, j, k € Z} in the (a, b)-(half)-plane. Then we
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say that I" yields a good discretization if an arbitrary signal s(x) may be represented as
a discrete superposition

SO =Y (iels) Yiilx), (1.25)

jkez

instead of the reconstruction formula (1.18). In (1.25), ¥ jx = V¥4,.4, and 1;‘,-;c should be
explicitly constructible from v/ ;. We emphasize that (1.25) must be an exact represen-
tation, i.e., there is no loss of information as compared to a direct discretization of the
continuous reconstruction (1.18). Notice that here also, as in the latter, the reconstruc-
tion formula is in general not unique, which offers an additional degree of freedom in
a given situation.

One may wonder whether a discrete representation of the type (1.25) is really pos-
sible. The answer lies in the reproducing property,

., 1 dadb
SW,a)=c, // 2 (Vo a|Vb,a) S(b, a), (1.26)
that every wavelet transform must satisfy. Indeed (1.26) implies that the information
content of the wavelet transform S(b, a) is highly redundant. In fact the signal has been
unfolded from one to two dimensions, and this explains the practical efficiency of the
CWT for disentangling parts of the signal that live at the same time, but on different
scales. This redundancy (which is the source of the nonuniqueness of the reconstruction
formula) may be eliminated — this is the rationale behind the discrete wavelet transform.
It may also be exploited, for instance, by observing that it must be possible to obtain
the full information about the signal from a small subset of the values of the transform
S(b, a). In particular, the validity of a representation (1.25) means that a discrete subset
will do the job, and this is precisely what is needed for the reconstruction of a signal
from its wavelet transform.

The problem is to find the minimal sampling grid ensuring no loss of information. In
order to formulate it in mathematical terms, one relies on the theory of discrete frames
or nonorthogonal expansions, that we now sketch. See [121,Dau92] for a complete
treatment.

In fact, the discrete representation (1.25) means that the signal s(x) may be replaced
by the set {{vjx|s)} of its wavelet coefficients. Since s € L?, it is natural to require
that the sequence of coefficients be also square integrable and that the map F : s >
{(¥jx|s)} be continuous from L*(R) to €%, i.e.,

> Kwds)P < Blisl’. 0 < B < oo. 1.27)
JkeZ

In addition, one wants the reconstruction of s(x) from its coefficients to be numerically
stable, that is, a small error in the coefficients implies a small error in the reconstructed
signal. In particular, if the left-hand side of (1.27) is small, ||s||> should be small also.
Therefore, there must exist a constant A > 0 such that
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AlsIP < 1wads)P < BlslP (1.28)

JkeZ

(the lower bound indeed guarantees the numerical stability [Dau92]). By definition, this
relation means precisely that the set {1y} constitutes a (discrete) frame, with frame
bounds A and B. This frame is said to be tight if A = B. Note that (1.28) is in fact a
weakened form of the Parseval relation. The latter is recovered in the case of a tight
frame, in particular for an orthonormal basis. For a general frame, however, (1.28) is
sufficient for inverting the wavelet representation (we will discuss this in detail in the
2-D case, in Section 2.4).

We will present a detailed analysis of these concepts in Chapter 2. Here we simply
observe that, for all practical purposes, a good frame is almost as good as an orthonormal
basis. By “good frame,” we mean that the expansion (1.25) converges sufficiently fast.
The detailed analysis of [121,122] shows this to be the case if |B/A — 1| < 1, thus in
particular if the frame is tight. Many functions v satisfying the admissibility condition
(1.10) will yield a good frame (of course, this must be proved for every given ).
However, we will not get an orthonormal basis, since the functions {v/ ¢, j, k € Z} are
in general not orthogonal to each other!

Yet orthonormal bases of wavelets can be constructed, but by a totally different
approach, based on the concept of multiresolution analysis. We emphasize that the
discretized version of the CWT just described is totally different in spirit and method
from the genuine discrete wavelet transform, that we will sketch in Section 1.5 below.
The full story may be found in [Dau92], for instance.

Of course the practical question is: how does one build a good frame? Clearly, the
question of the existence of a discrete frame must take into account the geometry of
the parameter space. In the present case, this means that the lattice I' must be invariant
under discrete dilations and translations:

* for scale, one chooses naturally a; = a,h =/, j € Z, for some A > 1;
« for time, one takes by = by j = kb,a,A™/, j, k € Z.
Thus we get

Yir(x) = A2 Y(a, M x —kby),  j ke (1.29)
The most common choice is A = 2 (octaves!) and a, = b, = 1, which results in
Yin(x) =212 y2Ix — k), j,keZ. (1.30)

It is worth noticing that this so-called dyadic lattice {(k27/,27/), j, k € Z} is exactly
the same that indexes the DWT (see Section 1.5), which may create some confusion
(and sometimes did so!).

For a given choice of v/, A, one finds a range of values of b, such that {1}, as given
in (1.29), is a frame. Detailed results may be found in [122Dau92]. Here we will restrict
ourselves to the following simplified version.



13

1.3 Discretization of the CWT, frames

Theorem 1.3.1. Let  and a, be such that:
(0.¢]
@) inf > PATEP > 0;
j=—00

I<E<h

@) 1Y@ < CEPFA+IEDT, >0,y >a+]1.

Then there exists b, such that {{ i} constitutes a frame for all choices b, < b,.

Both the Mexican hat and the Morlet wavelet satisfy the conditions of the theorem for
the dyadic case, A = 2, a, = b, = 1, thus they both generate discrete frames on the
dyadic lattice. Explicit values for the corresponding frame bounds A, B may be found
in [Dau92].

However, the numerical implementation of such a dyadic frame is unwieldy, in
particular, the reconstruction works well only if the frame is very redundant. Two
variants are used in practice, and both of them amount to increase the redundancy.
The first one consists in subdividing further the octaves, introducing what are called
additional voices. This means that one further subdivides each octave, replacing in
(2.77) the exponent j by %j, v=0,1,...,N —1 (v is called a voice and N the
number of voices). The effect is to “densify” the dyadic lattice, which improves the
ratio B/A and thus speeds up convergence of the discrete approximation. By taking
sufficiently many voices by octaves, one may even get frames which are numerically
tight. For further details, we refer the reader to [Dau92]. However, if the speed is
the determining criterion, one can do better by using the continuous wavelet packets
described in Section 1.6.1.

The other solution consists in replacing the dyadic lattice with a rectangular one, that
is, taking the sampling rate independent of the scale. This has the advantage of making
the whole analysis invariant under global discrete translations. The resulting version
of the discretized CWT has been advocated by Mallat [Mal99,265] (who, curiously,
calls it the dyadic WT!) and Torrésani [Tor95], and we will meet it again repeatedly
in the sequel (see Section 1.6.1). Note that similar ideas were already used in the
classical Littlewood—Paley analysis [Fra91] and the famous Laplacian pyramid from
vision analysis [91]. The scheme was also rediscovered by statisticians, who called it
“stationary wavelet transform” [112,295].

To illustrate this technique, we show in Figure 1.5 a five-level decomposition of the
signal bumps with a translation invariant frame of quadratic spline wavelets, as used
in [265]. The figure shows, from bottom up, the low resolution approximation and the
five levels of details with increasing resolution.

As we shall see in detail in the next chapter, Section 2.5, the whole machinery of
frames extends almost verbatim to the two-dimensional case. In particular, both the 2-D
Mexican hat and the 2-D Morlet wavelet yield reasonably good 2-D frames. Besides
their simplicity and their efficiency, this explains the widespread use of these two
wavelets in image processing, as was already the case in one dimension.
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Fig. 1.5. Five-level decomposition of the signal bumps with a translation invariant frame of quadratic
spline wavelets. The low resolution approximation is shown on the bottom panel and the five levels
of details with increasing resolution a = 27/, j = —5, —4, —3, —2, —1, in the next five panels.

Ridges and skeleton

Real life signals are frequently very entangled and noisy, and their WT is difficult to
interpret. However, a clever exploitation of the intrinsic redundancy of the CWT is
often able to bypass the difficulty and thus to improve the efficiency and the range of
applicability of wavelet analysis. The technique consists in using the skeleton of the
CWT instead of its modulus. Roughly speaking, the skeleton is a collection of lines,
called ridges, which are approximately lines of local maxima. The concept is easy to
visualize in two extreme situations [Mal99,262,358].

Assume first that the signal s(¢) consists of a singularity y,(x — x,), of order «, at
time x,, superimposed on a smooth background and some stochastic noise [262]. Here
the singularity function y,, is defined as follows:

<
ex —x) =4 ESTe (131)
(.X - -x()) , X > Xp.
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[The index « is in fact an index of homogeneity or a Lipschitz regularity exponent. For
instance, a § function has @« = —1.] Thus we have

dot+1ya
dxonrl

Let the wavelet be the nth derivative of a smooth positive function ¢, that is, ¥ (x) =
dVl

x—x,)=Ta+1)6(x —x,).

¢(x), with n > o + 1 (typically, a derivative of a Gaussian, like the Mexican hat

dxt
and its higher order analogs (1.24)). Then the CWT of y, with respect to i to reads:
" dn—a—1¢ X, — b
Sy (b,a)=T(ax+1)a . (1.32)
dxn—ot—l a

Assume now that the modulus of the (n — o — 1)th derivative of ¢ has N maxima
{dr, 1 =1,..., N} at positions {x;, l =1,..., N}. Then, for each a, the modulus
Sy, (b, a)| has N maxima localized at positions {b; = ax; + x,, [ =1,... , N}, which
converge toward x, as a — 0. Furthermore, the maxima of |S,, (b, a)| lie on N lines,
called (vertical) ridges {b = ax; + x,, [ = 1, ..., N}, which converge toward the sin-
gularity x, of the signal, and the modulus of |S,, (b, a)| along the /th ridge behaves as

a%:

[Sy, (b =ax; + x,,a)] = T(a + 1)a” ¢. (1.33)
Hence the strength « of the singularity may be read off a log—log plot:
In|S,,(ax; + x,, a)|l ~ alna + In¢;. (1.34)

This technique, introduced by Mallat and Hwang [262], has been developed to a
considerable extent for the analysis of fractals by Arnéodo and his collaborators under
the name of Wavelet Transform Modulus Maxima (WTMM) (see [Arn95] for a survey).
The important point is that the restriction of the WT to its skeleton (the set of its ridges)
characterizes the signal completely [264,265]. Thus, in practice, it is enough to compute
the skeleton. We will discuss the 2-D extension of the WTMM method in Section 2.3.5
and its application to fractals in Section 5.4.

To give a simple example, we take again our signal bumps, and compute the skeleton
of its wavelet transform shown in Figure 1.3. The result, presented in Figure 1.6, clearly
confirms the analysis above.

As a second example, we consider the analysis of the behavior of a material under
impact made in [358]. The physical context is that of a so-called “instrumented falling
weight impact” testing. During such a test, a striker falls from a certain height on a
clamped disk, so that either the striker rebounds or the disk breaks. In both cases, one
records the time and the force on the striker. This type of event occurs on a very short
time scale and is thus essentially transient, so that a time—frequency method is required
for the analysis. Among the various methods discussed in [358], we focus here on the
case of a rebound and a wavelet analysis of the force signal. The Mexican hat detects
precisely three discontinuity points, namely, first contact, maximal penetration and last
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Log Scale

100 200 300 400 500 600 700 800 900 1000
Position

Fig. 1.6. Skeleton of the CWT of the signal bumps, as presented in Figure 1.3.

contact. The results are shown in Figure 1.7. The signal is given in panel (a), whereas
the CWT and its skeleton are presented in (b) and (c). The latter, in particular, shows the
three ridges that point towards the three instants mentioned. A further analysis exploits
the behavior of the modulus of the CWT along each ridge. This yields precious insight
into the physics of the phenomenon, particularly in the case of the rupture of the sample,
not shown here. We refer to [358] for more details.

More generally, vertical ridges allow us to discriminate between genuine signal
features and noise. First, noise ridges are usually much shorter, being visible mostly
at small scales [21]. Then the modulus of the CWT tends to increase for increasing
scale a on a noise ridge, whereas it decreases along genuine signal ridges. This fact
has been exploited, for instance (in a discrete set-up), for the correction of aberrated
images of the Hubble Space Telescope [85]: noise and signal have opposite behavior
with increasing scale.

As for the second typical situation, the idea is that many signals are well approximated
by a superposition of simple spectral lines:

N
s =Y si(x),  si(x) = A(x) e, (1.35)
I=1
where the amplitude A;(x) varies slowly. By linearity, the WT of this signal is a sum
of terms, S(b, a) = ), Si(b, a), where, from (1.9),
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Fig. 1.7. Analysis of the rebound signal, with a Mexican hat wavelet: (a) the signal and the points
detected by the respective ridges; (b) the modulus of the CWT; and (c) the corresponding skeleton
(from [358]).
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—+o00 - R )
Si(b,a) = a / dE Y(a&) Aj(E — &) e (1.36)
“+o00 R R )
_ Jae f 4t T(als + &) AE) e, (137)

Inserting the Taylor expansion of ;ﬁ\ around a&;, one obtains the following expansion
for S:

o~

Si(b, a) = ¥ (a&)s;(b) — iaeiS‘bd—w(aéz)%(b) + higher order terms (1.38)

dé§
Assuming the amplitude to be a smooth function (C'), all terms beyond the first are
easily bound using the intermediate value theorem and one can limit oneself to the
lowest order, namely,

Si(b, @) = Y (ag)si(b), (1.39)
and thus

N —_~
S(b.a) ~ Y " Y(at)si(b). (1.40)

=1

Assume that the wavelet 1}\ (&) has aunique maximum in frequency space at £ = &,, like
the Morlet wavelet (1.23). Then, if the values of the frequencies &; are sufficiently far
away from each other, the factor 1’/7 (a&)) allows to treat each spectral line independently.
In this case, the contribution of the /th spectral line to S(b, a) is localized on the scale
a; = &,/& and, along the line of maxima a = ay, called the /th (horizontal) ridge, the
CWT is approximately proportional to the /th spectral line:

S(b, a)
V(&)

The set of all the ridges is again called the skeleton of the CWT. Thus the restriction of
the WT S(b, a) to its skeleton contains the whole information.

>~ s51(b). (1.41)

The analysis extends to the more general case where the spectral lines have the form
s1(x) = Aj(x) e’ "™, (1.42)

with the amplitude A;(x) varying slowly with respect to the phase ¢;(x) (such signals
are called asymptotic). Typical examples are spectra in NMR spectroscopy [210]. In
this case, each term S; in the CWT (1.8) in the time domain is a rapidly oscillating
integral, the essential contribution to which is given by the stationary points of the
phase of the integrand. These points are the solutions x,(b, a) of the equation

d 0
iy (1.43)
dx a
Then the corresponding ridge of the WT is defined as the set of points (b, a) for
which x;(b, a) = b. These constitute a curve in the (b, a)-half-plane, which essentially
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reduces to a line of local maxima. A detailed analysis [131] shows again that, on this
curve, the WT S(b, a) coincides, up to a small correction, with the component s;(b)
of the signal. Taking all ridges together, one obtains the skeleton of the CWT, and the
analysis shows that the restriction of S(b, a) to it essentially coincides with the analytic
signal Z(b) associated to s(x). It follows again that the restriction of the WT S(b, a)
to its skeleton contains the whole information. In particular, the so-called frequency
modulation law x ~! arg{s(x)} of s(x) is easily recovered from it. Thus, it is not necessary
to compute the whole CWT, but only its skeleton [99]. This is, of course, much less costly
computationally, because there are fast algorithms available. Spectacular applications of
this method may be found, for instance, in spectroscopy [131], geomagnetism [4], chirp
detection/estimation in gravitational waves [Mor(02,277] or shape determination [21].
The last quoted paper, in particular, contains a thorough analysis of the two types of
ridges, vertical and horizontal, interpreted in both cases as lines of local maxima (see
Section 5.4.2).

1.5

The discrete WT: orthonormal bases of wavelets

One of the successes of the WT was the discovery that it is possible to construct
functions v for which {v, j, k € Z} is indeed an orthonormal basis of L*(R). In
addition, such a basis still has the good properties of wavelets, including space and
frequency localization. Moreover, it yields fast algorithms, and this is the key to the
usefulness of wavelets in many applications.

The construction is based on two facts. First, almost all examples of orthonormal
bases of wavelets can be derived from a multiresolution analysis, and then the whole
construction may be transcripted into the language of digital filters, familiar in the
signal processing literature.

Notice that it is precisely at this point that arises the basic difference between the
discretized continuous wavelet transform, discussed in the previous section, and the
discrete wavelet transform (DWT). In the former case, the wavelet ¥ is chosen a priori
(with very few constraints, as we have seen above), and the question is whether one can
find a lattice I" such that {+} is a frame with decent frame bounds A, B. In the other
approach, one imposes from the beginning that the set {1 ;;} be an orthonormal basis
and tries to construct a function ¥ to that effect. The construction is rather indirect and
the resulting function is usually very complicated (sometimes it has a fractal behavior).

Definition 1.5.1. A multiresolution analysis of L*(R) is an increasing sequence of
closed subspaces

L..CcVL,cVayocVyeVicV L., (1.44)

with (e, Vi ={0}and J; ., V; dense in L%(R), and such that
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(1) fx)eV; & f(2x) €V,
(2) There exists a function ¢ € Vy, called a scaling function, such that the family
{p(x — k), k € Z} is an orthonormal basis of V.

Combining conditions (1) and (2), one gets an orthonormal basis of V;, namely
{$jx(x) = 2/2¢p(2/x — k), k € Z}. Note that the scaling function ¢ is often required
only to generate a Riesz basis of Vj, that is, a frame {¢o, k € Z} of linearly indepen-
dent vectors spanning V. However, since the Riesz basis can be orthonormalized, for
instance by a Gram—Schmidt procedure, the condition (2) is equivalent, and simpler.

Remark: Some authors (for instance, [Dau92] or [Mal99]) use the opposite convention
for the index j, namely V; C V;_; (both have advantages and inconveniences). With
the present convention, large j means small scale (of order) 2~/ or high frequency 2/,
thus high resolution 2/.

Each subspace V; can be interpreted as an approximation space. The approximation
of f € L*(R) at the resolution 2/ is defined by its projection onto V;, and the larger j,
the finer the resolution obtained. Then condition (1) means that no scale is privileged.
The additional details needed for increasing the resolution from 2/ to 2/*! are given
by the projection of f onto the orthogonal complement W; of V; in V;:

VieW; =V, (1.45)

and we have:

LY(R) = @ W;. (1.46)
JjezZ

Equivalently, fixing some lowest resolution level j,, one may write

o0
LXR)=V;, ® (QB Wj) . (1.47)
J=Jo

The crucial theorem then asserts the existence of a function v, sometimes called the
mother wavelet, explicitly computable from ¢, such that {y;(x) = 212 (2 x — k),
j.k € Z} constitutes an orthonormal basis of L*(R): these are the orthonormal
wavelets.

The construction of i proceeds roughly as follows. First, the inclusion Vy C V;
yields the relation (called the scaling, or two-scale, or refinement equation):

P =V2 > mpQx—k). = (dile). (1.48)

k=—o00

Taking Fourier transforms, this gives

~ ~ 1 0 .
(28) = h(&) p(€), with h(E) = fk;o hye k. (1.49)
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Thus £ is a 2 -periodic function and it satisfies the relation
@+ hE +m)P =1, ae. (1.50)

Iterating (1.49), one gets the scaling function as the infinite product

¢&) = 2m) P[] 2 e), (1.51)
=1

J

which may be proven to be convergent [Dau92]. Then one defines the function
Y € Wy C V; by the relation

V(28) = g(§) p(&), (1.52)

where g is another 27 -periodic function. By the relation (1.45) and the orthonormality
of the functions {¢;;}, the functions &, ¢ must satisfy the identity

gEVhE) + gt +MhE+71) =0, ae. (1.53)

The simplest solution is to put g(£) = e'¢ h(¢é + ), which implies, in particular,
|h(&)]> + |g(€)|> = 1, a.e. Then one obtains

o0
Y)=v2 Y (=D ho9@x — k), (1.54)
k=—00
and one proves that this function indeed generates an orthonormal basis with all the
required properties. Another, equivalent, solution is

oo
Y@ =v2 > (=D h¢@x — k). (1.55)
k=—o00
Various additional conditions may then be imposed on the basic wavelet i, such as
arbitrary regularity, several vanishing moments (in any case, ¥ has always mean zero),
symmetry, fast decrease at infinity, and even compact support [Dau92].

Remark: Some authors (for instance, [Dau92] or [Tor95]) denote the functions 4, g by
mo, m1, respectively.

The simplest example of this construction is the Haar basis, which comes from
the scaling function ¢(x) = 1 for 0 < x < 1, and 0 otherwise (boxcar function). The
coefficients of the corresponding filter A are hg = hy = 1/+/2, h; =0, fork #0, 1.
Applying the recipe (1.55) then yields the Haar wavelet

1, ifo<x<1/2,
VYHaar(X) = =1, ifl/2<x <1, (1.56)
0, otherwise.
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Similarly, various B-spline bases may be obtained along the same line. Other explicit
examples may be found in [Chu92] or [Dau92].

In order to set up the discrete WT, the technique consists in translating the multireso-
lution structure into the language of digital filters, which is precisely what we have just
done. Indeed, a filter is simply a multiplication operator in frequency space or a linear
convolution in the time variable, and the discussion above amounts to nothing more
than expanding (filter) functions in a Fourier series. For instance, h(§) is a filter, with
Fourier coefficients 4, g(§) is another one, and {4, g} are called Quadrature Mirror
Filters or QMFs whenever they satisfy the identities (1.50) and (1.53). Then the various
restrictions imposed on i translate into suitable constraints on the filter coefficients
h,. For instance, ¥ has compact support if only finitely many #,, differ from zero (one
then speaks of a finite impulse response or FIR filter).

Of course, the goal is to obtain a fast algorithm, and this relies on two aspects,
namely, short filters and a pyramidal structure, already familiar in signal processing.
Indeed, the rapidity of the algorithms depends crucially on the length of the filters
involved, because the pyramidal structure rests on a concatenation of several filters.
One major stumbling block is the dilation. This is easy to understand from the very
definition of the WT. Indeed, as we have seen above, the WT (1.8) or (1.13) basically a
convolution. Once discretized, these formulas become discrete convolutions of digital
sequences. Then the point is that, if the sequence ¥*(n) has length N, then the dilated
sequence /4 (n) has length 2N, and this leads to an algorithm of exponential increase,
clearly not admissible. One trick for avoiding this difficulty is to replace the (natural)
dilation by a so-called pseudodilation, which consists in inserting a zero between any
two successive entries of 1/*(n), and then correcting for the distortion so introduced. In
this way, one obtains a fast algorithm. Since the sequences resulting from successive
dilations have all the same length, but are full of zeros or holes, this algorithm is
known as the “algorithme a trous” [157,222]. The interesting fact is that this procedure
may be extended to very general situations, involving wavelet transforms on abelian
groups, which form a kind of intermediate step (“missing link”’) between the CWT and
the DWT [Kou00,32]. Several other fast algorithms have been designed, mostly along
the line proposed by Mallat [Mal99,339]. Altogether, there does exist a Fast Wavelet
Transform, exactly as a Fast Fourier Transform.

In practical applications, the (sampled) signal is taken in some V,, and then the
decomposition (1.47) is replaced by the finite representation

J—1
V=V, ® (GB W,) : (1.57)

J=Jo

Figure 1.8 shows an example of a decomposition of order 5, namely our familiar signal
bumps decomposed over an orthonormal basis of Daubechies d6 wavelets [Dau92].
Thus we take J = 0 and j, = —5 in formula (1.57):
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Fig. 1.8. Five-level decomposition of the bumps signal on an orthonormal basis of Daubechies d6
wavelets. The low resolution approximation c_s € V_s is shown on the bottom panel and the five
levels of details with increasing resolution, d; € W;, j = =5, ..., —1, in the next five panels.

Vo=V_s®OW_sPW_,BW_3sPDW_r,d W_;. (1.58)

Correspondingly, the signal s € V; is decomposed as

1
s = ZC—S,k s+ Z Zdjk Yk

keZ Jj=—5 kel

—1
c_5+ Z d,

j=s

As in Figure 1.5, the figure shows, from bottom up, the low resolution approxi-
mation c_s and the five levels of details with increasing resolution, successively
d_s,d_4,d_3,d_»,d_,.

At this point, we should add a word of caution concerning the numerical implemen-
tation of the reconstruction formula associated to (1.57),

J—1
s=Y ciubik+ Y > di Vi (1.59)

keZ J=Jo k€Z
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If s is an analog signal, i.e. a function, the approximation coefficients c;, ; and the
wavelet coefficients d; ; are calculated in the standard way,

Ciok = (Dj kls),  djr = {¥jils).

However, if the signal is only accessible through sampled values, then the coefficients
must be estimated from the latter. This may be done by making some assumption about
the signal (for instance, in the “algorithme a trous™ [157,222], the signal is supposed to be
a spline function), which amounts to some pre-filtering. Alternatively, one takes forc;, x
the sampled values themselves. This is a good approximation [Mal99; Section 7.2.3],
but without any real theoretical justification. In any case, these procedures generate
errors that have to be controlled. See [132] for a comprehensive discussion.

1.6

1.6.1

Generalizations

As we just saw, appropriate filters generate orthonormal wavelet bases. However, this
result turns out to be too rigid and various generalizations have been proposed (see
also the comments in Section 1.6.2). To name a few: biorthogonal wavelet bases,
wavelet packets and the Best Basis Algorithm, the lifting scheme and second generation
wavelets. We shall refrain from describing these here. Instead, we will give a rather
detailed treatment in Chapter 2, for the two-dimensional case. Further information may
also be found in [Mey94].

Continuous wavelet packets

Besides the full discretization described in Section 1.3, and the discrete WT just dis-
cussed, there is an intermediate procedure, which consists in discretizing the scale
variable alone, on an arbitrary sequence of values (not necessarily powers of a fixed
ratio), but leaving translations fully continuous. The resulting transform has the ad-
vantage of being completely covariant with respect to translations, a very desirable
feature, for instance, in pattern recognition. If we use dyadic scales, the result is called
a dyadic wavelet transform and was introduced in [264,265], precisely for that reason.
A detailed account will be given in the 2-D case, in Section 2.4.4.

An elegant way of deriving this dyadic WT from the CWT was described in [159],
under the name of infinitesimal multiresolution analysis, or continuous wavelet packets.
This approach leads to fast algorithms that could put the CWT on the same footing as
the discrete WT in terms of speed and efficiency, by extending the advantages of the
latter to cases where no exact QMF is available [Tor95,Vdg98,291,360]. While already
interesting in 1-D, this method displays its full potential in 2-D, offering a very fast
implementation of the so-called directional 2-D wavelets. Accordingly we shall describe
it in detail in the next chapter, Section 2.6. Here we shall only sketch briefly the idea,
in the version called linear formalism in [Tor95,291].
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Given a wavelet ¥, one lumps together all low-frequency components in a scaling
function (here we take a > 0)

00 d 1 [ ~ 0 d
o= [ w()G=1 [ voa  so=[ Tw a0
1 a a X Jo 1 a

and introduces the integrated wavelet

1 x\ da 1 (% _~ LN da
W(x) = / v(E) S == vwas, e =[ e e
1 1/2 a

poNal a> x J;

These functions satisfy two-scale relations:

W(x) =202x) — D(x), W) = B(E/2) — D). (1.62)
Next, one chooses a regular grid, as opposed to the dyadic one used in the discrete case,
namely,

O/ =292/ (- —x)), W =2/W(©2/(—x)) (1.63)

[note that one uses here the L'-normalization (1.19)]. Although the resulting transform
will be redundant, it has the great advantage over the conventional DWT of maintaining
(integer) translation covariance. Then, exactly as for the DWT, one gets a discrete
reconstruction formula:

o0
s(x) = (@L]s) + D (Wl]s). (1.64)
J=Jo

Truncating the summation, as usual, one gets thus a finite sum, to be compared with
the decomposition (1.57).

However, there still remains a major problem. Indeed, we may try and mimick the
continuous formalism and assume there exist two functions /1, § satisfying the following
relations, analogous to (1.49), (1.52):

DQRE) = hE)DE), W(QE) = F(E)DE), ae. (1.65)

The difficulty now is that these functions are in general not 27 -periodic, which precludes
designing any fast (pyramidal) algorithm. There is a way out, however. Since using the
regular grid means sampling ®(x) at unit rate, we have to assume that the function )
is essentially supported in [—, 7 ]. Therefore, since the functions /2, § always appear
in a product with P, according to the relations (1.65), it is reasonable to approximate
them in a neighborhood of zero by 2 -periodic functions 424, g¢. In fact [Tor95], there
exists a unique pair h, g that minimizes the distance between h and h?, respectively g
and g“. These approximate filters, called pseudo-QMFs, will be described at length in
Section 2.6.4. The end result is a very fast implementation of the continuous wavelet
transform, truly competitive with the discrete wavelet transform.
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Orthogonal or redundant wavelet expansions?

Now we have seen the full spectrum of possible wavelet decompositions, from the min-
imalist, that is, nonredundant, orthonormal bases to increasingly redundant systems,
frames and pseudo-QMFs. Which one to use in practice? Of course, there is no unique
answer, it depends on the problem at hand. If it comes to signal compression, for in-
stance, the most economical representation is certainly preferable, thus orthonormal
bases will be the first choice. In addition, they often yield the least correlation between
wavelet coefficients, and, of course, mathematicians have a long tradition in orthogonal
expansions. This explains the popularity of orthonormal bases in many communities.
However, this is certainly not the last word. In statistical analysis, for instance, one
prefers overcomplete systems to orthonormal bases, because they have higher adaptivity
properties and they allow to control the degree of redundancy. In addition, the lack of
(even discrete) translation invariance is a serious drawback for all applications involv-
ing some pattern recognition. In fact, increasing redundancy has many advantages, in
particular, it improves both the quality of reconstruction and the stability with respect
to perturbation, e.g., by noise. We will now comment on these two aspects.

As an illustration, let us compare the three analyses of the bumps signal made above,
the full CWT analysis of Figure 1.3, the translation invariant frame decomposition
of Figure 1.5 and the orthonormal basis decomposition of Figure 1.8. The CWT sees
correctly all discontinuities, with intensities depending of their strength, measured by
the singularity index ¢, defined in (1.31). The three parts of the signal have, respectively,
o = —1 for the § function, @ = O for the boxcar function, and o = 1 for the tent or
triangle function. Correspondingly, see (1.32), the wavelet coefficients behave as a“,
which fits with Figure 1.3 for a small enough.

Compare now the two finite decompositions. When a — 0, the wavelet coefficients
of the § function increase, whereas those of the triangle function decrease. As a con-
sequence, both the orthonormal basis and the translation invariant frame barely see the
discontinuities of the triangle. The high resolution (small scale) wavelet coefficients are
so small that one cannot see them on the figure! Indeed, if we redo the same analysis
on the triangular signal alone, using appropriate units, the high resolution coefficients
are perfectly seen (Figure 1.9). The reason is that the § function singularity is so strong
that it swamps the whole picture. This is a perfect illustration of the fact that wavelet
orthonormal bases are too rigid: the same basis cannot analyze correctly the three pieces
of the signal, in a sense it is not local enough! For that reason, substitutes were invented
for improving the local character of the analysis. One of the most popular examples is
that of a local cosine basis. The idea is to divide the time axis into arbitrary intervals
(which overlap slightly for continuity), depending on the signal itself, and perform-
ing into each of these an independent discrete Fourier-type decomposition (DCT) [see
Figure 1.11 (d)]. We refer to [Mal99] for further information (we quote this technique
here for the sake of comparison only).
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Fig. 1.9. Five-level decomposition of the triangular part of the bumps signal, with the same
presentation as in Figure 1.8.

On the other hand, the frame of Figure 1.5 performs better. The reason here is spatial
(time) resolution. In the orthogonal basis case, the resolution becomes so loose at larger
scales that even the wavelet coefficients at j = —3 are barely visible on Figure 1.8.
But, since the frame is translation invariant, the spatial resolution remains the same at
all scales, and the wavelet coefficients are now visible up to j = —1.

Another bonus of redundancy is an increased robustness of the representation with
respect to small perturbations. Suppose indeed we are working in finite dimension N.
Let s € RN be a signal and denote by s;, i = 1... N the coefficients of s in a given
orthonormal basis. Suppose we perturb each s; by a random variable n; (modeling
noise, for example). For simplicity, we choose the n;s independent, with zero mean
and variance o2. It is easy to verify that the mean square error (MSE) of the perturbed
signal § is No2. Now, if we decompose s in a frame composed of M > N elements, the
intuition is that this result should be improved because we have diluted noise in a much
larger space. Actually, if the frame is tight and denoting by r = M /N its redundancy,
the MSE reduces to [200]:

No?

r

MSE =
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Fig. 1.10. Mean square error of the two reconstructions of the bumps signal, using an orthonormal
wavelet basis and a redundant translation invariant wavelet frame, respectively.

Redundancy thus implies stability, or robustness to perturbations of the decomposition
coefficients. This is illustrated on Figure 1.10. We have decomposed the bumps signal
using an orthonormal wavelet basis and a redundant translation invariant wavelet frame.
We have then quantized the respective coefficients and measured in each case the MSE
of the reconstructed signal. The plot shows that the redundant representation always
yields a better MSE. Furthermore, the distance between the two curves is constant and
equal to the redundancy of the frame used.

Finally, as a visual aid to the various discrete wavelet schemes, it is instructive to
characterize each of them by the tiling of the time—frequency plane it induces. We
show a schematic presentation of these in Figure 1.11. On the top row, we have, from
left to right, the cases of a Gabor transform and of the DWT (dyadic partition). Note,
however, that the Gabor tiling is idealized, since this sharp partition can never be
realized, because the time—frequency localization is intrinsically limited (the so-called
Balian—Low theorem [Dau92]). On the bottom row, we show the cases of wavelet
packets and that of a local cosine basis, respectively.



29 1.7 Applications of the 1-D CWT
]

Frequency

Frequency

Time Time

(a) (b)

Frequency
Frequency

Time Time

(©) ()

Fig. 1.11. Tilings of the time—frequency plane corresponding to four different analysis schemes.
(a) The (idealized) Gabor analysis; (b) the discrete WT; (c) wavelet packets; (d) a local cosine basis.

1.7  Applications of the 1-D CWT

The CWT has found a wide variety of applications in various branches of physics
and/or signal processing. Of course, our main concern in this book will be the practical
applications of the 2-D wavelet transform, so we will devote two full chapters to them
(Chapters 4 and 5). Nevertheless, we will list here a representative selection of one-
dimensional applications, in order to convey to the reader a feeling about the scope and
richness of the field. Most of the early applications, and the original references, may be
found in the proceedings volumes [Com89,Mey91,Mey93]. Another interesting source
for applications is the recent volume of Addison [AddO2]. In all cases, the CWT is
primarily used for analyzing transient phenomena, detecting abrupt changes in a signal
or comparing it with a given pattern.
* Sound and acoustics

The first applications of the CWT were in the field of acoustics. A few examples

are musical synthesis, speech analysis [123] and modeling of the sonar system



30

Warm-up: the 1-D continuous wavelet transform

of bats and dolphins. Other examples include various problems in underwater
acoustics, such as the disentangling of the different components of an underwa-
ter refracted wave (see Section 5.3 for the 2-D case) and the identification of an
obstacle.

Geophysics

This is the origin of the method, which was designed in an empirical fashion by
J. Morlet for analyzing the recordings of microseisms used in oil prospection. More
recently, the CWT has been applied to the analysis of various types of geophysical data,
e.g., in gravimetry (fluctuations of the local gravitational field), in seismology (arrival
time of the various waves), in geomagnetism (fluctuations of the Earth magnetic
field [4]) or in astronomy (fluctuations of the length of the day, variations of solar
activity, measured by the sunspots, etc).

Fractals, turbulence

The CWT is an ideal tool for studying fractals, or more generally phenomena with
particular properties under scale changes [221]. Thus it is quite natural that the CWT
has found many applications in the analysis of (1-D and 2-D) fractals, artificial (diffu-
sion limited aggregates) or natural (arborescent growth phenomena) [Arn95,43,44].
Related to these is the use of the CWT in the analysis of developed turbulence (identifi-
cation of coherent structures, uncovering of hierarchical structure) [Abr97,163—-165].
An interesting example of fractal or self-similar behavior is that of telecommuni-
cations network traffic, and here too the WT (although rather the DWT) has given
interesting results [1]. We will come back to 2-D fractals and similar objects in
Section 5.4.

Atomic physics

When an atom is hit by a short intense laser pulse, it emits radiation that cover a
whole spectrum of harmonics of the laser frequency (experimentally, harmonics of
order larger than 400 have been observed). This is a fast and complex physical process,
which cannot be understood without a time-frequency analysis. This has been done,
both with a Gabor analysis and with wavelets (CWT), yielding for instance the time
profile of each individual harmonic [30,31] and the effect of the polarization of the
laser field on harmonic generation [39,40].

Spectroscopy

This was one of the earliest and most successful applications, in particular for NMR
spectroscopy, where the method proves extremely efficient in subtracting unwanted
spectral lines or filtering out background noise [60,131,210]. We may note that here,
as in the previous application, a Gabor analysis may be fully competitive with the
wavelet analysis [33,34].

Medical and biological applications

The CWT has been used for analyzing or monitoring various electrical or mechanical
phenomena in the brain (EEG, VEP) or the heart (ECG) [Ald96,Tho98,354]. It also
yields good models for the auditory mechanism [123]. Another striking result is the



31

1.7 Applications of the 1-D CWT

characterization of long-range correlations in DNA sequences (and the solution of a
long-standing puzzle) by Arnéodo and his group [49].

* Analysis of local singularities
The strong point of the CWT is to detect singularities in a signal, but it yields also a
fine characterization of their strengths (Lipschitz regularity, expressed via the local
Holder exponents), using the homogeneity relations (1.32) and (1.34), in particular
in the case of oscillating singularities [48,50,51].

» Shape characterization
A particular case of analysis of local singularities is the determination of the shape of
an object, a standard problem in image processing, for instance in robotic vision. A
novel approach [Ces97,Cos01,21] consists in treating the contour of the object as a
complex curve in the plane and analyzing it with the 1-D CWT. The method benefits
from all the good properties of the wavelet transform, for instance its robustness to
noise, and looks promising for applications. Since this is in fact a 2-D problem, we
will analyze it in detail, in Section 5.4.2.

Industrial applications

Here again the important aspect is monitoring, for instance in detecting anomalies in
the functioning of nuclear, electrical or mechanical installations. A typical application
is the analysis of the behavior of materials under impact made in [358] and discussed
above for illustrating the concept of ridge and skeleton. In that paper, the same signal
is analyzed with a Gabor transform, a CWT with a Morlet wavelet, a CWT with a
Mexican hat, a Wigner—Ville transform, and the respective merits of each method are
compared. Another, closely related, application is the determination, with a Morlet
wavelet, of the vibration normal modes of a high tower excited by wind [259]. The
results of this paper fully confirm the previous ones and, in particular, emphasize the
role of the width parameter of the Gaussian.
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Chapter 1 has given us a brief overview of the basic facets of the CWT in the simpler
one-dimensional (1-D) case, including its relationship with the various discrete ap-
proaches and a glimpse of some applications. Now it is time to enter the proper subject
of the book, namely, the two-dimensional (2-D) wavelet analysis.

Derivation

In 1-D, the CWT (1.8) amounts to projecting the signal onto the wavelet ¥, ,, obtained
by translation and dilation of the mother wavelet . Thus the transform is fully deter-
mined by these elementary operations of the line. Accordingly, in order to derive the
CWT in 2-D, a good starting point is to consider first the elementary operations we
want to apply to our signals. Actually, as we will see later (Chapter 6), this point of
view allows one to extend the CWT to much more general situations, such as wavelets
in higher dimensions, wavelets on the sphere, time-dependent wavelets, etc.

Images and elementary operations on them

By an image, we mean a two-dimensional signal of finite energy, represented by a
complex-valued function defined on the real plane R?> and square integrable, i.e., a
function s € L>(R?, d*X):

| = /Zd%? ls(¥)|* < o0 2.1)
R

(sometimes it is useful to take s integrable as well). In practice, a black and white image
will be represented by a bounded non-negative function:

0<s(X)< M, VX e R* (M > 0), (2.2)

the discrete values of s(X) corresponding to the level of gray of each pixel. However
it is useful to keep general functions s as above. In fact, one often considers also
as admissible signals generalized functions (distributions), such as a delta function
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8(xX — X,), a plane wave exp(i k- X), a fractal measure, etc. This will be justified below
(see the comments after Definition 2.1.3).
The Fourier transform of the signal s is defined, as usual, by

= . 1
s(k) = (Fs)k) = E/.

Zd%z e ikEg(®), (2.3)
R

where k € R? is the spatial frequency and k-X= kix1 + kox, is the Euclidean scalar
product. We also write |k|> = k - k. Of course, the Fourier transform is unitary (Parseval
relation):

$e LAR% d*) and |52 = |Is|> (2.4)

Given an image s, all the geometric operations we want to apply to it are obtained by
combining three elementary transformations of the plane, namely, rigid translations in
the plane of the image, dilations or scaling (global zooming in and out) and rotations.
(More complicated operations are sometimes applied, such as deformations (shearing),
but we will not consider them here. We will come back to this point in Chapter 7.)
Explicitly, the transformations act on ¥ € R? in the familiar way:

(i) translation by beR:: X X =% +b;

(ii) dilation by a factora > 0 : X — X' = aX;
(iii) rotation by an angle 0 : X — X’ = ry(X), where ry is the usual 2 x 2 rotation

matrix:

pp= (€080 SO o g _on
sind  cos6

It will prove convenient to combine a rotation by an angle 6 and a dilation by a > 0
into a single 2 x 2 matrix, namely,

2.5
asind® acosf 2:5)

acosf —asinf
h=h(,0) = < ) .
Using this form, we verify that X - X’ = a cos 6 |¥|?, demonstrating that the angle be-
tween x and X’ is indeed 6 and that X’ is scaled by the amount a relative to x'. Finally,
combining all three operations, we get as general transformation in the plane

i ¥ =hi+b. (2.6)

In the present context, these transformations are represented by the following unitary
operators in the space L2(R?, d*X) of finite energy signals:
(i) translation : (T:5)(X) = s(¥ — b), b € R?; (2.7)
(ii) dilation: (D,s)(¥) =a 's(@a"'X), a > 0; (2.8)
(iii) rotation: (Rys)(X) = s(r_g(X)), @ € [0, 27). (2.9)
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In addition, we introduce the modulation operator:
(Ezs)(¥) = ¥ (%), b e R (2.10)

Then a straightforward calculation yields the commutation rules among the operators
(2.7)—(2.9), and with the Fourier operator (2.3):

T;Dy = DuT;,,. FD, = DyF,
TZ‘;RQ = R(.)Tr

Ly FT; = E_GF, .11)
RyD, = D,Ry. FRy = RyF.

Combining now the three operators (2.7)—(2.9), we define the unitary operator
U(b,a,0) = T;D,Ry, (2.12)
which acts on a given function s as

[U(E, a. 9)s] (F) = 85.00(F) = a~"s(@™" r_g(% — b)), 2.13)
or, equivalently, in the space of Fourier transforms,

Goan ) = a e Sar oK. 2.14)
If the function s is rotation invariant, we simply omit the index 6:

S5.a(¥) = a”'sa”'(F — b)). (2.15)

We may remark that, here, contrary to the 1-D case, it is sufficient to take positive
dilations, since the effect of a negative dilation @ < 0 may be obtained by combining a
positive one, a > 0, with a rotation by 6 = 7.

The geometrical effect of these transformations is easily visualized assuming s and
s to be well localized, for instance in an ellipse. An example is shown in Figure 2.1 (in
Section 2.3.1).

Wavelets and continuous wavelet transform

As in 1-D, a wavelet is a particular type of finite energy signal, whose properties make
it a good analyzing tool. Thus we define, as in (1.10):

Definition 2.1.1. A two-dimensional wavelet is a complex-valued function ¥ €
L*(R?, d°X) satisfying the admissibility condition:

= [P
c E(zn)Z/ d’k =
v . kP2

< 00, (2.16)
where 1:0\ is the Fourier transform of  and |I;|2 —k-k= (k1)? + (k).

The origin of this condition will be clarified below.
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If ¢ is regular enough, the admissibility condition (2.16) implies the following easier
one, which simply means that the wavelet has zero mean:

7O =0 / L3 Y(E) =0, 2.17)
RZ

Strictly speaking, the condition (2.17) is only necessary, but in fact it is almost sufficient
(see [Dau92] for a precise mathematical statement), and for all practical purposes (2.17)
may be taken as admissibility condition. Intuitively, as in one dimension, it expresses
the fact that a wavelet must be an oscillating function.

Clearly the three unitary operators 77, D,, Ry preserve the admissibility condition,
and so does therefore U (l;, a, ). Hence any function v , o = U (l;, a, 0)y obtained
from a wavelet i by translation, rotation or dilation is again a wavelet. Thus the
given wavelet ¢ generates the whole family Dy = {y; , ,}, indexed by the elements
b eR2,a>0,0€]0, 2m). In the sequel we will denote by G this four-dimensional
parameter space.

Proposition 2.1.2. The linear span of the family Dy = {{j , 4, (b,a,0) € G} is a
dense subspace of L*(R?).

Proof . Let f € L*(R?, d?X) be orthogonal to every vector in the family D, that is
(V5.001f) =0,V (b,a,0) € G. This means

(W0l F) = a/ 42k PG ar_o(K) Fk) =0, V(b a,0)eG,
RZ

which implies that {p\(ar_g (%)) f(k) =0a.e., foralla > 0,0 € [0, 27). Now the joint
action of rotations and dilations on R is transitive. Thus, if the support of x’ﬁ isa “patch”
(for instance, a disk or an ellipse) in the %—plane, the supports of 1’/7 (ar_qg (%)) will cover
the whole plane when a and 6 vary over their range. Therefore, this implies f(k) =0
a.e., thatis, f =0. O

Note that rotations are needed to get that result. A naive generalization of the 1-D
formalism would consist in combining translations with separate dilations along the
x- and the y-axis. But then, if only positive dilations are used, each quadrant in the
%-plane is invariant and additional conditions on the wavelet ¥ would be necessary
for the argument of the proof above to work — thus spoiling the result. Actually, this is
precisely the technique used in the 2-D DWT, where the 2-D multiresolution is obtained
by taking the tensor product of two 1-D copies, one in x, one in y (see Section 2.5.1). As
we shall see later (see Section 2.5.2), this approach, while commonly used in practice,
has severe shortcomings.

As a consequence of Proposition 2.1.2, any vector in L?(R?, d*X) is uniquely de-
termined by its projections on the vectors of the family D,,. This justifies the basic
definition of the CWT.
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Definition 2.1.3. Given an image s € L*(R?, d*X), its continuous wavelet transform
(with respect to the fixed wavelet ), S = Tys is the scalar product of s with the
transformed wavelet Yy , o, considered as a function of (b, a, 0):

S(b.a.0) = (V5,415) (2.18)
= alf d?% Y@ r_p(F — b)) s(¥) (2.19)
RZ
—a / A2k P (ar_g(0)) 50K). (2.20)
RZ

The relations (2.18)—(2.20) permit us to extend the formalism beyond the Hilbert space
framework. As explained above, the signal s may be taken as a singular function (a
distribution), provided the wavelet ¥ is sufficiently regular (most wavelets used in
practice are smooth functions, see below).

Before exploring in detail the mathematical properties of the CWT, it is instructive
to exhibit two typical 2-D wavelets (actually the simplest ones).
(1) The isotropic Mexican hat wavelet

This wavelet is simply the Laplacian of a Gaussian:

Yu(¥) = (2 = |X%) exp(—5IX ),

~ o - - (2.21)
Yu(k) = [k|* exp(—35 [k[?).
(2) The Morlet wavelet
This wavelet is essentially a plane wave within a Gaussian window:
L(3) = explik, - %) exp(—1|X|?) + corr.;
Yu(x) p( ) exp(—31x[%) (2.22)

Yuk) = exp(—%llz — k| + corr.

As in 1-D, a a correction term must be added in order to satisfy the admissibility
condition (2.17), but in practice one will arrange that this term be numerically
negligible and thus can be omitted (it suffices to choose the norm |lg(,| of the wave
vector large enough).
The first wavelet is real, the Morlet wavelet is complex. They have very different
properties and, naturally, they will be used in quite different situations. Both wavelets,
and many more, will be studied in detail in Chapter 3, and many examples of applications
in Chapters 4 and 5.

Basic properties of the 2-D CWT

The main properties of the continuous wavelet transform are conveniently expressed in
terms of a linear map Wy, from the space of finite energy signals L*(R?, d*X) into the
space of transforms. We summarize them in three propositions [Mur90,13,15,283].
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Proposition 2.2.1. Let the map Wy, : s — c?/ %S be defined by
(Wys)(b,a,0) = c, > (Y5, 6l8). s € LAR?, d°3), (2.23)

where cy, is the constant given in (2.16). Then:
(1) Wy, conserves the norm of the signal, thus its total energy:

-d —~ -
f// &b <546 15, a, 0)F = c,/,/ d’% [s(x)|%, (2.24)
G a R?

i.e., it is an isometry from the space of signals into the space of transforms. The latter is a
closed subspace ), of L(G, dg), wheredg = a3 d?b da db is the natural measure on
G. Equivalently, the family of wavelets {yr; , o}, withb € R?, a>0,and0 <0 < 2m,
generates a resolution of the identity:

-1 27 da
&' || 4% 5 40 Whas) Wraal = 1. (2.25)

(2) Since it is an isometry, the map Wy is invertible on its range $)y, and the
inverse transformation is the adjoint of Wy,. This means that the image s(X) may be
reconstructed from its wavelet transform S(b, a, 0) by the formula:

s(X) =, f// d’b de V500 S(b,a,0). (2.26)

Proof . The relation (2.24) follows from a straightforward calculation:

- d -
/// d%b —Z’ d6 |SB.a,0) =
/ dzk/ dzk’/// dzb—de
R2 R2

x PR ar_y(6) Par—o (@) 50 TE)
2w
=@n)? | d% / — / d6 |9 (ar_g (k) [5(K)|?
R2 0 a Jo

(the exchange of integrals is justified by Fubini’s theorem). Introducing polar coordi-
nates: ¥ (k) = ¥, (p, @), with p = |k|, we get

o d 2 R R 00 d o R
/0 761/(; do |1//(ar_9(k))|2 =/ _a/ do |1//p(ap,¢ _9)|2
d 2
- [ pf 4o’ 13,01
= f ALty
e K

By comparison with the definition (2.16) of ¢y, and using Plancherel’s theorem, this

proves the statement.
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Then (2.25) is simply a reformulation of (2.24), in view of the definition (2.23) of
Wy is 0;1/ ’s. Finally, the reconstruction formula (2.26) follows immediately by
applying both sides of (2.25) to a signal s(X) and taking into account the definition
(2.23) of Wy,. O

Three remarks are in order here. First, the relation (2.25) must be taken as a weak
integral, that is, both sides are equal when sandwiched between arbitrary vectors. This
precisely means that the reconstruction formula (2.26) holds in the weak sense. But,
in fact, much more is true, and actually necessary for obtaining good approximation
schemes, namely, the relation (2.26) holds in strong L2 convergence. This will be
demonstrated in Section 2.6.1, in two different versions.

Second, the measure dg = a3 d*bdadd on G is precisely the unique measure (up
to normalization) that is invariant under all the operations of translation, dilation, and
rotation (this is why we have called it natural).

Third, the reconstruction formula (2.26) may also be proven by an explicit calculation
of the adjoint map of Wy,:

l/2 1/2
f| 2w <f|W./, )Lz(mz) = Wl//f| 12(G)

=c;' /// &*b —fde (F1¥5.00) S, a, 0).
G a

It is the possibility of having a reconstruction formula (2.26) that justifies the ad-
missibility condition ¢y < oo imposed on wavelets. However, (2.26) is not only a
reconstruction formula, it also means that the wavelet transform, like its 1-D counter-
part, provides a decomposmon of the signal in terms of the analyzing wavelets ¥z , 4.
with coefficients S (b a, 0). Under both interpretations, this formula leads in practice
to discretization problems (see Section 2.4).

In the same spirit, it is interesting to see the inverse Fourier transform

1 I
s(X) = — / d’k e 5(k), (2.27)
27‘[ 2

as the decomposition of the signal into the improper basis {e"’z';‘, k e R?} of eigenvectors
of the translation operators (2.7). In view of the crucial importance of dilations in
the wavelet context, it is useful to write down also the polar coordinate version of
the Fourier transform, which involves the (improper) eigenvectors {e"¢, n € Z} of the
rotation operator (2.9) and those of the dilation operator (2.8), {r;,, v € R}:

- 1 2 » Ood}" .
fv,n)= —/ do e ”"p/ —r " f(r, @), (2.28)
7T 0 0 r

rf(r, @) = Z ing f dv ri”f(v, n. (2.29)
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Of course, we recover the well-known fact that the polar coordinate version of the
Fourier transform is a combination of a Mellin transform in the radial variable r and a
Fourier series in the angle ¢.

Actually, as in one dimension, the reconstruction formula (2.26) may be generalized
in several ways. First, the wavelet used for the analysis, 1, and the one used for the
reconstruction, x, need not coincide, they have only to satisfy a cross-admissibility
condition [Hol95,223], namely, 0 < |cy, | < 00, where

5 dzl_é == __ -
= (2m) —— Y(k) x(k) < oo. (2.30)
r2 |k|?
Then one gets a more general reconstruction formula:

s(F) =y /// &b Z2d6 x5, o) (Wys)(b, a, 0). (2.31)

The proof consists in a straightforward verification, including some interchanges of
integrals justified by Fubini’s theorem. As we shall see later, this is the analog, in
the continuous case, of the bilinear scheme commonly used in the discrete approach,
namely the construction of biorthogonal wavelet bases (see Section 2.5.2).

In particular, if one takes for the reconstruction wavelet y a delta function, one
obtains the simplified reconstruction formula:

2w
s(X) _CM/ / do S(x,a,0), (2.32)
where
A’k ==
Cys = /R T U (k).

On the other hand, if v is rotation invariant, the wavelet transform S does not depend
on 6 and we obtain, instead of (2.26), a simpler reconstruction formula:

s(X)=2m c;l / dzl;/ooo i—z Vi o (X) S(b, a). (2.33)
RZ

Finally, combining the two preceding points, one obtains the simplified reconstruction
formula originally used by Morlet in 1-D [206], in which one reconstructs the original
image by summing over scales only:

oo
- d -
s(x) =2m cl;; / a—Z S(x, a). (2.34)
0

Next, a characteristic feature of the CWT, in fact shared by a large class of transfor-
mations, as we shall see later (Chapter 6), is the existence of a so-called reproducing
kernel, which actually is nothing but the wavelet transform of the wavelet itself, that is,
the autocorrelation function of the wavelet. More precisely:
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Proposition 2.2.2. The projection from L*(G, dg) onto the range S’_),/, of Wl/,, the space
of wavelet transforms, is an integral operator whose kernel K (b’ a,o’ Ib a, 0) is the
autocorrelation function of ¥, also called reproducing kernel:

K(b'.a',0b,a,0)=c;' (W uolViao)- (2.35)

Therefore, a function f € L*(G, dg) is the wavelet transform of a certain signal iff it
satisfies the reproduction property:

- - d - - -
f',a,0) = /// d*b —fd@ K@, a',0'|b,a,0) f(b,a,?). (2.36)
G a

Proof . Since Wy, is an isometry from L*(R?, d°X) into L*(G, dg), i.e., WiWwy =1,
its range §)y is a closed subspace and the corresponding projection operator is Py, =
Wy Wy, Thus a vector f € L*(G,dg) belongs to 9 iff f = P, f. Explicitly, this
gives:

f@. a0 = (WyW; f)(b.d.0)
1 ,o da >
- Cw. Gd b a_3d0 (WE’,a’,Q’le,a,9> f(b» a70)7

which proves (2.35)—(2.36). O

Because it may be interpreted as the autocorrelation function of the wavelet, the
reproducing kernel leads to the notion of correlation length, that is, it determines the
region of influence of a given wavelet in the b , a, 0 parameter space. As such, it plays
a role in the determination of the capabilities of a given wavelet (calibration), and in
particular in the process of discretization. We will discuss these features in Chapter 3,
Section 3.4.

Finally, the continuous wavelet transform has the important property of covariance
(improperly called invariance in the signal processing literature) under all the operations
used in its definition.

Proposition 2.2.3. The map W, is covariant under translations, dilations and rotations,
which means that the correspondence Wy, : s(X) — S(b, a, 6) implies the following

ones.
s(X — by) > S(b — by, a,0) (2.37)
a;'sa;'%) — S(a;'b,a;'a,0) (2.38)

5(rg, (X)) > S(r_gu(l;), a, 0 —0,). (2.39)



1

2.3 Implementation and interpretation of the 2-D CWT

It is worth noting that, conversely, the wavelet transform is uniquely determined by the
three conditions of linearity, covariance and energy conservation, plus some continuity
[Mur90].

These covariance relations, which are proved by a straightforward calculation, have
a crucial importance for the applications. Translation covariance (2.37), often called
improperly shift invariance, is lost in the standard formulation of the discrete WT, based
on multiresolution (see Definition 1.5.1 and Section 2.5.1), and this generates many
problems in practice, for instance in pattern recognition. Covariance under dilations,
(2.38), is the basis for the application of the wavelet transform to the analysis of fractals
(see Section 5.4). Finally, joint covariance under rotations and dilations justifies the use
of the CWT for detecting rotation—dilation (inflation) properties of several classes
of 2-D patterns, for instance, Penrose tilings of the plane or diffraction patterns of
quasicrystals. We will discuss this recent application in Chapter 4, Section 4.5.

As a final remark, we emphasize that, as in the 1-D case, the choice of the normaliza-
tion factor a ! in (2.8) or (2.12) is not essential and is made mainly for mathematical
reasons. Itis the only one that makes the dilation operator D,, and thus the wavelet trans-
form, unitary: ||V , 4|, = ¥, and Wy s|l, = [|s]],, as stated in Proposition 2.2.1. In
practice, one often uses instead a factor a2, so as to enhance the high-frequency part
of the signal, and thus to make more conspicuous its singularities, if any. This amounts
to introducing, instead of the unitary D,, a nonunitary dilation operator D¢, which
preserves the L'-norm of the signal: || D*y||, = |||, and 1VG.a.0ll = 1¥1,, where
Viae = T;DRoyr = a*Y(a " rog(x — I;)) = a‘lw};ﬂﬂ. Correspondingly, one de-
fines the L'-normalized transform

S(b.a.0) = (V.4 0)s)- (2.40)

This transform is also useful for making contact with the so-called dyadic wavelet
transform (see Section 2.4.4), in particular, for the design of fast algorithms, using the
continuous wavelet packets developed in Section 2.6. We will meet it again in Chapter
9, while extending the CWT to the 2-sphere.

2.3

2.3.1

Implementation and interpretation of the 2-D CWT

Interpretation of the CWT as a singularity scanner

In order to get a physical interpretation of the CW'T, we notice that in signal analysis,
as in classical electromagnetism, the L? norm is interpreted as the total energy of the
signal. Therefore, the relation (2.24) suggests we interpret |S(l;, a,0)|? as the energy
density in the wavelet parameter space [284].

Assume now, as in 1-D, that the wavelet v is fairly well localized both in position
space (X) and in spatial frequency space (12). Then so is the transformed wavelet 5 , ,,
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with effective support suitably translated by b, rotated by 6 and dilated by a. Because
(2.19) is essentially a convolution with a function ¢ of zero mean, the transform
S(E, a, 0) is appreciable only in those regions of parameter space (l;, a, 9) where the
signal is. Thus we get an appreciable value of S only where the wavelet 5 , , “matches™
the features of the signal s. In other words, the CWT acts on a signal as a local filter in
all four variables b ,a,0:8 (I; , a, 0) sees only that portion of the signal that lives around
l_;, a, 6 and filters out the rest. Therefore, if the wavelet is well localized, the energy
density of the transform will be concentrated on the significant parts of the signal. This
is the key to all the approximation schemes that make wavelets such an efficient tool.

In order to clarify the filtering effect in scale and angle variables, we rewrite the
expression (2.20) of the CWT in polar coordinates k= (p, P):

S(b, a, 0) =a/ 2k PG (ar_ () 5K (2.41)
]RZ

oo 2 —
= a/O pdp/O dg e Yap, ¢ —0)5(p. ). (2.42)

On the last relation, we see that the CWT amounts to a convolution in the scale-
angle variables p, ¢. In order to better appreciate this, we switch throughout to polar
coordinates, so the Fourier transform turns into a Mellin transform, as seen in (2.29).
In position space, write (2.19) as

S(b,a,0) = alf A% Y (r_g(a=13)) s;(%),
RZ

where s;(X) = s(x + b). In polar coordinates X = (r, ), we get

[e¢) 2
S, a,0) = / dr/ doa'r ya'r, ¢ — 0) s;(r, @), (2.43)
0 0
or, in conjugate variables [see (2.29)],
. 1 & . o0 e
S, a,0) = 3 n;m e /_oo dv a" y(v,n)s;(v, n). (2.44)

Performing the change of variables

r=e" a=ée’, (2.45)
we obtain
R o0 2
S, e',0) = / du/ de e" " Yr(e" v, ¢ — 0)e" sp(e”, ). (2.46)
—00 0

Upon introducing the functions

G(u,9) = Y(e", @), F(b.u,p)=c"sic", ), (2.47)
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(2.46) turns into
N oo 2 R
S(b,e",0) = / du/ de Gu —v, 9 —0) F(b, u, ¢). (2.48)
—00 0

Thus, the problem of computing S (5, a, 0) reduces into that of computing a convolution
of the signal F with a function G of zero mean, hence the filtering effect — and the
rapidity of the algorithm [286].

Let us make more precise the support properties of 1. Assume i and 17/\ to be as
well localized as possible (but in a way still compatible with the Fourier uncertainty
property), namely, ¢ has for numerical support (i.e., the region outside of which the
function is numerically negligible) a “disk” of diameter 7', centered around 6, while
{p\ has for numerical support a “disk” of diameter €2, centered around I;O. Then, for the
transformed wavelets ¥ , , and m we have, respectlvely
* supp ¥, ¢ is a “disk” of diameter >~ aT centered around b and rotated by an angle

0;

* supp 1///1;; is a “disk” of diameter >~ 2/a, centered around ry (%0) /a and rotated by
0.

Notice that the product of the two diameters is constant (we know it has to be bounded

below by a fixed constant, by Fourier’s theorem). These support properties are illustrated

in Figure 2.1 for an elliptic shape.

As a consequence, we may characterize the filter properties of the wavelet.

s Ifa>1,vy;,, is a wide window, whereas wb .o 18 very peaked around a small
spatial frequency ry (k,) /a: this transform will be most sensitive to low spatial fre-
quencies.

« Ifa <1, 95,4 is a narrow window and t/rb ¢ 1s wide and centered around a high
spatial frequency ry (ko) /a: this wavelet has a good localization capability in the space
domain and is mostly sensitive to high spatial frequencies.

Thus wavelet analysis operates at constant relative bandwidth, Ak/k = const, where

k= |l€|. Therefore, the analysis is most efficient at high spatial frequencies or small

scales, and soitis particularly apt at detecting discontinuities in images, either point sin-
gularities (contours, corners) or directional features (edges, segments). In other words,
the CWT is a singularity scanner. Actually, we will see later that it is also a singularity
analyzer. For instance, the CWT allows one to measure fractal dimensions in images

(see Chapter 5, Section 5.4).

In addition to these localization properties, one often imposes on the analyzing
wavelet ¥ a number of additional properties, for instance, restrictions on the support
of ¢ and of 1/[ . Or ¢ may be required, as in the 1-D case, to have a certain number
of vanishing moments, up to order N > 1 (by the admissibility condition (2.17), the
moment of order 0 must always vanish):
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Fig. 2.1. Support properties under the basic operations: (top) in the time domain: (a) the original
signal ¥ (X); (b) the modified signal ¥ , ,(X), with b = (2.4, 1.2),a = 1.5, 6 = 45°; (bottom) in
the frequency domain: (c) the original signal ¥ (k); (d) the modified signal v , 4(k).

/d%? Yy @) =0, ¥=(@x,y), 0<a+pB<N. (2.49)

This property improves its efficiency at detecting singularities in the signal. Indeed,
the transform (2.19) is then blind to the smoothest part of the signal, that which is
polynomial of degree up to N — and less interesting, in general. Only the sharper
part remains, including all singularities (jumps in the signal or one of its derivatives,
for instance). Equivalently, ¥ detects singularities in the (N + 1)th derivatives of the
signal [264]. For instance, if the first moments (N = 1) vanish, the transform will erase
any linear trend in the signal, such as a linear gradient of luminosity. Conversely, if the
signal is rough, a fortiori if it is a measure (as in the analysis of fractals [43,221]), it is
sufficient to take a wavelet with no nontrivial vanishing moment, i.e., no condition has
to be imposed beyond (2.17).

Altogether, as in the 1-D case, the 2-D wavelet transform may be interpreted as a
mathematical, direction selective, microscope, with optics ¥, magnification 1/a and
orientation tuning parameter 6 [Arn95,44]. Two features must be emphasized here.
First, the magnification (zoom) 1/a is global, independently of the direction, because
we have excluded distortions of the image. Then, there is the additional property of
directivity, given by the rotation angle 6. This last feature opens the way to a whole new
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class of applications, in which directions play an essential role. We will detail some of
them in Chapters 4 and 5.

The CWT as a phase space representation

In order to get a better insight, it is worth recasting the basic formulas (2.18)—(2.20) into
a different form. First, we notice that the CWT is in fact a phase space representation
(in the usual sense of Hamiltonian mechanics). To see this in a simple way, we observe
that the correspondence k <> (a~', 6) is a bijection from R? = R\ {0} onto itself.
Thus, writingk = a~' and p = (a~', ) = (k, 6) € R2, we get

da 5o
—df =kdkdd =dp, (2.50)
P

so that the measure on G becomes simply the volume element of R? x R2:
~d -
&b L a0 = b d*p. (2.51)
a4

Thus, the full four-dimensional parameter space of the 2-D WT, G, may be interpreted
as phase space, with g = b the position variable and the pair (a~', ) = (k, 0) play-
ing the role of spatial frequency p, expressed in polar coordinates. The same result
holds in the 1-D case [122,259]: a~! defines the frequency scale, so that the full pa-
rameter space of the 1-D WT, the time-scale half plane, is in fact a time—frequency
space, thus a phase space. Of course, this interpretation is borne out by mathematical
analysis (see Chapter 7). The variable p follows also the common practice in image
processing: a = 0 is the horizon in spatial frequency plots, corresponding to extremely
high frequencies. It is amusing to note that the same interpretation is even supported by
some physiological evidence, namely the so-called orientation hypercolumns of Hubel
and Wiesel [DeV88,Duv91,226]. In certain species, cortical neurons are organized into
columns, whose sensitivity to position, orientation, and frequency variables correspond
exactly to the geometry of R? x R just described.

In order to manifest the fact that the CWT is really a phase space realization of
the signal, we express it explicitly into phase space variables (g, p). For any vector
X = (x,y) = (r cos @, r sin @), with polar coordinates (r, ¢), define the matrix

() = (" Y ) =rr, (r, is the 2 x 2 rotation matrix). (2.52)
y X

One shows immediately that $(X)Z = s(Z)X and ry(X) = s(X)ég, where €, denotes a unit

vector in the direction 8. Then one has
Rp

| p1>

where R denotes the reflection with respect to the x-axis. We come back now to the

ar_g(k) = s(p)"'k = s(k) (2.53)

expression (2.20) of the CWT and rewrite it in terms of the phase space variables (¢, p):
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Sb,a,0)=5G, p)=1pl" / 4k & J(s(5) 1K) T (K). (2.54)
R2

Alternatively, one may consider the “inverse” phase space variables v = (a, —0) =
Rp/| p|?. Clearly s(p)s(v) = I. Although the variable  is less natural, its use some-
times simplifies the computations (see Section 5.3, for instance). Since ar,g(lz) =
s(0)k = s(k)v, one gets for the CWT

Sh,a,0)=38b,v) =V / 42k ¢PE G (5(0)R) T (K). (2.55)
R2

Visualization of the CWT: the various representations

In practice, once the CWT of a given signal s(X) has been computed, one immediately

faces a problem of visualization. Indeed, S(l;, a, 0) is a function of four variables:

two position variables b= (by, by) € R2, and the pair (a, ) € R} x [0,2m) ~ Rﬁ

(equivalently, (a~', 6)). Now, to compute and visualize the full CWT in all four variables

is hardly possible. Therefore, in order to obtain a manageable tool, some of the variables,

a,0,b,, by, must be eliminated. There are two ways of achieving this. The first one

consists in fixing the value of some of the variables. In other words, one must restrict

oneself to a section of the parameter space. Of course, this makes sense only if the
variables in question may take arbitrary values in a continuous range.

Alternatively, one may integrate out the variables in question. Using the proper part
of the natural measure a3 d*b da d6, one obtains in this way partial energy densities,
since the integral of |S(l; , a, 0)|? over all the variables is interpreted as the total energy
of the signal, as results from (2.24). This procedure turns out to be crucial whenever
the relevant values of the variables to be eliminated (typically, the scale variable a) take
only discrete values. We will see an illuminating example of the difference between the
two approaches in the problem of symmetry detection in patterns, discussed in Section
4.5.

Let us treat first the problem of sections, the partial energy densities will be discussed
in detail in Section 2.3.4. In general, one considers two- and three-dimensional sections.
While there are six possible choices of 2-D sections, the geometrical considerations
made above indicate that two of them are more natural. Either (a, 0) or (b, b,) are fixed,
and the WT is treated as a function of the two remaining variables. The corresponding
representations have the following characteristics [13,19].

(1) The position representation: a and 6 are fixed and the CWT is considered as a
function of position b alone (this amounts to take a set of snapshots, one for each
value of (a, 0), which may then be collected together into a video sequence). The
position representation is the standard one, and it is useful for the general purposes
of image processing: detection of position, shape and contours of objects; pattern
recognition; image filtering by resynthesis after elimination of unwanted features
(noise, for instance). Alternatively, one may use polar coordinates, b= (|l; |, @), in
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which case the variables are interpreted as range |I;| and aspect or perception angle
o, another familiar representation of images.

(2) The scale-angle representation: for fixed l;, the CWT is considered as a function of
scale a and anisotropy angle 6, i.e., of spatial frequency. In other words, one looks
at the full CWT as through a keyhole located at 5, and observes all scales and all
directions at once. The scale-angle representation will be particularly interesting
whenever scaling behavior (as in fractals) or angular selection is important, in
particular, when directional wavelets are used.

Clearly, these two representations are complementary, together they provide the full in-

formation contained in the signal. Accordingly, both are needed for a full understanding

of the properties of the CWT in all four variables, as demonstrated in [13].

In addition to these two familiar representations, there are four other two-dimensional
sections, obtained by fixing two of the four variables (|E |, @, a, ), and analyzing the
CWT as a function of the remaining two.

(3) The scale-perception angle representation: for fixed range |Z;| and anisotropy angle
6, one obtains an analysis at all scales a and all perception angles «.

(4) The range-anisotropy angle representation: one fixes the scale a and the perception
angle «. This gives an analysis at all ranges |l; | and all anisotropy angles 6.

(5) The scale-range representation: fixing the perception angle « and the anisotropy
angle 0 gives an analysis at all scales a and all ranges |l; |

(6) The angle-angle representation: on the contrary, if one fixes the range |l;| and the
scale a, one gets an analysis at all perception angles « and all anisotropy angles 6.
This case is particularly interesting, because the parameter space is now compact (it
is a torus) and the discretization easy (linear) in both variables. This representation
will be used in Section 3.4, for illustrating the difference in angular selectivity
between two standard wavelets.

For the numerical evaluation, in particular for exploiting the reconstruction formula
(2.26), one has to discretize the CWT. In any of these representations, a systematic
use of the FFT algorithm will lead to a numerical complexity of 3NN, log,(NN2),
where Ni, N, denote the number of sampling points in the two free variables. In the
case of the position representation, where (b,, b,) are free, the geometry is Cartesian
and a square lattice will give an adequate sampling grid. In the scale-angle represen-
tation, the CWT is naturally expressed in polar coordinates, like (a, 6) or (@',0),
and the discretization must be logarithmic in the scale variable a and linear in the
anisotropy angle 6. For each variable, the size of the sampling mesh may be es-
timated from the support properties of the reproducing kernel K, which plays the
role of a correlation length. We shall come back to this discussion in Section 3.4 of
Chapter 3 (see also [13] and [18]). Similar considerations apply to the remaining four
representations.

In addition, one may also consider three-dimensional sections, for which a single
variable is fixed. Two of them look promising for applications.
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(1) The position-scale representation: suppose the anisotropy angle 6 is fixed, or that
it 1s irrelevant, because the wavelet is rotation invariant. Then the transform is a
function of position b and scale a. This representation is optimal for detecting the
presence of coherent structures, that is, structures that survive through a whole
range of scales. Examples may be found, for instance, in astrophysics (hierarchical
structure of galaxy clusters and superclusters) [343] or in the analysis of turbulence
in fluid dynamics [164,165]. Further information on these two topics will be found
in Chapter 5.

(2) The position-anisotropy representation: here the scale a is fixed, and the transform
is viewed as a function of position b and anisotropy angle 6. If the latter is plotted
on the vertical axis of a three-dimensional graph, this means that the plane 6 = 6,
selects all features (targets) that live in the corresponding line of sight. Similarly, an
angular sector of opening A# is represented in such a plot by a horizontal slice of
thickness A@. This visualization may offer distinct advantages over the conventional
ones.

Partial energy densities of the CWT

As explained in the previous section, the visualization problem of the CWT is solved by
eliminating a certain number of variables, either by fixing their values, or by integrating
them out. The principal example is the scale variable a. If the signal has significant
features for a discrete set of scales only, {a;, j € J}, the corresponding properties will
be visible only if one chooses one of these values a;. Otherwise, nothing will be seen,
and the transform is useless. A typical example is the problem of dilation symmetry
in patterns, discussed in Section 4.5. In such a situation, clearly one should not fix the
scale variable, but integrate over all scales (exactly as in the construction of continuous
wavelet packets discussed in Section 2.6). Of course, the measure to use is the dilation
invariant one, that is, the scale part a >da of the natural measure of the parameter
space G. Proceeding in this way with the squared modulus of the wavelet transform,
one obtains a quantity which has the physical meaning of a partial energy density. The
same reasoning applies to any combination of “ignorable” variables. Thus, one gets
such a partial energy density for each of the representations described in the previous
section. The most important ones, of course, are the following.
(1) Position (or range and aspect) energy density
In the position representation, a = a, and 6, are fixed and the CWT S(l;, a,, 6,)is
considered as a function of position b alone, either in Cartesian coordinates by, b,
or in polar coordinates |l; |, @ (range and aspect). Accordingly, if one integrates the
phase space energy density |S(l; , a, 0)|? over all scales and orientations, one obtains
the position energy density,

N o0 da 2 R )
P[s](b):/ —3/ do |S(b, a, 6)|°, (2.56)
o a Jo



49

2.3 Implementation and interpretation of the 2-D CWT

either in Cartesian coordinates (position) or in polar coordinates (range and aspect).
This density has been used as the basis of a CWT-based algorithm for automatic
detection and recognition of targets (ATR) in forward-looking infrared radar (FLIR)
imagery [285]. This application will be discussed in Section 4.2.2.
(2) Scale-angle energy density

In the scale-angle representation, the CWT is looked at from a fixed position b, as
a function of scale a and anisotropy angle 6, i.e., of spatial frequency. In the phase
space language of Section 2.3.2, this means considering |§(§(,, p)|? as a function
of p alone, for fixed g,. The corresponding partial energy density is obtained by
integrating over all positions b or g:

M[s](a, 8) = / d*b |S(b, a, ). (2.57)
RZ

This energy density, called the scale-angle measure or, better, the scale-angle spec-
trum of the signal, may be used, for example, for discriminating objects of interest
according to their size and orientation [16], in particular target classification in
FLIR imagery [287]. It yields also an efficient technique for detecting symmetries,
even local ones, in patterns such as quasicrystals or Penrose tilings, the rationale
being that such objects have no exact translation invariance, so that any depen-
dence on position variables must be eliminated [24]. Both of these applications will
be discussed in Chapter 4. A related concept, introduced in [249], is the relative
scale-angle spectrum of the signal, obtained by normalizing M[s] over all angles:

MIsl(a, 6)
27d6 Mls)(a, 0)

Z[s](a,0) = (2.58)
Whereas M[s] gives the distribution of energy at different scales and directions,
Z[s] gives the relative distribution of energy at different directions at a particular
scale with respect to the total energy at that scale. It turns out that Z[s] reveals more
efficiently the scale-space anisotropic behavior of the signal.

Similar partial energy densities may be introduced for the other representations, cor-

responding to other choices of “ignorable” variables. For instance, one may write the

anisotropy angle and aspect energy density as

OOda o0 . . . )
Alsl(e, 0) = pes lpldiplISUpl a a,0). (2.59)
0 0

Altogether, there are four one-dimensional partial energy densities, six two-dimensional
and four three-dimensional ones. Besides the two main ones P[s](Z;) and M[s](a, 0),
only two have found an application so far. One is the angular spectrum (called angular
measure in [24]):

©d
als1(0) = fo a—? MLsl(a. 6), (2.60)
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which is used for detecting discrete rotation invariances of patterns (see Section 4.5).
The other one is the wavelet spectrum, or scale spectrum, a function of scale only,
obtained by integrating the scale-angle spectrum M[s](a, 6) over all angles, or, more
often, taking the latter in a rotation-invariant situation:

W[sl(a) = / d*b |S(b, a)|?. (2.61)
RZ

This is the proper generalization to the wavelet setup of the familiar Fourier power spec-
trum. It has been used, under various names (wavelet spectrum, wavelet (auto-)power
spectrum, wavelet variance, scalogram), by many authors both in 1-D [211,227,273]
and in 2-D [175].

Ridges in the 2-D CWT

As we saw in Chapter 1 for the 1-D case, the reproduction property (2.36) means that the
information contained in the WT § (l;, a, 0) is highly redundant. As a consequence, we
might hope that no content will be lost if we restrict the WT to a subset of the parameter
space. As in 1-D again, there are two ways of achieving this. The first possibility is to
take as determining subset the regions where the energy of the signal is concentrated,
that is, essentially the lines of local maxima or ridges, the set of all ridges being called
again the skeleton of the WT. This we will do in the present section. The alternative
is to choose a discrete subset of the parameter space (a lattice), and this leads to the
theory of frames that we shall discuss in detail in Section 2.4.

When trying to extend the notion of ridge to 2-D signals, one faces again the two
extreme situations described for the 1-D case in Section 1.4. We begin with the vertical
ridges. Let s(X) be a 2-D signal (an image), with CWT S(l;, a, 0). The square modulus
of the latter is to be interpreted, as we have seen already, as the energy density of the
signal, that we shall denote

Els1(B, a, 6) = |S(b, a, 0)]*. (2.62)

In the case of a rotation-invariant wavelet, the 0-dependence drops out, and we write
simply E[s](l_; ,a)=|S (5, a)|?. This is the case we will meet in applications, in Chapter
5, for instance, in the analysis of astrophysical images (Section 5.1).

In this situation, we define the ridges as the lines of local maxima of E[s](l_; ,a)[272].
More precisely, we will define a (vertical) ridge R as a 3-D curve (7(a), a) such that,
for each scale a € R, E[s](F(a), a) is locally maximum in space and 7 is a continuous
function of scale. Figure 2.2 gives a concrete example. The signal (left panel) is a set
of singularities in a smooth background, simulating a set of bright points on the surface
of the Sun and modeled by a random distribution of Gaussians of small (but random)
width. The corresponding vertical ridges of the CWT of that signal are shown on the
right panel, clearly each ridge points towards a singularity.
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Fig. 2.2. An example of a 2-D ridge: (left) the signal: a field of singularities, simulating a set of
bright points on the surface of the Sun; (right) the corresponding vertical ridges of the CWT of that
signal.

Given such a vertical ridge, one may distinguish three characteristic features. The
first one is the amplitude of the ridge, that is, the value of E[s] on the ridge when a
tends to zero,

Ar = 1in})E[s](7(a),a). (2.63)

The second one is the slope order, or slope, of E[s] on the ridge when a is close to 0:

S — lim {EBIC@, @)

2.64
a—0 dlna ( )

The last feature is the ridge energy, that is, the integral of E[s] along the ridge,
assuming the latter to have a finite length, corresponding to the scale interval [0, amax]:

Amax d .
Er = / a—fE[s](r(a), a). (2.65)
0

Here the measure da/a> follows from the L? normalization of the wavelet. If one uses
the L! normalization (see Section 2.6.1), one gets instead da/a. As in 1-D, one can
show that the restriction of the CWT to its skeleton characterizes the signal completely
[265].

A more sophisticated definition of ridge has been introduced by Mallat and Hwang
[262], extending to 2-D the WTMM representation described in Section 1.4. The idea
is to consider as (directional) wavelets the partial derivatives of a smoothing function
£(x), a Gaussian, for instance:

Y1) = 0:8(X),  ¥o(¥) = 3y,(X), X =(x, ).



52

The 2-D continuous wavelet transform

Then, given any function s € L*(R?),its WT with respect to yr; and v, can be expressed

as a vector
S(b, a) = V(S (b, a)), (2.66)
where

Se(b,a) = a_zf d*% c(a ' (X — b)) s(X)
RZ

(using the L'-normalization). Ata given scale a, the WTMM are defined by the positions
b where the WT modulus |§(l;, a)| is locally maximum in the direction of the gradient
vector 3‘(1; a). It turns out that the WTMM lie on connected chains in the b plane.
One then defines the WTMM maxima (WTMMM) as the local maxima of the modulus
|§ (l;, a)| along the WTMM chains. Globally, these WTMMM live along connected
lines across scales, that is, the (vertical) ridges. We will describe in Section 5.4.1 the
application of this new concept of ridge to the analysis of fractal surfaces. Here again,
one can reconstruct from the ridges a good approximation of the original image [262].

An alternate possibility is to introduce horizontal ridges, as in [21]. The algorithm
applies to signals which are superpositions of terms of the type

s(X) = A(F) €9, (2.67)

where the amplitude A(X) varies slowly with respect to the phase ¢(x). A first approxi-
mation of the CWT of this signal with the wavelet ¥ is obtained by a Taylor expansion,
which yields

S, a,0) = AD) e*® Far_y(Vo(b)) + R(b, a, 0), (2.68)

where the last term is a remainder that can be estimated. Assuming that the wavelet fp\
has a unique maximum at a given frequency l_c)o, one sees that the CWT is concentrated
along a surface in the parameter space, the corresponding ridge (more precisely, the
2-D ridge is a vector field, as we shall see below).

A mathematically more precise approximation may be obtained by a stationary phase
argument, following [195,196]. Take again the signal (2.67) and write the wavelet as

Y(E) = Ay (X)),

Then the CWT (2.19) of the signal s reads

Sb,a,0)=a"" /}R 2 d’% AR) Ay(a™" r_g(x — b)) & Phas® (2.69)
where

@5, o (B) = p(F) — dy(a™ r_g(X — b)). (2.70)
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This is an oscillatory integral and, therefore, the main contribution comes from the
stationary points X, of the phase ®; , ,, that is, the points X; = X;(b, a, §) such that
Vd; , o(Xs) =0, 0r

Vo(E,) =a 'rg(Voy(a™ r oG — b))F,). (2.71)

Expanding the phase ®; , , to second order then yields

S(b,a,0) =s@E) W@ r_gGs — b)) C(b,a,0)"" + R(b, a, 0), (2.72)

where C (5, a, 0) is a correction term depending on the phase ® and R(l_;, a, 0)is again
a remainder that can be estimated. Because of the support properties of the wavelet i,
we see from (2.72) that the CWT is essentially localized around the points (l;, a,0),if
any, such that )?S(l_;, a,b) = b. The set of these points is, by definition, the (horizontal)
ridge. Thus, on the latter, we have

Vo) = a'ry(Vey ©0). 2.73)
Writing this relation as

Vo (X) = a, (%) ro,i(Vey (0)), (2.74)

we see that the ridge takes the form of a vector field l; = l:, (5) of polar coordinates
(a,(l;)" , 9,(13)), to be interpreted as a local wave vector.

We call again skeleton of the WT the restriction of the latter to the ridge. Moreover,
it may be shown [196] that the restriction of the correction term C(I;, a, 0) to the ridge
is completely determined by the ridge itself, so that the skeleton of the WT reads as

271@

T s(b). 275
@ a0y’ 7

Sy(b, a,(b), 6,(b)) =

It follows that the knowledge of the ridge and the skeleton of the WT is sufficient to
characterize the signal s(X).

The discussion extends to a multicomponent signal, i.e., a linear superposition of N
terms of the form (2.67). Assuming that the wavelet is sufficiently well localized to
prevent any overlap, it will see the ridge corresponding to each term separately, and the
skeleton will simply consist of N separate ridges, from which the N components can
be extracted and reconstructed individually. Explicit examples may be found in [196].
In general, however, ridges may interact, but this case is much more difficult to handle.

Finally, additional information may be obtained, as in 1-D, from the length of the
various ridges (short vertical ridges tend to come from noise) and the behavior of the
modulus of the CWT along each ridge, as a function of scale. Techniques based on 2-D
ridges have been exploited in the problem of texture determination and, in particular,
in the “shape from texture” problem, that we will discuss briefly in Section 5.5.



54 The 2-D continuous wavelet transform
[ |

2.4 Discretization, frames

2.4.1 Generalities on frames

As we saw in Chapter 1 for the 1-D case, the reproduction property (2.36) means that the
information contained in the WT § (l;, a, 0) is highly redundant. As a consequence, we
might hope that no content will be lost if we restrict the WT to a subset of the parameter
space, in particular, a discrete subset (for instance, a lattice). Then the integral is replaced
by a sum over a discrete (but infinite) family of wavelets 1//,;m,a/_,9,:

SE =" Vi 0 ) S, aj, 0). (2.76)

mjl

Here too, and by the same reasoning, one is thus led to the introduction of frames.
Whereas we have barely sketched this topic in Chapter 1, we will now give a fairly
detailed treatment. Further information (albeit mostly in 1-D) may be found in [121,
122,Dau92].

Let us start with a precise definition. According to the terminology introduced by
Duffin and Schaefer [156] in the context of nonharmonic Fourier series, one has:

Definition 2.4.1. A countable family of vectors {yr,} in a Hilbert space $) is called a
(discrete) frame if there are two positive constants A, B, with0 < A < B < 00, such
that

ANSIP < YWl NP < BISIR Ve, 2.77)

n=1

The two constants A, B are the frame bounds. If A = B > 1, the frame is said to be
tight. If A = B = 1, and ||V, || = 1, Y n, the set {{,} is simply an orthonormal basis.

The properties of a frame are best discussed in terms of the frame operator F : §) —
02, defined by

Fof = {Yal )}

As discussed in Section 1.3, the upper bound in (2.77) simply means that F is a
bounded operator, whereas the left inequality guarantees the numerical stability for the
recovery of the signal f from its frame coefficients {(/,| f)} — in other words, it gives
an estimation of the inverse operator F' —1_ As for the frame bounds A, B, they measure
the redundancy of the representation of the signal in terms of its coefficients. For a tight
frame, in particular, A = B > 1| means that the frame is redundant, and B is its index
of redundancy.



55

2.4 Discretization, frames

In terms of the frame operator F, the inequalities (2.77) may be written as
Al < F'F < BI, (2.78)
where [ is the identity operator. This in turn implies that F* F' is invertible and
B'I < (FFF™' < A7 L (2.79)
Define now, for eachn € N :
Vo = (F ), (2.80)
so that ¢, = F*F Jn. Then the following is true:
Theorem 2.4.2. The vectors {17/}} constitute a frame, with frame bounds B~', A~' and

[frame operator F=F (F*F)~\. In addition, the expansion

o0

G =D (Wl ) Y0, 2.81)

n=1

converges strongly in ), that is, F*F = 1.

Proof. That F= {%l} is the frame described in the statement results from the equalities

S Ul AP =Y WEF) )P
= > [ul(F*F)~ f)?
= IF(F*F)~' fI? = (FICF*F)~" f)

and the inequalities (2.77). Furthermore
F*F = (F*F)"'F*F = I,

that is, (2.81) is an identity. O

In other words, the duality between the two frames may be written as F*F = F*F =
I or explicitly,

D W) Wl =Y 1) (Yl = 1. (2.82)

The frame F = {1},,} is called the dual or reciprocal frame of F = {1, }. Notice that the
dual of a tight frame is again a tight frame. This notion is crucial for applications. In the
case of wavelet expansions, it is the basis of the so-called biorthogonal scheme [Dau92],
briefly discussed in Section 2.5.2.

In practice, orthonormal bases are not always available for representing arbitrary
functions, but one may often use instead a good frame. By this, we mean that the
expansion (2.81) converges sufficiently fast. How could one estimate the speed of this
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convergence? By (2.81), we need to compute 1;” = (F*F) '4,. If B and A are close
to each other, F*F is close to %(B + A)I, hence (F*F)~! is close to BLJFAI and thus
Y, 1s close to ﬁl//,,. Hence we may write

f =37 Wl v+ R, (2.83)
where
R—I—B+AFWa (2.84)
Hence
(F*F)"' = 2 (I-R"
B+ A
2 o0
=——_ ) RL (2.85)
B+ A ,Z:(;

The series converges in norm, since, by (2.84),

_B- A I <R< B—A
B+ A

which implies

B—A B/A-1

B+A B/At+1

I, (2.86)

IRl <

Therefore the expansion (2.81) converges essentially as a power series in |B/A — 1].
Thus the frame is good if |B/A — 1| < 1, in particular if it is tight. To the first order,
the expansion (2.81) becomes

f=B+A23%VWW (2.87)
The quantity

f——B_A 2.88
w(F) = p— (2.88)

is called the width or the snugness of the frame F. It measures the lack of tightness,
since w(F) = 0 iff the frame F is tight. Notice that a frame and its dual have the same
width.

In practical applications, the infinite sum in (2.81) or (2.87) will be truncated and the
approximate reconstruction so obtained is numerically stable. If the width of the frame
is sufficiently small, a few terms will suffice. More details on frames may be found in
[121,122,Dau92,220,Mal99].

Let us now come back to the notion of redundancy of a frame, which may be char-
acterized in terms of the frame operator F. Let Ran F C £? denote the range of F, that
is, the set of sequences F'f = ((¥,|f)), f € $. First, we remark that the inclusion is
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strict if the frame vectors {1, } are linearly dependent. In that case, indeed, there exists
a nonzero vector y = (y,) € £ such that > Ya¥n = 0. But then, for any f € §), one
has Y, yu (¥l f) = (y|Ff) = 0, that is, y € (Ran F)* # {0}, where (Ran F)* is the
orthogonal complement of Ran F in £2. Moreover, the more redundant the frame, the
larger the orthogonal complement (Ran F)*.

Since F is injective by the left inequality in (2.77), it may be inverted on its image,
but the inverse operator is not uniquely defined, because it remains arbitrary on the
complement (Ran F)-. Among all possible inverses, the pseudo-inverse F~" is defined
as the inverse operator that vanishes on (Ran F)*. It is easy to show [Mal99] that it
is also the inverse with the smallest norm, and it is given by F~!' = (F*F)"'F* (thus
it is uniquely defined). From the discussion above, it is clear that F~' = F*. Thus,
the pseudo-inverse of the frame operator is always bounded. This explains the role
of the lower bound in (2.77) as guaranteeing numerical stability in the computation
of the inverse operator F' —1 In addition, we see that the dual frame is built from the
pseudo-inverse.

One should also notice that there exist alternative inversion techniques, for instance,
the conjugate gradient method, that sometimes converge faster than the pure wavelet
reconstruction formulas. For more information, see for instance [167].

Another useful notion (already met in the Definition 1.5.1 of a multiresolution anal-
ysis, in Section 1.5) is that of a Riesz basis, namely, a frame F of linearly independent
vectors. Of course, this definition implies that the corresponding frame operator ' maps
$ onto ¢2, Ran F = ¢2. Tt follows that the dual frame F is also a Riesz basis, and in
fact, it is biorthogonal to F. To see this, apply (2.82) to a basis vector y:

V=Y Yl V).

Since the vectors {y,,} are linearly independent, this implies that (1},, Vi) = 8pi. 1.€.,
the two bases are biorthogonal. Next, if the vectors {Jn} were not linearly independent,
there would exist nonzero numbers {1,} such that ), %, Jn = 0. But then, taking the
inner product with any v gives

0= hu(Wultie) = i,

a contradiction. Further information about Riesz bases and their numerical implemen-
tation may be found in [Mal99].

Two-dimensional wavelet frames

Thus there remains the question: given a specific wavelet, does it generate a frame?
The first problem is how to choose the sampling grid A in an optimal fashion. As in
1-D, one should take into account the geometry of the parameter space, that is, the
lattice A must be invariant under discrete sets of dilations, rotations and translations.
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Note, however, that in practice the sampling points are quite often fixed empirically.
For the (a, 0) variables, in particular, they are mostly chosen on the basis of biological
considerations or symmetry requirements [126,260,264].
Proceeding as in 1-D, one thus obtains the following natural discretization scheme.
* For the dilations, a logarithmic scale a; = aph™, J € Z,for some A > 1; here again
we will putay = 1.
* For the rotations, one subdivides the interval [0, 277) uniformly into L, pieces, for
some natural number L, € N, that is, §; = [0y, 0y = 2L—Jz,l €2y, =10, ...,Lo— 1}.
* For the translations, one takes into account the two previous discretizations, putting

-

bm = l_;jlmoml - )\_j rl@o(ﬁmoml)a

with

Umgm, = (mofo, m1B1), mo,my € Z, By, B1 = 0.
Thus the discretization grid reads:

—j 2 - . 2
A = A(A, Lo, Bo, B1) = (A ’IL_’ Djimom)), (J,1,mo,my) € Z x Ly, x L~ ¢ .
0

(2.89)

The resulting discretized wavelet transform, which is a map from L2(IR?, d2%) to [*(Z x

Ly, % 7%), reads now:

Sjlmnml = S(l;m’ )Vij , 190) - (vfjlml)m] |S>
= [ VT Ty £ (2.90)
R

— 3 / A%k &P K G (i g () TR, 2.91)
RZ
with wavelet coefficients
{Sﬂmom,, (j.l,mog,my) € Z x L, X Z2} .

Our task now is to find conditions on the grid A(A, Lo, Bo, B1), thatis, on the parameters
A, Lo, Bo, Bi, such that the family of wavelets {/imom,, (J, I, mo, m1) € Z x L, x
7?}is aframe. As in 1-D, the answer is that the 2-D wavelet transform obeys a sampling
theorem, that gives a lower bound on the density of sampling points, like the standard
Shannon theorem of signal analysis. The following result, first proven in [Mur90], is
the exact counterpart of [122; Theorem 2.7], and the proof follows closely [Dau92;
Section 3.3.2].



59 2.4 Discretization, frames
]

Theorem 2.4.3. Assume the wavelet  satisfies the following conditions:

(i) $C. Lo, ) = ess inf > ZW(A I gy (N (2.92)

j=—o00 =0

o) Ly
. ~ - 2
= essinf DO W (k] @ — 180)|” > 0,
(K160, x1027) 54 125

(2.93)

where k = |l€|(cos @, sing) and {ﬁ\p is the Fourier transform of ¥ in polar coordi-

nates.
0 LO o~ . -
(ii) SO, Lo, ¥)=sup Y D WO rog (k) (2.94)
keR? j=—oco I=0
= s > ZW,,@ TIRl, @ = 160)> < oc.
(Ik1,6)€l0,1)x[0,27) j=—o0 I=0
(2.95)
(iii) sup(1 + |i]) T a (i) < oo, (2.96)
ieR?
where € > 0 and
o Lg . ) o P . N
a)=sup D Y (WO rog k) + DGO g, (). (2.97)

keR? j=—00 1=0

Then there exist constants Bo°, p1° > 0 such that:

(1) Y Bo € (0, Bo), Bi € (0, Bi°), the family {;jmym, } associated to (X, Lo, Po, B1) is
a frame of L*(R?, d°X);

(2) V& > 0, there exist By € (Bo°, Bo° +8)., B1 € (B1€, B1€ + 8), such that the family
{Vi1jmom, } associated to (A, Lo, Po, B1) is not a frame of L*(R?, d°%).

Proof. We want to find the conditions on X, Ly, By, f1 for which there exists 0 <
A, B < oo, such that:

AlFI? Z Z (W tmon | £I < BIFI (2.98)

=0 j,my,m;=—00
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The central term in these inequalities reads

K=" (W tmom, | )

Jil mo,my

R? R?

J.I mo,m

X YA g, (K)) YOI g, (k) K )

= Z Z }‘_Zj/ dz/z/ d2/-€)/ el timgmy 3 ”90(];_1?/)
R2 R2

J.I mo,m

X YA r_i6,(K) YOI g, (k) FGK) k)

mo,mj

— Z Z )\‘21/ dzl_é/ dzl_é/ ei ’;nu)ml‘(]_éfl_é,)
j,l Y Y

X Y& Y k) FOI rigy (k) FO rig, (k).

Using the Poisson formula,

0 - - o 42 0 - o
3o e 2T N s R
BoB1 .

mo,mp=—00 mp=—00

where

= 21 21
Umgm; = (WOE, mlE)’
we obtain

472 / 5 XS o~ > o
K = E E d*k Y (k) Yk = Umgm,)
ﬂOIBI ju mo,my R? o

X FO rigy(K)) FO rigy(k = Tongm,))

_ 353 / d2K § 0T gy () B O gy ®) — Tmm:)
]RZ

BoBr 57 i,

=
~

- um()ml )7

X J/C\(]_é) ﬁ]z — A rleo(ﬁlnom]))'

(2.99)

(2.100)



61 2.4 Discretization, frames
]

Let us split the double sum as K = |P|+ Q, where |P| denotes the term with
(mgy, my) = (0, 0) and Q the rest:

|P|+Q
A2k YO g, (k 3
,30/31 /R 0. r g, ()P 1 F R
472
hobr d2k 2 ! k AT / k mom
Bobi ;momlez /Rz T r_10,(k)) YA r_16y(K) — U, )

~S A~

x f(k) &k = 27 rigy (Fmm,)).
Then we obtain the following estimates.

(1) For the first term, we get immediately:

472 ~2
A, Lo, <
,30,31S( 0 WIS |P| < B ,8

where s(A, Lo, ¥) and S(A, Lg, ¥) are defined in (2.92) and (2.94), respectively.
(2) For the second term, we obtain, by the Cauchy—Schwarz inequality:

Yoy / Ak Y0 r_pg, ()

jl mo, WLIEZ

x wf(x T 160K) = Tomgm)| | FUON 1 FE = A Figy (g )

,30,31 Z Z

jl mo,my €2y

A,

101 <

- o~ . - = o~ . - —~ - 1/2
[ f d%k [ 11, (k) = tomgm)| 10 7, (K))) If(k)lz]
]RZ
x [ / A2k YN r_16,(K) = tmom )| 1 16, (K
R2

P 112
[f(k =M\ r160(Umom, )] ]

4r?
<
h 'BO'BI JXI: mo,mZ:EZ*

o ) . . R ) . . 1/2
Ul; APk 1Y O 71y (k) = Wgm ) [ (7 7, (k)] If(k)lz}

- o~ . - o~ . - - o~ - 1/2
x[ [T @ 176 r_mo(k>+ﬁmoml)||f(k)|2} .
R2
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Applying Cauchy—Schwarz a second time, to the summation over j, [, then gives:

2
o<y

’30'31 mo,m %Ly

1/2
[ / d’k { D 1O 16,8 = ) W i, (R))] } |f</?)|2}
R2 il

1/2
x [ / &k { D WG g D] [P r_ig,(8) + ﬁmom,>|}|ﬂ1¥)|2] :
R il
The terms in braces in the integrals are majorized using (2.97), and we get finally

47’ 2 2 -
|Q|<i{ 3 a(umomaa(—umnma}||f||2. @.101)

ﬂO’BI mgy,my €%y

Define the quantity

= = = 2
E(. Lo, Bo- Bro V) = Y @lllmgm) o (=tlmgm) = [Gimm)].  (2.102)
mo,m =Ly mo,m =Ly
In virtue of the decay condition (2.96) in assumption (iii), the sum over (mg, m;) con-
verges. Then, using the inequality |P| — |Q| < K = |P| 4+ Q < |P| 4+ |Q|, we obtain
a lower bound for the left-hand side:
2

{5t Lo, ) = EG., Lo, o, o)} IFI” < 1PI =10 (2.103)
BoBi
and an upper bound for the right-hand side:
4r? =2
IPI+101 < 2 {SGh, Lo, ¥) + EGx, Lo, fo. 1. ) 1711 (2.104)
Bobi

By condition (2.92) in assumption (i), s(A, Lo, ¥) is strictly positive, and the decay
condition (2.96) implies that

lim

1 E(\, Lo, Bo, B1, =0. 2.105
i 00 (A, Lo, Bo, B1, ¥) ( )

Therefore, there exists critical values By¢, 1€ > 0 such that the first term in (2.103)
is dominant for all By < Bo°, B1 < B1°. Thus the left-hand side of (2.103) is strictly
positive and yields a lower frame bound. This proves the statement. O

Notice that, asin [Dau92; Section 3.3.2], we had to use in (2.92) the essential infimum,
that is, infimum except on a set of measure zero, instead of the usual infimum, which
is O here, since 1}\(6) = 0. This distinction is not necessary in (2.94), because in all
practical cases, the function {p\ is continuous. Here also, the infimum in (2.93) has to be
taken only over a ball of radius A, since other values of |l€| can be brought to this range
by dilation with a suitable power A/, except for k= 0, which is a set of measure zero.
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From the inequalities (2.103) and (2.104), we obtain immediately estimates for the
frame bounds:

Corollary 2.4.4. Whenever the conditions of Theorem 2.4.3 are satisfied, and By, B
are such that

S(}\,,LO, W) > E()"aL()v 1807 ﬂl’ W), (2106)

then the bounds of the frame can be estimated by:

A >

5o ﬂ1 {s(x Lo, ¥) — E(&, Lo, o, Br, ¥}, (2.107)

A
W{S(?L Lo, ¥) + E(X, Lo, Bo, B1, ¥)}- (2.108)

It is clear from this discussion that we have obtained essentially the same results
as in the 1-D case — and they extend to three or more dimensions in the same way
[283,Mur90]. As argued in [Dau92; Section 3.3.2], the moral is that, whenever the
wavelet ¥ is admissible and decays reasonably at infinity, it will yield a frame. This
is true, for instance, for all types of Mexican hat or Morlet wavelets. However, the
estimates of Corollary 2.4.4 imply, as in 1-D [103], the following inequalities as well,
for all k # 0,

00 Ly
Z Z Vo rg )’ < B (2.109)
j= =0

‘Ua‘.p

This puts a rather strong limitation on the wavelet, because the frame tends to be-
come loose when A is not very small, in particular for A = 2, the preferred value.
In 1-D, this defect may be corrected by introducing additional voices. This means
that one further subdivides each octave, replacing in (2.109) the exponent j by
% j,v=0,1,..., N — 1(N iscalled the number of voices). The effect is to “densify”
the lattice A, which improves the ration B/A and thus speeds up convergence of the
discrete approximation. For further details, we refer the reader to [Dau92]. The same
procedure may be applied in 2-D as well. However, if the speed is the determining
criterion, one can do better by using the pseudo-QMF algorithm described in Section
2.6.

In addition, other discretization schemes may be considered. For instance, the dis-
cretization step in the angular variable & may be made scale dependent. The idea is that
one needs more directions at small scales (high frequencies) than at large scales (low
frequencies). This is in the spirit of certain applications of discrete wavelet bases in
solid state physics (see [30]), in which additional, smaller, scales are considered in the
vicinity of the atomic crystal nodes. We will come back to this point in the next section.
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Implementation of a 2-D wavelet frame

In general, implementing the inverse frame operator is a nontrivial task which requires
using the expansion formula (2.84). In the case of a tight (or approximately tight) frame,
however, the situation becomes much easier since the reconstruction is provided by the
simple sum (2.87).

Let us particularize this for the concrete case of the 2-D Morlet wavelet. Using Lee’s
parametrization [253], the Fourier transform of this wavelet is simply:

Tlke. k) — kﬁﬂ {e—%((kl—ko)2+4k§) B e%(k%+4k§+k§)} . 2.110)
0

Chosing ¥ = 34/2Tog?2 yields a spatial frequency bandwidth of approximately one
octave, which is compatible with the characteristics of the receptive fields of human
simple cells [372]. Using the general framework described before, one is able to compute
frame bounds for this wavelet. Psychovisual experiments suggesting a density of about
16 to 20 orientations, one can obtain a tight frame by carefully choosing a discretization
strategy. Figure 2.3 shows a reconstructed image with a tight frame of Morlet wavelets
corresponding to the discretization grid

. 27 -
A= {(2—1/”, 1%,17,,,,,”0,,,,]), (j, 1, mo, my) € Z x Zyg x Zz} ,n=2and 4,

that is, 2 and 4 voices, respectively, per octave and a uniform translation step Sy =
B1 =0.8.

The dyadic wavelet transform

As we saw already in 1-D (Sections 1.3 and 1.6.1), a slightly different construction
consists in computing a hybrid wavelet transform in which we sample the scale variable,
but leave translations untouched. If we use dyadic scales, the resulting set of coefficients
is called the Dyadic Wavelet Transform and offers the advantage of being completely
covariant with respect to translations, a very desirable feature [264,265]. In pattern
recognition, for instance, translating the object as a whole should affect all wavelet
coefficients in the same way, so as not to distort the transform. This is precisely the
practical meaning of the so-called “shift invariance” (properly, shift covariance), and
the condition is not satisfied in the usual discrete WT. In addition, when the translation
parameter is properly discretized, such dyadic wavelet transforms may lead to genuine

tight frames.
We denote, as usual, the scaled and translated wavelets by
by (0 =279 Q@ DY), (2.111)

assume for simplicity that ¢, = 1 and use the L?-normalization. Then the dyadic WT
of f € L?is given by
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Fig. 2.3. Reconstruction of the lena image with a tight frame of Morlet wavelets: (a) the original
image; (b) and (c) the reconstructed image, with 2 and 4 voices, respectively, per octave.

Wb, 2 = (WL 1) =i * f . 2.112)
where ¥(X) = ,(—X) and ¥, = ¥ ,. Note that we use a different notation, W(_, .)
instead of W(., .), in order to emphasize the fact that we are dealing with the dyadic WT
instead of the CWT. The superscript £ in equations (2.111), (2.112) refers to different
wavelets, but the practical situation will be that of rotated versions of a single generating
function.

The following result shows that the dyadic WT is a stable and complete representation
of images provided the set of scaled wavelets appropriately pave the frequency plane.
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Proposition 2.4.1 If there exists two strictly positive constants A and B such that

ZZW QB < B, Vk, (2.113)
=1 jeZ
then,
L . .
AlLFIP <D 277 W 2D < BILFIP. (2.114)
(=1 jeZ

Moreover; if we define dual or reconstruction wavelets x* through the relation

Zwa(sz) tQik)=1, VkeR2\ ({0}, (2.115)
=1 jeZ

then, the following reconstruction formula holds strongly in L?:

f(3) = 222 W, 270 % x4 @) (2.116)

=1 jeZ

Proof . Let d.f stand for the Fourier transform of " (5 , 27) with respect to the variable
b:
di(k) =27 YtQik) f (k).
Condition (2.113) yields:
Alf(RP < Z > 27 i) < BIf k).
=1 jeZ

Integrating over k and using the Plancherel formula gives (2.114). Now taking the
Fourier transform on both sides of (2.116) gives

- Z > Foieinz k.
=1 jeZ
Finally, applying condition (2.115) gives the final result. a
The norm equivalence represented by (2.113) shows that this family of wavelets behaves
exactly like a frame, with frame operator
(FA(B. 2,0 =27 W' (b, 2).

In particular, if the sum standing in the middle of (2.113) is a constant, we can take
A = B and we get the analogue of a tight frame.
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Among all possible inverses of the frame operator F, the particular choice
v
> Y e QIR
leads to an attractive solution. In this case, indeed, the inverse frame operator given
by (2.116) is the pseudo-inverse of F' as shown by the following result:

2 (k) =

Proposition 2.4.2 Let F be the normalized frame operator
[Ff1@@, 27, 0) =27/ W@, 27).

Then the following left inverse is the pseudo-inverse of F':

L
FWGi, 27y =3 271 (WHL 27) % 1, ) ). (2.117)

=1 jeZ

Proof . Let £>(L?) be the Hilbert space of square integrable sequences of functions

{d&j }ezl...l_,jez’

dpjeLl? and Y > |de;|* < +oo.
l

Jez
We are going to show that, V g € L? and Vd € Ran{F}*,

(g, Fd) =0. 2.118)
Letd = Fg and de Ran{F}=*. Using (2.117), we compute

5 e Res)
e F) =23 [ #R30 @0 D
2-2.). RS ST

Now, writing d; ; = Fg, we also have
20 YL = do (),

and using equation (2.113) we find
%(d, g)zz(LZ) < (g, F?) < %(da g)ez(m)- (2.119)
Now, since d € Ran{F} and de Ran{F}*, (2.119) yields the result. O

Another interesting case arises when we define a new set of wavelets through the
relation

()

o'k = -,
NI

(2.120)
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and use the same set of functions to implement the reconstruction:

L

FE =) 2 (WL 2 % ) (). (2.121)
=1 jez

The reader can easily check that the wavelet transform operator is an isometry between

L? and ¢£%(L?). The range of this operator is a closed subspace V of £?(L?) characterized

by areproducing kernel, exactly as for the continuous transform. Indeed, any {dg_ i } eV

satisfies

do,j(®) =Y (dv.j * K1),
Z’.j’
where the reproducing kernel is given by
K1) = (8% % 9b)) @) (2.122)
This is easily checked by writing explicitly
dy () = [FF~'dy ;] ().

Taking the Fourier transform with respect to # on both sides and using (2.120) yields
the result. This property is a sign of the redundancy of the representation, exactly as in
the continuous case. Section 2.6 gives an efficient and automatic way for building such
dyadic wavelet transforms starting from the continuous wavelet transform. This offers
more flexibility in the design of directional dyadic wavelets.

2.5

2.5.1

Comparison with the 2-D discrete wavelet transform

Before analyzing the recent approach to fast algorithms (Section 2.6), we have to sketch
briefly the 2-D discrete wavelet transform, in its various forms and generalizations.

As mentioned in Chapter 1, a key step in the success of the 1-D discrete WT was the
discovery that almost all examples of orthonormal bases of wavelets may be derived
from a multiresolution analysis, and furthermore that the whole construction may be
translated into the language of digital filters. In the 2-D case, the situation is exactly
the same, as we shall see in this section. Further information may be found in [Dau92]
or [Mey94].

Multiresolution analysis in 2-D and the 2-D DWT

The simplest approach consists in building a 2-D multiresolution analysis simply by
taking the direct (tensor) product of two such structures in 1-D, one for the x direc-
tion, one for the y direction. If {V;, j € Z} is a multiresolution analysis of L*(R),
then {(Z)Vj =V;®V,, j € Z} is a multiresolution analysis of L*(R?). Writing again
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mVj GB(Z)WJ- =" V41, itis easy to see that this 2-D analysis requires one scaling function:
D(x, y) = ¢(x) d(y), but three wavelets:

W (x, y) = ¢p(x) ¥ (y)
W(x,y) = ¥(x)o(y) (2.123)
V(x, y) = @)Y Q).

As the notation suggests, W” detects preferentially horizontal edges, that is, disconti-
nuities in the vertical direction, whereas W? and W detect vertical and oblique edges,
respectively. Indeed, for j = 1, the relation V; = V @ W yields:
V= v g v

=" o Wy ® (vy” @ W)

=" @ Vi e vy e Wi e (WY e Vi) & (W ® W)

— (2)V0 69(2) Wo,
where <2>V0 = Véx) ® Vo(y )5 ¢(x)¢p(y) and (Z)WO is the direct sum of the three other
products, generated by the three wavelets given in (2.123), respectively.

From these three wavelets, one gets an orthonormal basis of mVj by defining
{<I>£l(x, V)= ¢jx(x)p;1(y), k, I € Z}, and one for (Z)Wj in the same way, namely
{\Il;:l’j (x,¥),a =h,v,d and k, [ € 7Z}. Clearly this construction enforces a Cartesian
geometry, with the horizontal and the vertical directions playing a preferential role.
This is natural for certain types of images, such as in television, but is poorly adapted
for detecting edges in arbitrary directions. Other solutions are possible, however (see
below).

As in the 1-D case, the implementation of this construction rests on a pyramidal
algorithm introduced by Mallat [259,260]. The technique consists in translating the
multiresolution structure into the language of QMFs, and putting suitable constraints
on the filter coefficients. For instance, ¢ has compact support if only finitely many
coefficients differ from zero. In the 2-D case, obviously one gets a low-pass filter &
and three high-pass filters g%, o = h, v, d. Thus, a signal f € L*(R?)is represented at
resolution 2/ by the function f; =a; + ), di, @ =h,v,d, where

_ Jj 2)
¢j = Z cju Py €V
k,leZ
o o aj - OyY _
dy =Y " d% vl €W, a=hv.d.
k,leZ
In this scheme, the decomposition of an image into a low resolution approximation,
plus three types of details (%, v, d), at successive finer scales, takes the familiar form of
nested boxes, with the low resolution part in the upper left corner. Figure 2.4 presents a
schematic three-level decomposition of an image into a low resolution approximation,
with coefficients c_3, plus increasingly finer details, of the three types, with coefficients
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c3 | d3 | |
T _: dg :
h I 1 ]
d3 \ d3 | |
R T, _: _______ JI d,i}
& d
df : af

Fig. 2.4. Schematic three-level decomposition of an image into a low resolution approximation,
plus increasingly finer details, of the three types (h, v, d).

d;?‘, j=1,2,3, « =h,v,d. Then we show a (standard) real example in Figure 2.5,
which is a three-level orthonormal basis decomposition, with a Daubechies wavelet
(compact support, three vanishing moments).

Generalizations

As in one dimension, the scheme based on orthonormal wavelet bases is too rigid for
most applications and various generalizations have been proposed. We discuss some
of them here, for two reasons. First, for the sake of completeness. But also in order to
demonstrate that some features which are natural in the continuous transform, such as
covariance, are not easy to enforce in the discrete case, however desirable they may be.

More isotropic 2-D wavelets
The tensor product scheme privileges the horizontal and the vertical directions; more
isotropic wavelets may be obtained, either by superposition of wavelets with specific
orientation tuning [Mar82], as we did above with the CWT, or by choosing a different
way of dilating, using a nondiagonal 2-D dilation matrix, which amounts to dilating by
a noninteger factor [Dau92]. Consider, for instance, the following dilation matrices:

py= (2 Y p = (' ! D=1 ! (2.124)
= \o 2/ "7\ 1) TP\ ) '

The matrix Dy corresponds to the usual dilation scheme by powers of 2, whereas D,
and D; lead to the so-called “quincunx” scheme [Fea90]. In the standard scheme, a unit
square is dilated, in the transition j — j 4+ 1, to another square, twice bigger, with the
same orientation. This means that three kinds of additional details have to be supplied,
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e

W,

Fig. 2.5. Typical three-level decomposition of an image into a low resolution approximation, plus
increasingly finer details, of the three types (h, v, d). The basic wavelet is a Daubechies wavelet
with compact support and three vanishing moments.

horizontal, vertical and oblique (see Figure 2.6, left). By contrast, the same operation
in the “quincunx” scheme leads to a square circumscribed to the original one, that is,
rotated by 45° and larger by a factor /2, so that only one kind of additional detail is
necessary (Figure 2.6, right). Indeed only one wavelet is needed in this scheme, instead
of three. This is consistent with a result of Meyer, according to which the number of
independent wavelets needed in a given multiresolution scheme equals (| det D| — 1),
where D is the dilation matrix used.

2.5.2.2 Biorthogonal wavelet bases
In the case of the continuous transform, the wavelet used for reconstruction need not be
the same as that used for decomposition, they have only to satisfy a cross-compatibility



72

The 2-D continuous wavelet transform

(v) (d)
scale j (h)
j+1

Fig. 2.6. Unit cell at successive resolutions: (left) for the “Cartesian” scheme; (right) for the
“quincunx” scheme.

condition, as shown in (2.30), and this has led us to a host of different, more flexible
reconstruction formulas, such as (2.31)—(2.34). The same idea in the discrete case leads
to biorthogonal bases [108], i.e., one has two hierarchies of approximation spaces, {V}
and {Vj}, with cross-orthogonality relations.

In 1-D, the construction goes as follows, and the extension to 2-D proceeds as above.
Start with a scale of closed subspaces {V;}, assuming only the existence of a scaling
function ¢ € Vj such that its integer translates {¢;(x) = ¢p(x — k), k € Z} is a Riesz
(or unconditional) basis of Vj (see Section 1.5). Then, instead of orthogonalizing this
basis, which would lead to the construction of an orthonormal wavelet basis, one takes
the dual basis {¢}, that is, the vectors defined by the relation (¢|¢;) = 8. Let Vo
denote the closed subspace generated by {5;{, k € Z}. Then the same construction is
repeated for each j, using the dilation invariance of the scale {V;}. The outcome is
a second multiresolution scale {17 }, with exactly the same properties. Next, for each
J € Z, one defines a subspace W; by the two conditions W; C V; jand W; L Vj, and
similarly W C VJH and W L V;.In this way one obtains two sequences of subspaces
{W;} and {W }, with bases {y;«, j, k € Z}, {1//, ks J» k € Z}, respectively, which are
mutually orthogonal:

(wj,kllzj',k’) =686k (2.125)

In terms of these bases, one gets two types of expansion formulas, for any f € L*(R):

F=>" Wikl vix

Jj.keZ

= > Wil i (2.126)

Jj.keZ
in the case of a frame and its dual.
Translating the whole structure into the language of digital filters, a 1-D biorthogonal

scheme corresponds to four filters, (/, %, g, g), where the first two are low-pass and the
last two are high-pass. A corresponding characterization may be given in the 2-D case.
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The resulting scheme is much more flexible and is probably the most efficient one
in practical applications, both in 1-D and in 2-D (and it is widely used). For instance,
it gives a better control on the regularity or decrease properties of the wavelets [108].

Wavelet packets and the Best Basis Algorithm

Electrical engineers are familiar with the notion of subband coding scheme. In a few
0

words, this means that a discrete signal {c,,

n € 7} is first subdivided into two subsig-
nals {c!, d,i, n € 7}, obtained by convolving the original signal with two filters, one
low-pass and one high-pass filter, respectively. Next, each subsignal is subsampled by
a factor of 2, that is, one keeps only the even or odd components, respectively (thus
the total number of coefficients is unchanged). Then the operation is iterated a number
of times. A reconstruction of the original signal is obtained, more or less exactly, by
inverting all the operations.

In the construction of 1-D orthonormal wavelet bases, each approximation space
V; gets further decomposed into V;_; and W;_;, whereas the detail space W; is left
unmodified. Expanding the signals in the respective bases {¢;_; x, ¥ ;1 x} shows that
the construction is in fact a subband coding scheme, but a very special one, rather
asymmetrical. In order to get more flexibility, more general subband schemes have
been considered, called wavelet packets, where both subspaces V; and W; are decom-
posed at each step [Mey94,Wic94,110,111]. Such a scheme provides rich collections
(“libraries”) of orthonormal bases, each one corresponding to a given decomposition of
L?*(R) into a sequence of mutually orthogonal subspaces, chosen at successive scales
J € Z (an example is given below). Enumerating all possible such decompositions or
orthonormal bases is a nontrivial combinatorial problem, whose solution stems from
graph theory [Wic94,111]. Facing such a plethora of orthonormal bases, one needs a
strategy for determining the best basis to use in a given situation. An efficient solution,
based on entropic criteria, has been proposed by Coifman et al. [Wic94,111], under the
name of the Best Basis Algorithm, and it has become a standard tool in signal analysis.

Of course, all this applies verbatim in two dimensions, although the labeling of basis
vectors becomes even more intricate. This holds, in particular, for the comments made at
the end of Section 1.5 concerning the numerical implementation of finite reconstruction
formulas.

In order to fix ideas, we show in Figure 2.7 the subband subdivision scheme
of the standard wavelet 1-D multiresolution analysis, in the case of a three-level
decomposition. This corresponds to the following decomposition into orthogonal
subspaces:

Vo=W_ oW L,0oW368 Vg,

or, in the notation of Section 1.5 [compare (1.58)], the representation of a signal s =
so € Vy by its wavelet coefficients so = (d_1, d_», d_3, c_3). By comparison, Figure 2.8
shows the modified subdivision scheme used in the wavelet packets formalism, together
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V_, W_, Wy
Vs | W3 W_, W_y

Fig. 2.7. The 1-D wavelet subband scheme, with a three-level decomposition.

Vo

Vo, wo, wi, w2,

Vs | WO WO WO WL | WIS w2l W

Fig. 2.8. The 1-D wavelet packet subband scheme, with a particular choice of three-level
decomposition.

with a particular choice of three-level decomposition, namely [compare Figure 1.11 (b)
and (¢)]:

Vo=V eWL,ow!lews

In the corresponding orthonormal basis, the signal is represented as s = 5o = (c—1,
dd_,, ccd_3,dcd_3). The notation proceeds as follows. For j = —1, the coefficients
are (c_1, d_p). Then ateach step, the coefficient x ; is replaced by the pair (cx;_1, dx;_1).
Thus, for j = —2, one has, from left to right in Figure 2.7, (cc_,, dc_3, cd—», dd_»); for
Jj = -3, (ccc_3,dcc_3,cdc_3,ddc_3, ccd_3,dcd_3, cdd_s3, ddd_3); and so on. For
more details on the basis labeling, and wavelet packets in general, we refer to [Wic94]
or [110,111].

2.5.2.4 The lifting scheme: second-generation wavelets
One can go one step beyond, and abandon the regular dyadic scheme and the
Fourier transform altogether. Using the “lifting scheme” leads to the so-called second-
generation wavelets [349,350], which are essentially custom-designed for any given
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problem. The starting point is that, in a biorthogonal scheme, one scale {V;} does not
determine its counterpart {Vj} uniquely, but the freedom left in the generating wavelet
is known explicitly, and reduces to an arbitrary trigonometric polynomial. Thus the
idea is to start from a given biorthogonal scheme with filters (%, h, g, g), then tranform
it using that freedom into a new one (A", hD, g FM) and so on, by a succession of
“lifting steps.”

But one must generalize first the very notion of biorthogonal scheme, in order to
get a more flexible scheme. To that effect, one weakens Definition 1.5.1 of a mul-
tiresolution analysis {V;, j € Z} by replacing the two conditions (1) and (2) (which
enforce the scale invariance and thus the dyadic scheme) by the single condition
(3) for each j € Z, V; has a Riesz basis {¢;, k € K(j)}, the elements of which are
called scaling functions.

Here /C(j) is a general index set, which allows irregular sampling (no translation
invariance!). One assumes only that K(j) C K(j + 1), without the dilation relation
given by condition (1). In the same way, one considers a dual scale {\7j}, with dual
scaling functions {¢; x, k € KC(j)}, biorthogonal to the previous ones:

(Qikl@jx) = S k. k" € (). (2.127)

Then the filter 1 = h; ;; enters through a refinement equation

Pk = Z hjki@jtis (2.128)
1eKG+1)

and similarly for h= ﬁj,k,, (all filters are assumed to be finite). The two filters /, I are
then biorthogonal (see (2.131) below).

Next one defines wavelets in the usual way. A family of functions {{; ,,, m € M(j)},
where M(j) = K(j + 1)\ K(j), is a set of wavelet functions if: (i) the space W; =
span {Y n, m € M(j)} is a complement of V; in V, .y, and W; L \7j; (i1) the set
Wim/Wjmll, j € Z,me M(j),}is aRiesz basis for L?*(R). Dual wavelets are vec-
tors of the biorthogonal basis,

Wim W) = 8 Smm. (2.129)

They span spaces Wj, which complement \7j in %H, and "/Iv/j L V;. By construction,
the wavelets satisfy refinement relations:

Yim =D &imiPitii (2.130)
1eKG+1)

which thus define the filter g = {g; ./}, and similarly for the dual filter g.
Altogether, the four filters 4, , g, g satisfy biorthogonality relations:

E gj,m,l gj,m’,l = (Smm’v E hj,k,l gj,m,l =0
l !

5 5 2.131)
Zhj,k,l hjwi = Ok s Zgj,m,lhj,k,l =0.
] ]
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Similar relations may be written for scaling and wavelet functions. Now, of course,
since the index sets /C(j) are general, some extra care is required to guarantee the
convergence of all the expansions (hence the finiteness condition on the filters), and
also the rapidity of the algorithm. We refer to [350] for technical details.
This scheme becomes simpler if one introduces an operator notation (familiar in the
signal processing literature), as follows.
* The filter & ; is embodied in the operator H; : (K + 1) — €2(K())), defined
by b = Hja, where a = (q;) € K + 1)), b = (by) € £2(K(j)), and

bk = Z hj,k,l aj.

1eK(+1)

* The filter g; ,,; is embodied in the operator G; : K + 1) — £2(M())), and
similarly for the operators H;, G ;.

In this notation, the conditions for exact reconstruction can be written in matrix form

as:

(ﬁj><H,’-" Gf;)=<:) (1)) i (#; G?’;)(ﬁj>=1.

(2.132)

9N
D

Now we may describe the lifting scheme. As already mentioned, the idea is to exploit
the freedom in designing a set of filters H i G ;j biorthogonal to a given one H, G ;. The
freedom is that of an arbitrary operator S; : L2(M(j)) — £*(K(j)). In components, this
operator is represented by a set of coefficients, S; = s; x . In the usual, first generation
wavelet scheme, this in turn would be given by a trigonometric polynomial s(w).

The technique proceeds in two steps.

(i) First a lifting step, which consist in passing from a given biorthogonal filter set
{H;, ﬁj, G, Gj} to a new one, {H;, ﬁ;l), G;l), 5]-}, where

SO _ 5 =~ )
Hy" = H;+S$;G;, G, =G, = S/Hj,

the two filters H, G ; being unchanged. Hence, the original scaling functions ¢; x
do not change, but all the other functions @ x, ¥; ., 1Z j.m are modified.

(i) A dual lifting step, leading from the set {H;, ﬁ;l), G(jl), G j»} to the set
(HO,AD G0 GV ), where

HY = H 4560, GV =G, - 5AY,

and §j : £2(M(j)) — €*(K())) is another operator. Here the two filters ﬁ;l), Ggl)
remain unchanged.
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Each of the two steps preserves the biorthogonality of the filter sets, as can be checked
easily on the conditions (2.132). Of course, one has to verify along the way that the new
scaling and wavelet functions belong correctly to the appropriate spaces (in particular,
that they are square integrable).

Then it may be shown that any biorthogonal filter set may be obtained by this
procedure after a finite number of steps, starting from a trivial set, called the Lazy
wavelet, because it does nothing but split the sequences into two subsets of components.
More precisely, the Lazy wavelet corresponds to the filter set H; = ﬁ i=E, G;=
(~;,~ = D,where E : £2(K(j + 1)) — £>(K(j))and D : £>(KK(j + 1)) — £>(M(})) are
simply the restriction or subsampling operators. [In the engineering literature, the lazy
wavelet is also called a polyphase filter (of size 2) [Vet95].]

The resulting scheme is fast, and independent from translation invariance and from
the Fourier transform. Thus it applies to wavelets on intervals or on curves, and in
higher dimensions as well, for instance, to wavelets on two-dimensional manifolds
[Mal99,349,350]. Here the idea is to start from a succession of finer and finer grids.
Consider a 2-D manifold (such as the 2-sphere) and choose a certain grid G(j) on it.
Then refine the latter to a grid G(j + 1), of the form

G+ D =6(Hucy,

where C(j) denotes the complement. A typical example is to start from a triangulation of
the manifold and refine it by bisecting each side, as illustrated in Figure 2.9 in the case of
the sphere. Then the multiresolution spaces are defined as V| = G+ 1)), Vi =
02(G(j)), W; = €*(C(j)), with appropriate bases {¢;} € V;, {¥jm} € W;, and the
whole machinery is put into operation. The resulting tool has proven to be extremely
versatile and efficient. For instance, Schroder and Sweldens [336] have applied it to the
design of wavelets on the sphere, with a very convincing application to the reproduc-
tion of coastlines on a terrestrial globe (we will see in Chapter 9, Section 9.2, another
approach to the same problem, this one directly based on the CWT).

As afinal remark, we may point out that the lifting scheme opens the door to nonlinear
multiresolution decompositions, such as the median transform of Bijaoui [Sta98] or the

Fig. 2.9. Typical grid refining for applying the 2-D lifting scheme: the geodesic sphere construction,
starting with the icosahedron on the left (subdivision level 0) and the next two subdivision levels
(from [336]).
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morphological wavelets introduced by Goutsias and Heijmans [198,219]. The latter are
explicitly based on the lifting scheme and make the connection with the standard field
of mathematical morphology. We note finally that the lifting scheme by itself offers a
very pedagogical entrty into the wavelet world, as examplified in the little volume of
Jensen and la Cour-Harbo [JenO1].

Integer wavelet transforms

In their standard numerical implementation, the classical (discrete) WT converts float-
ing point numbers into floating point numbers. However, in many applications (data
transmision from satellites, multimedia), the input data consists of integer values only
and one cannot afford to lose information: only lossless compression schemes are al-
lowed. Recent developments, based on the lifting scheme, have produced new methods
that allow one to perform all calculations in integer arithmetic [2,92]. In addition, such
methods also improve the performances of lossy compression techniques [324].

2.6

2.6.1

Bridging the gap: continuous wavelet packets and fast algorithms

Custom design of dyadic frames

Besides the full discretization described in Section 1.3, and the discrete WT just dis-
cussed, there is an intermediate procedure, introduced in [159], under the name of in-
finitesimal multiresolution analysis. It consists in discretizing the scale variable alone,
on an arbitrary sequence of values (not necessarily powers of a fixed ratio). This leads
to fast algorithms that could put the CWT on the same footing as the DWT in terms
of speed and efficiency, by extending the advantages of the latter to cases where no
exact QMF is available. We describe the method in 2-D, the 1-D case (already sketched
in Section 1.6.1) being easily derived on this basis. Interested readers should refer
to [Tor95] for further details.

Instead of the standard L2-normalization used in (2.13), it is more convenient to
choose the L'-normalization and use Vi = a*Ya'(x — I;)). Note that, for sim-
plicity, we consider here only isotropic wavelets, but the extension to the general case
is straightforward (see Section 2.6.3).

Let us start with the L'-reconstruction formula associated to the CWT in two dimen-
sions:

1@ = [ [ 560w 2.133)
0 a RZ

The basic idea behind the proposed construction is now to segment the integral over
scales in (2.133) and replace it by a sum over dyadic intervals. This is done first by
rewriting the reconstruction formula as

. [¥da .
f@) = / A,
0 a
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where we have defined the infinitesimal detail
d,(¥) = / d*b 3(b, a) Y o).
R2

By virtue of Young’s convolution inequality, d, € L? and, taking its Fourier transform,
we obtain

da(k) = [P (ak))? F(K). (2.134)

These equations show that d, represents the amount of information captured by the
wavelet between scales a and a + da, hence the name “infinitesimal details.” Summing
all these details, that is, integrating over the scale variable, reproduces the original signal.
In the same vein, we can synthesize a low resolution approximation of f by integrating
up to a given resolution, say ao:

. (®da . .
fu(®) = / ).
ag a

Taking Fourier transforms on both sides suggests to introduce the following Fourier
multiplier:

P = /1 ) da—“ ¥ (ak)l’. (2.135)
It is then shown in [159] that the approximation f, can be written

fal) = /}R & (B0 S) 6.0/ (2.136)
and that the following limit holds in the strong sense in L:

321’(1) fa=f (2.137)
Thus, following [Tor95], we speak of the bilinear formalism. Remark also that (2.135)
implies

Jim 1600 =0

and thus defines a scaling function.

Now, starting from an approximation of f at scale ap = 27/, we can refine up to
an arbitrary resolution by adding up details. For this purpose, we introduce slices of
details

- > da
Dj(x) = — d,(x).
2-G+h A
Taking Fourier transforms on both sides, we have
2-J
PN ~ da ~ -
Dj(k) = f(k) — Wb’

2-(j+1)
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and this leads us to define the integrated wavelet packets:

1
IT())? = / 44\ Sahp. (2.138)
12 @

This function satisfies a two-scale relation, the analog of (1.62):

TP = 19GOI — 19 (2.139)
Finally, putting equations (2.136) and (2.138) together, we obtain the following dyadic
decomposition:
- 0 -
7= [ @ @aam 02+ 3 [ B a1 T 2.140)
R =i, IR

which holds in L2 norm. In order to simplify our notations, we will write the wavelet
coefficients of f as Wy(b,27/) = (F'3.2-1 f) and introduce the approximation coef-
ficients Sf(g, 277y = (¢(,;q2_,»)|f). Equation (2.140) now reads

FE) = (S5 27 pe2-in)E) + D Wr(, 27T 20) (%) (2.141)

J=Jo

(scalar product over b in each term). We have thus built a dyadic wavelet transform
starting from the CWT. It is important to realize that the scaling function ¢ and the
integrated wavelet packet I" inherit the localization and smoothness properties of ¥. In
view of the considerable freedom we have in the choice of v, we are now able to easily
design custom, translation invariant dyadic frames.

Remark: More flexibility is obtained if one subdivides the scale interval [1/2, 1] into n
subbands, by ap = 1/2 < a; < ... < a, = 1. In that case, one ends with one scaling
function ®(X) and n integrated wavelets W;(x), i =0, ...n — 1, corresponding to in-
tegration from a;_; to a;. This more efficient version allows one to compute explicitly
the characteristics of the wavelet packet, such as its central frequency, its standard de-
viation, etc., following (1.14)—(1.15), and these in turn may be expressed in terms of
the corresponding quantities of the mother wavelet /. An application to sound analysis
is given in [233].

A simpler decomposition formula, called the linear scheme in [Tor95], arises when
one starts from the so-called Morlet reconstruction formula (2.34) (this is the scheme
we have sketched in the 1-D case in Section 1.5).

The same reasoning as before leads us to introduce, as in (1.61), a scaling function

~ > ®da ~ -
Pk) = /1 fx/f(am, (2.142)
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and integrated wavelet packets

1
Tk = / da U (ak) (2.143)
12 4
= ¢(Lk) — p(k). (2.144)

One notices that these wavelets are simply expressed as a difference of smoothing
functions, as in 1-D, (1.62). In this case, the reconstruction formula is much simpler,
since it involves a straight sum of approximation and wavelet coefficients:

oo
fE) =8pE 27+ > Wy@E 277). (2.145)
J=Jo

One of the main advantages of this construction is that it allows to build wavelets
and scaling functions that have fast decay both in the spatial and frequency domains.
This is very useful in applications where one wants to use wavelets that have sharp
prescribed localization properties in the Fourier domain and are also of fast decay in
the spatial domain, as it is the case with Gabor functions. This is very difficult to achieve
in practice. For example, if one wants to use spline-based wavelet frames, it appears
that, although the spatial localization is very good, splines are not sharply localized in
Fourier variables (they have an algebraic decay, see [14] for a review) and can even
show disturbing sidelobes. A concrete example is given by texture analysis where the
latter are distinguished on the basis of the statistics of frequency subbands as measured
using Gabor wavelets [234]. If one wants to use a dyadic frame, special care has to be
given to the frequency localization of the wavelets and this can be easily done using
the technique described above.

Example of a typical design

We will now apply the previous formalism to a concrete example. Our aim is to con-
struct isotropic dyadic wavelets and scaling functions belonging to the class of C*
functions with fast decay. Our starting point is a family of wavelets associated to
pseudo-differential operators defined by multiplication by k" = (k12 + k%)"/ ® in the
Fourier domain:

Vk) = ke, (2.146)

The associated scaling functions are computed using (2.135):

o0

~ d >

Bu(k) = / Lare™, (=2
k a

and it satisfies the following recurrence relation:

(n—2)
2

- 1 n—2 —k* -
d)n(k) = Ek e + ¢n72(k)a
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with
00 = 2 Gall) = 5k —"2+\/? fe(k)
2 - 23 5 3 = ) e 4CI'C .

Here the error function is defined by

erfe(k) = % / dke .
T Jk

Normalizing this family of functions by [, d*X ¢,(X) = 1 leads us to define
$ull) = " p(k),

where the constant «,, is defined by

n—2
2
an =) []
i=1
n—3

L Z it
@ =8O ] ’2+ _nodd, n>3.
i=1

n—2i
2

,neven, n > 2,

The recursion starts with o, = az(O) and a3 = $3(O). Scaling functions of the lowest
orders are listed in Table 2.1. Using (2.138) or (2.144), we obtain the desired family
of isotropic wavelets. An example of such a scaling function of order 4 is given in
Figure 2.12, in the next section. Note that the parameter n also controls the number
of vanishing moments of the associated wavelet. As an example of this technique,
Figure 2.10 shows a three-level decomposition of the /ena image into isotropic wavelet
packets.

Designing directional dyadic frames

The previous construction applied only to isotropic wavelets and yielded frames of
isotropic elements. In the following we will add to this scheme sensitivity to local
orientation. A simple and straightforward way to achieve this is to start from an isotropic
integrated wavelet I' and segment it into directional ones (a precise definition of this

Table2.1. Scaling functions of lowest orders

Order Scaling function

=2 k=¥
n=3 $3(k) = Lke ™ + Lerfe(k)
n=4 Pulk) = e (1 + K2
n=>5 @(k) = as_' (%k%_kz + %ke"‘2 + %erfc(k))
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Fig. 2.10. Three levels of decomposition of the lena image using an isotropic wavelet packet frame.

The lower right image is the low resolution approximation.

notion will be given in Section 3.3). This can be done by introducing an angular window
n(p), ¢ € [0, 27), in the Fourier domain and then defining a new wavelet

Uk, 9) = Tk)n(e).

Note that this construction amounts to work with wavelets that are separable in polar
coordinates. The choice of the angular window is restricted by the need for an exact,
linear or bilinear, reconstruction formula. More precisely, if one makes use of (2.141),
n has to satisfy

Ll 27T€

=1, (2.147)

&~

=0
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while the simpler formula (2.145) requires

n(lg——)=1, (2.148)

where we have assumed L orientations. An additional requirement, further explored
in Chapter 3, is that the support of 1 be strictly less than 7 in order to have some
directional sensitivity. In order to preserve the frequency localization of /F\, it is also
important that n be regular enough. The optimal choice is thus to build a partition of
the circle using a suitable compactly supported C* function.

Altogether, we introduce the L angular windows ny(¢) = n(go — M), =

L
0,1,...,L —1, and the corresponding directional wavelets

Ulk, 9) = T(k)ne(p), £=0,1,...,L—1. (2.149)

An example of a dyadic directional wavelet built using this technique is depicted on
Figures 2.11 and 2.12.

Implementation using approximate QMFs

One of the main drawbacks of these oriented frames is that they are not designed to be
implemented using a fast pyramidal algorithm. Nevertheless we will now show that one
can design special QMF pairs that allow for a very good approximation of the discrete
WT and provide a substantial gain in computational speed. This technique is mainly
an extension to 2-D of the original work of Muschietti and Torrésani [291].

-3.14
-3.14
O . | 0
‘ 3.14
3'1113.14 0 3.14 -3.14 0 3.14
(@) (b)

Fig. 2.11. Fourier transform of a directional dyadic wavelet of order 4 and angular resolution of /5
for two values of the rotation parameter: (a) £ = 0; and (b) £ = 1.
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0.025

Y
O

0.025
0.02

0.015 : 0.02

0.015

Fig. 2.12. (a) Scaling function of order 4; (b—d) the associated wavelet with angular resolution of
/5: (b) real part; (c) imaginary part; and (d) modulus.

Since we work with translation invariant frames, we will now sample the position
parameter of the DWT over a regular grid, that is, we will consider wavelets and scaling
functions indexed by the integer grid (we use here the L'-normalization):

Wi, a0 ) =290 QI —m,y =), jomoneZ.

We then obtain a discrete dyadic wavelet transform (compare Section 2.4.4) by just
restricting the DWT to this particular grid:

Wi f(m,n) = (W5, 1), Sjfm,n)=(djmnlf). (2.150)
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Let us assume there exists 2-D discrete filters 4 and g, £ = 0... L — 1, such that one
can compute these quantities using a pyramidal algorithm [260], that is,

Sifm,n)y= " hpq Sjp1f(m—2"""pn—27"q) (2.151)
P.q€Z
W)=Y gh, Sjeif(m =20 pon —2/%1g). (2.152)
P.q€L

This is equivalent to asking that the related wavelets and scaling function satisfy a
two-scale equation of the form:

P(2k) = h(k)p(k), (2.153)
Wh2k) = g W (k), (2.154)

where h(k) = h(ky, k,) and g'(k) = g'(ky. ky), £ =0...L — 1, are the Fourier series
of the filters / and g respectively. As already stressed in Chapter 1, we know that the
same filters can be used to reconstruct the signal provided they satisfy a QMF relation:

L—1
O+ 18 > =1,

=0
This is the exact discrete equivalent of (2.141). Similarly, one can design filters that
implement the weaker formula (2.145), provided they satisfy a simpler constraint:

L—1
hk)+> gy =1.
=0

The main problem at this point is that the integrated directional wavelets we have
designed in Section 2.6.1 do not in general satisfy any two-scale equation. Another
way to formulate the problem is to remark that, although there usually exists regular
multipliers / and g' satisfying

P(2k) = h(k)p(k), W'(2k) = '(K) p(k),

these are in general not 2 x 27 periodic and hence cannot be used to compute suc-
cessive approximations and details as in (2.151) and (2.152). Nevertheless it is crucial
to notice that these multipliers, exactly as the filters # and g, are always multiplied by
a . Now, if the latter is very well localized in [—, ] x [—m, ], the lack of periodicity
of i and g* is compensated by the localization of a and it seems then reasonable to
look for good approximations of 7, 3¢ using periodic filters. For this purpose, let us
assume that our signal lives in L>(IR?) and introduce the subspace of L*(R?) spanned
by the integer translates of the scaling function defined in (2.135):

VOZ{fGL2 | f: Z Cnl,n¢(x_m7y_n)7cm,n 662}

m,ne’
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and suppose that the family {¢(x —m, y —n), m,n € Z} forms a Riesz basis of V).
Finding a best approximant for / can be formulated as finding an element of V, whose
distance to %q&(x /2, y/2) is minimal in L?. Similarly, finding best approximants for
the g is equivalent to finding those elements of V) that minimize the distance to
%\Ilz(x /2, v/2). In other words, the problem is to minimize the L? distances

L R L
v, hy = [ / / &R hE) - h @) |¢<k)|2} ,
RZ

- - - -~ 1/2
(g gh) = [// d*k 13 (k) — " (k)| |¢(k)lz} :
R2

Now since V is a vector subspace of a Hilbert space, the projection theorem applies
and guarantees the existence and uniqueness of such solutions. Suppose that ¢ €
is the solution for 4. It can be expanded as

h® = Z hz1,n¢m,n,
m,n€Z
where the i, are the Fourier coefficients of the approximate filter
- 1 By
ha(k) = ha(kx, k)) — m Z hzm e l(mkx+nky)'
m,nez

The projection theorem gives also the following characterization of these coefficients:

- 1
// dx dy ¢<x+m,y+n)[z h‘;,,q¢<x+p,y+q>—1¢<§%>} =0,
R? P.q€Z

Ym,nelk. (2.155)

Similarly, for the directional wavelets, one obtains L approximate filters g,fl"n charac-
terized by

_ 1
// dx dy ¢<x+m,y+n)[z gf,f;,¢<x+p,y+q>—zwﬁ(§,%)} — 0,
RZ

D.qEL
Ym,neZl. (2.156)

Finally, for j < —1, the approximate low resolution and detail coefficients read

S?f(n’l, n) = Z E 37+1f(m _ 2j+1p, n— 2j+1q) (2.157)
P.q€L

and

Wi fmm = 3 g5 Sjuifm=2"p.n =27 g). (2.158)

P.q€L
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The following theorem, due to Gobbers and Vandergheynst [360], extends to 2-D the
result obtained in 1-D by Muschietti and B. Torrésani [291]. It gives explicit formulas
for the best approximants 4 and g“¢, as well as an estimation of the error with respect
to the original coefficients S; f(m, n) and Wf f(m,n):

Theorem 2.6.1 (i) The optimal filters h* and g“, solutions of (2.155) and (2.156), are
given by

2 pa a(Z(kx +2mp), 2(ky + 27 q)) plky + 27p, ky +27q)
Y g [0tk +27p, ky 4 27 q)|?

El

ha(k)m ky) =

(2.159)

PO (Z(k + 27p), 2(ky + 27 q)) ok, + 27p, ky + an)

La
8"k, ky) =
' Y g |0k + 27 p. ky + 27 )2

(2.160)

(ii) If we write! Co = 2ess sup h“(k) and Cy = 2ess sup gt “(k) then, forall j < —1,
keR? keR?

/1

a Y opa 1 - 0
IS5 f —Sjflleo < 2v(h, h?) —Co Ifl2,

and
, 5 1 — Cm 1
W5 f = Wi flloo < 2| (& g% + Cp v, h) 1_7 Ifl2. (2.161)

Proof. We will essentially follow the proof given in [291]. The first part is obtained
by taking the Fourier transform of (2.155) and (2.156) and using the periodicity of A¢
and g““¢. We then have

2 2
f dk, / dk, e'ksmtikn {2 h (ke ky) Y |y + 2k, Ky + 21|
0 0

k,leZ

— 3" 2 plky + 27k, ky +271) §(2ky + 27K), 2k, + 2711))

k,leZ

(2.162)

which gives the result for 4 and similarly for g“¢. As for the second part of the theorem,
the inequality || floo < || f1l1/47? allows us to work directly in the Fourier domain.
For the purpose of the calculation, let us introduce the intermediate quantities

T Since this quantity is orientation independent, we drop the corresponding superscript for ease of notation.
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]

gj(m, n) = Z E Sj+1(m — 20ty — 2,/‘+ll),

k,leZ

Wi(m,n) = Z gy Sjvi(m =27 p,on —271g).
P.q€L

We have the inequality
[5-81,<[5-81,+ 1531,

and similarly for || Wf.’“ — Wf H ;- Letus now compute the second term in the right-hand
side of (2.163):

// dk, dk, 2/
Stxs!

D Flky 427k, ky + 2D (27 (ke + 27k). 27 (ky + 271))
k,leZ

A

§

= > Flhy + 2k, ky +270) B (27 ey 277 ky)
k,l€Z

x ¢ (27 ky 4 27k), 277k, 4 271))

Using the Cauchy—Schwarz inequality and the periodicity of 4“, we find

|5 -3,

< Snzllfllz\/ /R 2 d?K | he(k) (k) — )|
< 872 flla vk, h*).

For the first term on the right-hand side of (2.163), we find

|57 -8], <2 [ @D 157,60 - S

< 2ess sup Y] HSHI —S/J:l Hl .

keR?

Combining these estimations, we have

55

<872 £l vk %) + Co | ST = Sr - (2.164)
By iteratively bounding the last term of (2.164) in the same way, we finally obtain
Hfg? - gJHI < 872 fll2 v, h) (1 +Co+C ...+ C(‘)j"l)

Ll

. 1-C
= 87| fll2 v(h, h*) ; C? . (2.165)
— Lo

An equivalent processing of the wavelet coefficients concludes the proof. O
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There remain several open questions related to the design of these approximate
QMFs. In particular, in contradiction to the orthogonal case discussed in the previous
chapter, the convergence of the cascade algorithm is not ensured. It is thus impossible
to tell precisely if these filters really correspond to a frame and what would be the
properties of such a frame. This scheme is thus really a handy numerical shortcut that
allows one to efficiently compute an approximation of the original frame expansion.

Some implementation issues

When implementing (2.157) and (2.158), the first fact to consider is that, generally,
we possess only a finite number M x N of samples f(m,n) (with (m,n) € [0...
M —1,0...N — 1] ) of the signal to be analyzed. A decision has thus to be made
about the nature of the signal outside this range.

Furthermore, the filters will practically be computed on a finite grid. That is, we

k, .
v With (p, g) €

will only use a finite number P x Q of filter coefficients A9, , and g
[-P/2...P/2—1,—-Q/2...0/2 —1].

In a first approach, the signal is considered to be zero outside this range. Unfor-
tunately, this decision leads to impractical and inefficient algorithms, as one has to
compute (M +2V1=1(P — 1)) x (N + 2V171(Q — 1)) coefficients for each j < 0 to
avoid side effects.

A second approach is to consider the signal as being periodic of period M x N. With
this approach, fast circular convolution algorithms can be used and we are led to the
following algorithm structure:

(i) compute 2 and g““ and their associated impulse responses using Theorem 2.6.1;
(i1) compute a first approximation of the analyzed signal f using (2.150); this step is
traditionally skipped and the signal is considered as its first approximation;
(ii1) for each j < 0, iteratively compute details and approximations using (2.157) and
(2.158).

The cost of this algorithm is:
CM,N)y=c-M-N

where the constant ¢ depends on the size of the impulse responses of the filters. This
dependency strongly limits the power of this algorithm as experiments show that,
even for small sizes, this algorithm is always slower than the FFT-based algorithm
used to compute the CWT. As those sizes may not be arbitrarily chosen, another
algorithm should be used in order to get valuable results with small computation
times.

The obvious way to handle this problem is to replace convolutions in direct space
by products of Fourier transforms in frequency space. The main advantage of this
technique is that we no longer need to restrict ourselves to use small filters, as we
may now use impulse responses that are the same size as the signal, thus giving much
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more precise results than with the above algorithm. For the sake of simplicity, we will
develop this new algorithm in the 1-D case, its extension to the 2-D directional case
being straightforward.

For the first step, we have to compute two periodic convolution products:

N-1

C_1k = E CO,k—nhn

n=0

N—1
d_y, = E C0,k—n8n-
n=0

By introducing {C;,} = FFTy ({cjx}), {Djn}=FFTy({d;x}), {H.,} = FFTy

({h}) and {G, } = F FTy ({g}) where the notation F' F' Ty means the FFT algorithm ap-

plied to a sequence of length N, we get: C_; , = \/NCO’,,HH andD_; , = \/NCO,,,G,,.

We may then get the details back in the real space with {d; «} = IFFTy ({D;.}).
For the second step, we have to compute:

N-1
Cox = E C_1,k—2nNn

n=0
N-1

d_oy = E C_1k—2n8&n-
n=0

Given the periodicity of the signal, we may rewrite this as:

N/2-1
oy =cam= Z c—1.20—m)(hn + hniny2)

N/2-1
ey =coun = Z C—1.26k-my+1(hn + iy y2)
n=0
N/2-1
dgz.k =doao = Z C—1,26-n)(&n + &n+N/2)
n=0
N/2-1
1
d_y =doop = Z C—1,26-m)+1(8n + &n+n/2)
n=0

for k=0,...,N/2—1. Let us now define hyll=hn+hn+N/2 for n=0,...,
N/2 — 1, we get:

N/2-1 N/2-1

0 0 11 1 1

Cook = Z €Ly pmnlty €0 = Z C_ 1 k—nltn (2.166)
n=0 n=0
N/2—1 N/2—1

0 0 11 1 1

d-, = Z Cllkn8n Ay = Z C_1k—n8n (2.167)

n=0 n=0
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where C(il,k = C_1 2% Cl_l,k = C_12k+1> dgl,k =d_; and dll,k =d_12k+1- In the
Fourier space, (2.166) and (2.167) may be rewritten as:

C92,n =V N/zcgl,nHr: Cl—2,n =V N/ch—l,nHr:
D92,n =V N/zcglnGrlz Diz,n =V N/zcll,nGrlL

where {ng’n} =FFTyp ({C(iz’k}), {CL,,} = FFTy; ({cl,,}), {D(lZ,n} =
FFTy;({d°,,}) and {D!,,} = FFTy;({d!,,}). A straightforward calcula-
tion gives:

H! = V2H,,

forn =0,...,N/2 — 1. Furthermore:

1
C = —7=(Coan+Coininp)

V2
. eZin%
C.,= W(C—l,n —C_1a1np2)
forn =0, ..., N/2 — 1. The lastequation is particularly interesting as it introduces the

same twiddle factors as those already present in the traditional FFT implementations.

Extending the above results to the following steps, one comes to the conclusion that
the complexity of this new algorithm is also of order N log,(N), but with a hidden
constant that is exactly half the one encountered in the FFT-based algorithm, this
constant being associated with the pyramidal structure. The same ideas apply to the
2-D case, thus giving an algorithm of complexity

C(M,N)= M - N -log,(M.N),

with a hidden constant also exactly half that of the FFT-based algorithm. As a matter
of comparison, Figure 2.13 shows timings of this algorithm for different image sizes.
Timings of the usual pyramidal algorithm and standard implementation in the Fourier
domain are also displayed.

Putting it all together, we have a new fast algorithm, perfectly suited to compute
the 2-D CWT, faster than the traditional “pseudo-pyramidal” algorithm, and sharper.
Furthermore, it is essential to note that the whole construction is equivalent to that
leading to the FFT algorithm in the Fourier transform theory. It should be noted that a
Fourier implementation of the pyramidal algorithm is quite natural when one addresses
the problem of designing maximally regular wavelets. That is why the algorithm de-
scribed above shares common features with the Fourier implementation of the Meyer
wavelet decomposition [Kol97]. We refer the interested reader to the work of Rioul and
Duhamel [327] for more general considerations on implementing pyramidal algorithms
in the frequency domain.
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Fig. 2.13. Computation time for different implementations of the 2-D pyramidal algorithm as a
function of the image width (square images assumed): pyr(n) is the standard pyramidal algorithm
with n by n filters, pyr_F is the modified Fourier pyramidal algorithm explained in the text. The
graph is normalized with respect to the standard algorithm with convolution in the Fourier domain
(std_F).

2.7

Steerable filters

While looking for a flexible tool for processing oriented data, Freeman and Adelson
[170] introduced some time ago the concept of steerable filters. These were further de-
veloped by Perona [311] and Simoncelli ez al. [342]. Here again one obtains a multiscale
pyramid decomposition, which is quite efficient in a number of problems, mostly related
to machine vision. Similar techniques have been used with the Gabor transform [234].
We will briefly describe this scheme and compare it to the directional wavelet packets
of Section 2.6.

The basic idea is quite simple, and best illustrated on the example of a Gaussian kernel
G(x, y). From the partial derivatives G, (x, y) = —2x e* 1°, Gy(x,y)= =2y X
one computes the derivative in the direction 6:

Go(x,y) =cos6 Gy (x,y)+sin0 G,(x, y).

Since convolution is a linear operation, one may use Gy for filtering an image f in the
direction 6 by superposing the filterings in directions x and y:

Fy(f)(b) = (Gg * f)(b) = cos b Fy(b) + sin Fy(b).
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This is the property of orientability. More generally, a filter f is orientable or steerable
if any oriented version of it may be obtained from a finite number of basic orientations:

M
Fra(®) =" kn(0) f(rg, (). (2.168)
m=1
The weights {k,,(6), m = 1, ..., M} are called interpolation functions. (The notion of
orientability may be extended to other transformations, such as scaling [311], but we
will not consider these generalizations here.)
When the filter f admits a finite Fourier series (i.e., it is a real trigonometric poly-

nomial),
N .
fro) = > anr)e™, I=(r.9), (2.169)
n=—N
Freeman and Adelson have shown that the interpolation functions must satisfy the
relation
1 ... 1
e'? et .. eifu ka(®)
= . . : (2.170)
ei}ve ei1;/91 eil\'IBM k()

and that the minimal number of interpolation functions is always larger than the number
of nonzero coefficients in the angular Fourier series (2.169) of the filter f. These
steerable filters obviously generalize the interpolation properties associated to the partial
derivatives G, G, which are thus prototypes of such filters. Moreover, the steerability
property (2.168) is independent of the radial part of the filter, so that one may use
functions that generate a dyadic pyramid.

The main virtue of steerable filters is to allow the computation of filtering in any
direction from the interpolation functions and the basic filters. This explains their
intensive use in vision for studying oriented features in images [311,342]. From the
algorithmic point of view, the complexity of steerable filters is that of the associated
dyadic pyramid, thus comparable to that of directional wavelet packets. Note, however,
that separable filters may sometimes be obtained, which is an additional bonus.

So the natural question arises, can directional wavelets be made steerable? Unfor-
tunately, the answer is no. Indeed, the Fourier transform of a steerable filter is also
steerable. On the other hand, the angular support of a directional wavelet (2.149) nec-
essarily has a width smaller than 7, so that the relation (2.169) can never be satisfied.
More intuitively, the steerability condition (2.168) requires that the basic filters overlap
in a fixed way, in order to ensure the existence of interpolation functions, whereas the
angular overlap of directional wavelet packets may be taken to be arbitrarily small.
What about angular resolution? That of steerable filters may be made as good as one
wishes, simply by taking more basic filters. However, because of the substantial overlap
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Fig. 2.14. Four reconstructions of the image barbara: (a) 2-D wavelet orthonormal basis; (b)
redundant frame (3 bits/coefficient); (c) and (d) the same with 2 bits/coefficient.

between the latter, the steerable scheme will always require more basic filters than the
directional wavelet packets in order to achieve a high angular resolution, so that, in the
end, the computing cost may become prohibitive.

In conclusion, steerable filters and directional wavelet packets are two comparable,
yet incompatible, tools for decomposing an image into an oriented pyramid. In the
former case, however, a large number of basic filters, with fixed overlap, is required
for achieving a high angular resolution. This precludes their use in applications that
require a maximal decorrelation of orientations, such as watermarking of images or
texture segmentation. Here directional wavelet packets are the best choice. We will
explore these applications in the next chapters (Sections 4.7.2 and 5.5, respectively).
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2.8 Redundancy: plus and minus

Exactly as in 1-D, redundancy has many advantages, that more than compensate the
higher computational cost it implies. In a nutshell, redundant decompositions lead to
better quality reconstructions and are more robust to noise. Actually, the whole discus-
sion of Section 1.6.2 could be repeated here almost verbatim, in particular concerning
the robustness issue.

We highlight the reconstruction aspect with one striking example. We consider the
standard barbara image and decompose it in two ways, first with an orthonormal wavelet
basis (using 2-D Daubechies DB4 wavelets), then with a redundant frame of directional
wavelets. The images reconstructed by the two methods are presented in Figure 2.14.
Panels (a) and (b) show the reconstruction using 3 bits per coefficient, while (c) and (d)
show the result obtained with 2 bits per coefficient. In either case, the resulting image
is visually better when the redundant frame is used, (b) or (d). The orthonormal basis
gives more artifacts and distortions. Of course, the effect is more marked in the 2 bit
case. Although the two results are poor, we show them for emphasizing the point.
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3.1

97

Which wavelets?

The next step is to choose an analyzing wavelet yr. At this point, there are two possi-

bilities, depending whether one is interested or not in detecting oriented features in an

image, i.e., regions where the amplitude is regular along one direction and has a sharp

variation along the perpendicular direction.

(i) Isotropic wavelets
If one wants to perform a pointwise analysis, i.e., when no oriented features are
present or relevant in the signal, one may choose an analyzing wavelet i which
is invariant under rotation. Then the 6 dependence drops out, for instance, in the
reconstruction formula (2.26). The most familiar example is the isotropic 2-D
Mexican hat wavelet (2.21).

(ii) Anisotropic wavelets
When the aim is to detect oriented features in an image (for instance, in the
classical problem of edge detection or in directional filtering), one has to use
a wavelet which is not rotation invariant. The best angular selectivity will be
obtained if Y is directional, which means that the (essential) support of 1’/; in
spatial frequency space is contained in a convex cone with apex at the origin
(by which we mean that the wavelet is numerically negligible outside the cone).
Typical directional wavelets are the 2-D Morlet wavelet (2.22) or the conical
wavelets.

There are many ways of designing wavelets of either kind, but in fact almost all
of those available on the market may be obtained by a general procedure, outlined in
the proposition below. The starting point is a scaling function, that is, a function ¢(X),
whose integral over the plane does not vanish. Then wavelets can be built by taking
derivatives of the scaling function or the difference of two scaling functions. The most
obvious example of a scaling function is a Gaussian, which is very easy to use and
essentially localized in a disk.

Another method, that we shall describe in Chapter 6, is to impose the saturation of the
uncertainty product of two or more operators corresponding to infinitesimal generators
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of elementary operators, namely the dilation, orientation and translation operators, as
given in Section 2.1 above.

Proposition 3.1.1 Let ¢ be a (sufficiently smooth) scaling function, that is, a function

satisfying:
/ d’% ¢(x) # 0. (3.1)
RZ
Then the functions r, and \r, defined below are wavelets:
N M n m
Y1 (X) = ;;cnmﬁay—mqﬁ(f), where ¥ = (x,y), N, M > 1, (3.2)

I o1 i
Yo = — (U1 a1, 008 () = — [Ub, ax. 0209 (.
ap ap
(Br. a1, 61) # (b, a2. 62). (33)

where U (I;, a, 0) is the unitary operator already defined in (2.13):
[U(E, a. e)s] @) =a s r_o@ - b)).

The proof is straightforward. We shall now examine in detail several examples of
wavelets of each kind. As will be seen in the sequel, almost all of them fall into the
general types described in the proposition, possibly combining the two operations of
derivation and difference. It turns out also that in many cases, the basic scaling function
is the Gaussian exp(—|X|?). This is not a coincidence. In order to understand this,
assume the wavelet ¥ to be, as in (3.2), some derivative of a scaling function ¢,

an aﬂ’l
ax" gy™m

Y(xX) = P(X).

Then we may rewrite the basic formula (2.19) as a genuine convolution:

N ot oM N
S, a,0) = (o —s | 3.4
(b,a,0) (qba,g * 0 8y,,,s)( ) (3.4)

a n 8 m N
x y

Pl o) = a” p(=r_p(X)/a).

where

Equation (3.5) shows that S(l;, a, 0) is simply the derivative of the signal rotated and
blurred at resolution (scale) a. Thus we expect large wavelet coefficients to occur at
locations of sharp variation of s. Since the Gaussian is a very common kernel for
blurring, it is not a surprise that many wavelets will be related to derivatives of a
Gaussian. As for the populatity of the latter, it is due to several factors: it is very well
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localized, both in position and in Fourier space, it is indeed optimal for the joint space—
frequency localization, as argued by Gabor [180], and finally it is rotation invariant,
thus it does not privilege any particular direction.

3.2 Isotropic wavelets

3.2.1 The 2-D Mexican hat and its generalizations
In its isotropic version, this is simply the Laplacian of a Gaussian:
Yu(X) = —A exp(=31XI°) = (2 — [X[*) exp(—3|X]*). (3.6)

This is a real, rotation invariant wavelet, with vanishing moments of order up to 1, also
known in the literature as the LOG wavelet. It is shown, in position domain and in spatial
frequency space, in Figures 3.1 and 3.2, respectively. It was originally introduced by
Marr and Hildreth [Mar82,266], in their pioneering work on vision, precisely because it
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Fig. 3.1. The 2-D Mexican hat wavelet in position domain, seen in 3-D perspective (left) and gray
levels (right): (a) the isotropic wavelet; (b) the anisotropic wavelet with € = 2.
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Fig. 3.2. The same wavelets as in Figure 3.1, seen in spatial frequency space.

is obtained by applying an isotropic differential operator of second order to the Gaussian
(this was in fact the original motivation of [266]). The Mexican hat will be efficient for
a fine pointwise analysis, but not for detecting directions. This will be confirmed by
quantitative calibration tests in Section 3.4 below.

In addition, and for the same reasons, one may also use higher order Laplacians of
the Gaussian,

V@) = (—A)" exp(—5 3. 3.7

For increasing n, these wavelets have more and more vanishing moments, and are thus
sensitive to increasingly sharper details. An interesting technique, pioneered in 1-D by
A. Arnéodo [49], is to analyze the same signal with several wavelets 1//,5”) , for different
n. The features common to all the transforms surely belong to the signal, they are not
artifacts of the analysis.

In several applications, it is useful to introduce an additional parameter, namely, the
width o of the Gaussian (in %—Space). Although o is redundant, since the Gaussian
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can be dilated to an arbitrary width, nevertheless it helps to fix explicitly the central
frequency. Thus one uses, instead of (3.6), the wavelet
R L (3.8)
R o2 2027 ’
An approximate version of the Mexican hat has been introduced by Arnéodo
et al. [Arn95,44,171], under the name of Bessel filter, namely:

- o’|x|*
Yu(xX) = —A exp(—

Ua(k) =1, for R/y < k| <R,

. (3.9)
= (0, otherwise,

where R and R/y are the radii of the external and internal disks, respectively. The
inverse Fourier transform ,(X) is a Bessel function (hence the name):

Jitr) 1 Ji(r/y)

r=|%. (3.10)
y2 rly

Y (X)

This filter was designed and used systematically for the so-called optical wavelet trans-
Jorm, which consists in a hardware (optical) realization of the CWT. We will come back
to this application in Section 5.4.1 [Arn95,46]. Another isotropic wavelet, very similar
to the previous one, has been introduced in [175] under the rather funny name of Pet

hat. It is defined in Fourier space as
(k) = cos? (z log @
2 rom

=0, for |/€| < 7 and |ié| > 4.

), formr < |1€| < 4,
3.11)

This wavelet has a better resolving power in scale than the Mexican hat, hence it is
more efficient in sorting objects in astrophysical images according to their characteristic
scale, which is precisely the aim of the authors of [175]. Yet another one, which has the
advantage of being both isotropic and continuous, is the Halo wavelet [117], defined
as

{p\(l_{') — Ce—(|l§|2—\lz,,|2)' (312)

This is a real wavelet, that selects precisely the annular region |/€| o~ |I_c)0|.

Difference wavelets

Among the many wavelets (or filters) proposed in the literature, an interesting class
consists of wavelets obtained as the difference of two positive functions, according
to (3.3) in Proposition 3.1.1. In order to get an isotropic wavelet in this way, the only
possibility is to take the difference between a single isotropic function ¢ and a contracted
version of the latter, that is, the particular case where only the scale factors differ in
(3.3). Indeed, if ¢ is a smooth non-negative function, integrable and square integrable,
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with all moments of order one vanishing at the origin, then the function ¥ given by the
relations

Y(E) = a2 plaF) — @), Yk) = dlak) —pk) O <a<1) (3.13)

is easily seen to be a wavelet satisfying the admissibility condition (2.17). Since ¢ is
typically a smoothing function, the wavelet v is called the “Difference-of-Smoothings”
or DOS wavelet [Duv9l].

A typical example is the “Difference-of-Gaussians” or DOG wavelet, obtained by
taking for ¢ an isotropic Gaussian:

Yo(X) = 537 exp(— 52 1X[*) — exp(—3 %) (0 < < 1). (3.14)

202

The DOG filter is a good substitute for the isotropic Mexican hat (for a~! =

1.6, their shapes are extremely similar), frequently used in psychophysics works
[DeV88,Duv9l,124]. It was also considered by Grossmann [209] for signal analysis,
together with more general linear combinations of Gaussians. An immediate applica-
tion is the construction of wavelets on the 2-sphere, simply by lifting a DOG wavelet
in the tangent plane to the sphere by inverse stereographic projection (Section 9.2).

Another example is the “Difference-of-Mesas” or DOM filter, corresponding to a
function ¢ which is a smoothed version of the characteristic function of a disk (a
‘mesa’ function) [369,370]. The resulting annular wavelet has been used, together with
the Halo wavelet (3.12), in the detection of Einstein gravitational arcs in cosmological
pictures [82] (see Section 5.1). The principle behind this application is again the filtering
property: the wavelet detects preferentially objects that resemble it.

More generally, the concept of the difference wavelet is useful for reducing noise in
images. Take an image, consisting of an object to be identified, embedded in noise or
clutter. Let ¢(X) be an averaged version of the image. Then the corresponding difference
function v (X) given by (3.13) is a wavelet ideally suited for the analysis of the object
in question [16]. Indeed the difference operation substantially reduces the background
noise, and v incorporates a maximal amount of resemblance with the object (a priori
information). A similar subtraction technique, known in astronomy as “unsharp mask-
ing,” is commonly used in the treatment of astrophysical images for enhancing the rele-
vantinformation (such as galaxies or stars), while reducing the noise. Here one computes
first the high-frequency content of the image as the difference I, = I, — I between the
original image /, and a smoothed version [, of it, and adds it to the original image, with a
multiplicative factor A. Then, in the corrected image Ioorr = 1o + Aly = Iy + A(1, — 1),
the high-frequency details are enhanced over the background (but severe distortions
may result if A is chosen too big) [258]. An example of unsharp masking may be found
at the address http://www.chapman.edu/oca/gallery2/demo.htm. A similar
procedure has been introduced for the problem of automatic target recognition (ATR).
We will discuss the corresponding algorithm in Section 4.2.1 and the general problem
of image denoising in Section 4.6.
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An additional advantage of these difference wavelets is that they lead to interesting
and fast algorithms, for instance, in the formalism of continuous wavelet packets [159].
Indeed, in 1-D, we have seen in (1.62), that the integrated wavelet W(x) associated
to the scaling function ®(x) is precisely W(x) = 2®(2x) — ®(¢x), and this property
extends to 2-D, equation (2.144) (the L' normalization is used here, contrary to (3.13)).
Notice, finally, that ¢, and thus also v, need not be isotropic. The directional wavelet
packets constructed in Section 2.6 are a striking example.

3.3

3.3.1

3.3.1.1

Directional wavelets

Oriented wavelets and edge detection

Detecting oriented features (segments, edges, vector field, . . . ) poses a major challenge
in computer vision, and many techniques have been proposed in the literature to meet it.
In the context of wavelet analysis, one needs a wavelet which is directionally selective.
A natural way of designing such a wavelet is to modify an isotropic one, such as the
Mexican hat, simply by stretching it. Mathematically, this amounts to replacing in (3.6)
X by AX, where A = diag[e~!/2, 1], € > 1, isa2 x 2 anisotropy matrix. However, such
a wavelet still acts as a second-order operator and detects singularities in all directions
and it is of little use in practice. Indeed, on one hand, the calibration tests that we will
discuss in Section 3.4 below show that it performs poorly [13]. On the other hand,
there is a theorem due to Daugman [125], according to which no real wavelet rendered
anisotropic by a mere stretching in one direction can have a good directional selectivity,
no matter how large the anisotropy ¢ is taken.

Some precursors

Stretching an isotropic wavelet being inefficient for inducing directional selectivity, the
next step is to take a directional derivative. As we have seen in Section 3.2.1, Marr
and Hildreth [266] apply the Laplacian to the Gaussian, thus getting the Mexican hat
wavelet, precisely because it is an isotropic differential operator of second order. As
a consequence, the Mexican hat is inefficient at detecting directions. In order to get a
good edge detector, Canny [98] designed a filter which is optimal for several criteria
(detection, localization, uniqueness of answer). However, this filter is numerically heavy
to implement and it is advantageously replaced, to a very good approximation, by the
first derivative of a Gaussian. The wavelet

- d 712 2
w(l)(x) — o I/o 3.15)
dx

detects edges oriented in the y-direction, and it suffices to rotate it to get an edge
detector that is sensitive to an arbitrary direction. In addition, Canny considered many
different values of the width o of the Gaussian G(x), which amounts to varying the
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scale. Furthermore, given an image s, his technique consists in locating the maxima
of YW x5, which are the zero-crossings of 32G x s, i.e., precisely the technique of
Mallat [261,264]. In other words, Canny was very close to a primitive version of
wavelet analysis!

However, for computational reasons, one is forced to sample the orientation angles,
keeping only a few values. But, as remarked by Perona in 1992 [311],

... this practice has the strong drawback of introducing anisotropies and algorithmic difficulties in
the computational implementations. It would be preferable to keep thinking in terms of a continuum,
of angles for example, and to be able to localize the orientation of an edge with the maximum accuracy
allowed by the filter one has chosen.

Perona’s answer to this objection is to advocate the use of steerable filters, described
in Section 2.7. However, taking together Canny’s approach and Perona’s remark leads
directly to the continuous wavelet transform, which thus appears as a very natural tool
for edge detection, and more generally in computer vision.

Coming back to Canny’s work, it is instructive to compare the first, second and third
derivatives of the Gaussian (see [Bha99]; Chapter 4) and test their performance, exactly
as in 1-D [49]. The Canny edge detector was later improved by Deriche [135,136] and
Bourennane et al. [83], still keeping the same philosophy. The former gets for the
optimal filter the function

—olx|

f(x)=—ce " sinwx ~ —cxe for a/w>> 1. (3.16)

An alternative is to consider a mixed derivative, such as 9,9, exp(—|x |?). This wavelet
has good capabilities for detecting corners in a contour, but we will describe in
Section 3.3.3 another one that performs even better, the so-called end-stopped wavelet
of [Bha99,76].

The concept of directional wavelets
Although the directional derivative wavelets just described do have some capabilities
of directional filtering, they are by far not sufficient, because their angular selectivity
is rather poor. In order to go beyond, we introduce the concept of directional wavelets
[18,19,24]:

Definition 3.3.1. A wavelet  is said to be directional if the effective support of its
Fourier transform 17/; is contained in a convex cone in spatial frequency space {l?}, with
apex at the origin, or a finite union of disjoint such cones (in that case, one will usually
call ¢ multidirectional).

Since it may sound counter-intuitive, this definition requires a word of justification.
According to (2.20), the wavelet acts as a filter in k-space (multiplication by the function
¥). Suppose the signal s(X) is strongly oriented, for instance a long segment along the
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x-axis. Then its Fourier transform ?(12) is a long segment along the ky-axis. In order to
detect such a signal, with a good directional selectivity, one needs a wavelet { supported
in a narrow cone in lg—space. Then the WT is negligible unless @ (75) is essentially aligned
onto fv‘(%): directional selectivity demands restriction of the support of fi , hot ¢. The
corresponding standard practice in signal processing is to design an adequate filter in
the frequency domain (high pass, band pass, . . . ). In addition, there are cases (magnetic
resonance imaging, for instance) where data are acquired in Iz-space (then called the
measurement space) and the image space is obtained after a Fourier transform: here
again directional filtering takes place in lz—space.

According to this definition, the anisotropic Mexican hat is not directional, since the
support of @H is centered at the origin, no matter how big its anisotropy is. Indeed, the
detailed tests described in [13] confirm its poor performances in selecting directions.
We will come back to this point, with quantitative results, in Section 3.4. A review of
directional wavelets and their use may be found in [19].

The 2-D Morlet wavelet

This is the prototype of a directional wavelet:
Yu(¥) = explik, - ¥) exp(— L AT|?) — exp(— 1Ak, ) exp(— 1A% ), (3.17)
Yu(k) = /e (exp(— ATk — kp)?) — exp(— LA™k, 1?) exp(—1[AT'K%).  (3.18)

The parameter k, is the wave vector, and A = diagle /2, 1],e > 1, is a 2 x 2
anisotropy matrix. The correction term in (3.17) and (3.18) enforces the admissibility
condition &M(()) = 0. However, since it is numerically negligible for |I€0| > 5.6, one
usually drops it altogether (but not always, see Section 3.4). In that case, putting € = 1,
we obtain the function

Yo(X) = explik, - X) exp(— L% ). (3.19)

This function is well-known in the image processing literature under the name of Gabor
function [126]. One reason of its popularity is its computational simplicity. Another
one, in particular in the modeling of human vision, is that a large fraction of cells in
the primary visual cortex of primates (including man, presumably) have a receptive
field that resembles a Gabor function [DeV88,369,370,372]. An example is shown, for
€ =2, l_éo = (0, 6), in Figures 3.3 and 3.4.

The Gabor function (3.19) has the qualitative behavior expected from a wavelet. It is
well localized, both in position space, around the origin, and in spatial frequency space,
around k = /E(, # 0, but, strictly speaking, it is not admissible. On the other hand, the
full Morlet function given in (3.17)—(3.18) is always admissible but, for small |I€,|, it is
useless as a wavelet, since @M consists then essentially of two disjoint pieces. Thus the
Morlet function is interesting for practical wavelet analysis only for |£0| large enough.
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0.08

0.06

Fig. 3.3. The 2-D Morlet wavelet y(X) (or rather ¥(x)), with € = 2, I%, = (0, 6) in 3-D
perspective, in position domain: (a) real part; (b) imaginary part.

The Morlet wavelet is complex. The modulus of the truncated wavelet ¥/ is a Gaus-
sian, elongated in the x direction if € > 1, and its phase is constant along the direction
orthogonal to k, and linear in ¥, mod (2 / |l_<'o ), along the direction of k,. Thus, plotting
the phase of ¥/(X) as a function of X, we get a succession of straight lines, perpendicular
to 120, and with intensity varying periodically and linearly from O to 2. As compared
to the 1-D case, the additional feature here is the inherent directivity of the wavelet ¥/,
entirely contained in its phase. This turns out to be a crucial ingredient in the study
of directional features of objects (Chapters 4 and 5). Indeed, from the fact that the
WT is a convolution of the signal with the dilated wavelet, we see that the wavelet ¥/,
smoothes the signal in all directions, but detects the sharp transitions in the direction



107

3.3 Directional wavelets

100 100
200 200
300 300
400 400
500 500
100 200 300 400 500 100 200 300 400 500

@ (b)

100 100
200 200
300 300
400 400
500 500
100 200 300 400 500 100 200 300 400 500

(© (d)

Fig. 3.4. The 2-D Morlet wavelet ¥, (X) with € = 2, ko = 6 in gray levels, in position domain:
(a) real part; (b) imaginary part; (c) phase; and (d) modulus.

perpendicular to 7(2,. In Fourier space, the effective support (“footprint”) of the function
1//;,\,, is an ellipse centered at iéo and elongated in the k, direction, thus contained in a
convex cone. Since the ratio of the axes is equal to /€, the cone becomes narrower as
€ increases. Clearly this wavelet will detect preferentially singularities (edges) in the x
direction, and its angular selectivity increases with |I:0| and with the anisotropy €. The
best selectivity will be obtained by taking Eo parallel to the long axis of the ellipse in
lz—space, that is, l?,, = (0, k,). The Morlet wavelet v, (or rather ;) then becomes (see
Figures 3.3 and 3.4):

Yo(X) = exp(ik,y) exp[—3(tx> +yH)], ¥ = (x,y). (3.20)

Many variants of the basic wavelets may be designed for specific problems. For
instance, we know that the Mexican hat is very good at detecting discontinuities (e.g.,
edges) in an image, but it is not directional. On the other hand, the Morlet wavelet is
directional, but mostly selective in spatial frequency (these statements will be proved
in Section 3.4). Both properties may be combined in a single wavelet, the Gabor (or
modulated) Mexican hat wavelet, defined as follows:
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. 92 2 .
VauD) = (e + 75 {exp(ik,y) exp[—3(2x* +y)1}, e > 1, 321
= (2 — 1x" = (v — iko)?) explik,y) exp[—3(tx” + y?)], (3.22)
Vom(k) = Je(ek? + k2) exp[—L(ek? + (ky — k,)))]. (3.23)

Notice that no correction term is needed here, the function v, is admissible as it stands.
This wavelet, introduced in [289], is extremely efficient in detecting edges, even in the
presence of heavy noise. One of its possible applications may be character recognition
(see Section 4.1).

Going back to the Gabor or (truncated) Morlet wavelet (3.20), we notice that it has
the general form

Yo(¥) = d) Y (y), X =(x,y), (3.24)

where ¢ is a 1-D scaling function (a bump, typically a Gaussian) and v is a 1-D wavelet.
Functions of this type provide an easy way to design a separable, yet directional wavelet;
in the present case, a horizontal one. This technique is due to Bournay Bouchereau
[Bou97] (see Section 5.2.2).

A related example is the Gabor-like wavelet of Unser [357], obtained by replacing
the Gaussian in (3.20) by another window function, typically a B-spline.

End-stopped wavelets

A basic problem in the characterization of an image, for instance, in the comparison of
two images, is the identification of specific features. In human vision, this is achieved by
the so-called saccadic movement of the eyes: the eyes scan the scene freely, momentarily
focus on some point of interest, and quickly move on to the next target point in the
scene [Yar67]. The visual jump from one target to another is called a saccade, the target
points of consecutive saccades being points of interest which stand out against the
general background of the scene. This process has been analyzed in detail and modeled
with wavelets by Bhattacharjee [Bha99], that we now quote.

... There is evidence that such features of interest are identified by the lower levels of the visual
system, and are not aresult of conscious reasoning. Psychovisual studies on several mammals show the
presence of certain cells, called hypercomplex cells or end-stopped cells, in the primary visual cortex.
End-stopping behavior is related to oriented linear stimuli, that is, end-stopped cells are activated,
under certain conditions, by linear stimuli having a particular orientation. Two kinds of end-stopping
behavior have been identified. The single end-stopped cells respond strongly if a line in a particular
orientation ends within the receptive field of the cell. For real-world scenes, these cells respond
strongly to corners, or points of high curvature in general. Some other cells respond strongly only to
short, oriented, linear stimuli. Such cells are called double or complete end-stopped cells. For cells of
this kind, the response is strong as long as the stimulus has a specific orientation (the characteristic
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orientation varies from cell to cell), and both ends of the stimulus lie within the receptive field of the
cell. Thus, double end-stopped cells respond to short linear segments in images.

In order to model faithfully this physiological behavior, Bhattacharjee [76,Bha99]
introduces two specific wavelets, called end-stopped wavelets, that we now describe.
According to the discussion above, the responses of end-stopped cells are related to
end points of linear structures lying in a specific orientation. Thus, end-stopping can be
simulated by isolating linear structures in the image that have a particular orientation,
and then processing these structures further to locate their end points, or to determine
their lengths.

The first stage, to detect lines having a specific orientation, can be achieved with a
Morlet (more properly, a Gabor) wavelet. Then, the end-points of a line can be detected
by applying the first derivative of a Gaussian filter along the line. Combining the two
operations yields the end-stopped wavelet 1;.;, namely

Ve () = L x expl— (2 + y?) + ko (k, — 200}, (3.25)
in position space, and
V() = expl—L (k2 + (ky — k)] { =ik expl— (K2 + k)1 (3.26)

in spatial frequency space. Equation (3.26) clearly shows that @\El is the product of
two components. The first factor is a Morlet wavelet, with wave vector lgo = (0, k,)
oriented along the k-axis. The second factor is a first derivative of a Gaussian oriented
along the frequency axis k,, that is, in the direction perpendicular to the orientation
of the Morlet wavelet. On the other hand, if one regroups the two Gaussian factors in
(3.26), the result is then simply the derivative in the k,-direction of a Morlet wavelet of
widtho =1/ V2 and wave vector %kj, (up to a multiplicative constant). An example
is shown, in spatial frequency space, in Figure 3.5.

-3 T

3 =2 -1 0 1 2 3
kx
(a) (b)

Fig. 3.5. The end-stopped wavelet 1’/;51(%) in spatial frequency space: (a) in gray levels; (b) in 3-D
perspective.
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As we will see in Section 4.1, the end-stopped wavelet 1, performs extremely well
for detecting corners in an image. This can be understood intuitively as follows. Accord-
ing to the figure, {5151 may be interpreted as the difference between two Morlet wavelets.
Thus an infinite rod oriented along the k ,-axis will not be seen, but if we take a finite seg-
ment, the end-points will appear. On the other hand, if the rod or the segment are slightly
misaligned, they will be seen. Thus the end-stopped wavelet v, detects direction by a
zero-crossing, hence it has a better resolution compared to the plain Morlet wavelet.

If one wants to detect, in addition, the size [ of a linear structure, oriented in a certain
direction 6, one may use the double end-stopped wavelet, i,. This wavelet indeed
produces a strong response at the center of any linear structure that is oriented at 6 and
has a length close to /. Compared with v, the new wavelet is obtained by replacing
the first derivative of a Gaussian by a second derivative, that is, a Mexican hat. The
latter is used to determine the range of lengths to which the wavelet should respond.
Its efficiency is easy to understand. Quoting [Bha99] again,

... The Mexican hat is characterized by an excitatory central region surrounded by an inhibitory
region. In 1-D, consider a linear stimulus of length / =/}, and a Mexican hat filter which has an
excitatory region of length [’ > [,. The filter will produce the strongest response when it is exactly
centered over the stimulus. Moreover, as / increases, the maximum response of the filter will initially
increase. This response will increase as long as the length [ < ['. After [ exceeds [', a part of the
stimulus will fall in the inhibitory region of the filter, thus damping the response of the filter. Thus,
given several linear stimuli of different lengths, the Mexican hat filter responds most strongly to the
stimulus which is closest to (but not greater than) the width of the excitatory portion of the filter.

Thus we obtain the required wavelet by taking, as before, a Morlet wavelet of unit width,
with wave-vector Igo = [0, k,] oriented along the k,-axis, multiplied by a Mexican hat
of width o, oriented along the k. -axis, i.e., perpendicular to the orientation of the Morlet
factor. This yields for the double end-stopped wavelet 1, the function

202(X2 + 02 + 1) _(72(-)62 + yz) + k()(k() - 2102)’)
(02 + 1) 2(0241) ’

Ve (X) = (3.27)

~ - 1
V) = — o (ki = 0?) expl—g5(k7 + kDl expl—3 (k7 + (ky — ko)),

As for the pure Mexican hat, the width parameter o allows us to control the resolving
power of the wavelet.

The two end-stopped wavelets, ¥, and 1, have been used successfully in [Bha99]
for the detection of characteristic features in images, in the general context of image
retrieval. We will discuss this application in more details in Section 4.3.

Conical wavelets

In order to achieve a genuinely oriented wavelet, it suffices to consider a smooth function
¥ ©(k) with support in a strictly convex cone C in spatial frequency space and behaving
inside Cas P(ky, ... , ky)e ¢*,with¢ € Cand P(.) denotes a polynomial in n variables.
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Alternatively one may replace the exponential by a Gaussian, which gives a better local-
ization in spatial frequency. In both cases, the resulting wavelets will be called conical.

We begin with the former case, thus obtaining the class of Cauchy wavelets
[18,19,24]. For simplicity, we consider a strictly convex cone, symmetric with respect
to the positive k,-axis, namely

CEC(—O[,O!):{]_C)E]R2| —aéarglzga,a<n/2},

that is, the convex cone determined by the unit vectors €_, é,. The dual cone, with
sides perpendicular to those of the first one, is also convex and reads:

C=C—a,&)={keR|k-k >0, YKk € C(—a, a)},

where @ = —a + /2. Therefore é_,, - €5 = €, - é_g = 0.
Given the fixed vector 77 = (1, 0), n > 0, we first define the (symmetric) Cauchy
wavelet in spatial frequency variables:

U k-2)" (k-2 g)" e ¥, kel(—a,a)
@ (k) = (k-eg)" (k-e_g)" e > € o, o 3.8
Vi (6) 0, otherwise. ( )
The Cauchy wavelet @f)(%) is strictly supported in the cone C(—«, «) and the parameter
m € N*, m > 1, gives the number of vanishing moments of 1 on the edges of the cone,
and thus controls the regularity of the wavelet.

An interesting aspect of this wavelet is that its inverse Fourier transform may be

calculated exactly [24], with the result:

(_l)m+l (Sinza)2m+l
27 ]’”“ ’

Y (X) = (m!)* (3.29)

[2-0(@)2

where we have introduced the complex variable 7 = X + i7} € R? + iC and the 2 x 2
matrix

o(a) = cosla 0
o 0 —sin? ’

Indeed, from the definition (3.28), we get:

- 1 o o - -

Y (X) = = / d*k &7 (k- E3)" (k- é_g)" e
2 C(—a,)

=1y
T 27

[Ga - Vil [6-5 - Vil" / d%k ¢RI,

C(—a,a)
The integral on the right-hand side is convergent, since k - 77 > 0. Write & = 7§ — ix =
—i(X + in) and let A be the matrix that maps the unit vectors €, €, ontoé_g, &, respec-
tively: (é,) = A,/ (Zj)i , V = o (where we use the usual summation convention), so
that k/ = A,/ k¥ (contravariant coordinates) and &, = A,/ & ; (covariant coordinates).
Explicitly, we have:
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cosa Ccosa .
A= < . . ) , sothat detA = sin2a.
—sino sinw

In the new (nonorthogonal) coordinates, the cone becomes
Cl—a,a)={k e R2: k" >0, v = %a),

and the integral may be evaluated immediately:
/ a2k eFE = / dk' dk? exp(—A,’ K'E))
C(—a,0) C(—a,a)

o0 o0
:detA/ dk“/ dk™ exp(—k&)),
0 0
_ det A
§u 6o
_ sin 2«
@ ) (@Eu &)
_ — sin 2«
G+ i) el [(X+in) eyl

Then the result follows by differentiation, if one remembers that ég - €_, = €_g - €4 =
0, €5 €y =€z €_y = sin2a. Indeed:

- 2 1 E&'E—a

(e Vi)rm— === 5 = 0,
[((x+in)-e_o] [(X+in)-e_q]

- = 1 D" m! ﬁ&'_'am

(eq - Vz)" _Cmltes c)

[(X+i7) €] [(X+i7) - é]mT!
B (=D m! (sin2a)™

S IE i) - et

and similarly for the other factor. Thus one obtains as the final result the function v(*)
given in (3.29). Clearly, this function is square integrable, and admissible in the sense of
(6.15), in other words, it is a wavelet. We show in Figures 3.6 and 3.7 various aspects of
the Cauchy wavelet 1,0510). This is manifestly a highly directional filter, strictly supported
in the cone C = C(—10°, 10°).

Notice the slow decay in X-space of the conical wavelet 1(*), independent of «. This
is the price to pay for forcing the wavelet to be strictly supported in a cone, and is to
be expected in the light of standard results on the localization properties of wavelets
(theorems of Balian—Low and Battle) [Fei98,36]. However, as we have already stressed
in Section 3.3.1.2, this is irrelevant for the analysis, only the behavior in I?—space counts.

The construction generalizes in a straightforward way [24] to an arbitrary convex
cone C = C(a, B) = {k e R? |a < argk < B}, with dual C= C@,p)=1{keR k-
k' >0, Yk € C(a, B)}, where f =a +m/2,& = 8 — /2, and arbitrary vanishing
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Fig. 3.7. The Cauchy wavelet m]o), in gray levels, in position domain: (a) real part; (b) imaginary
part; (c) phase; and (d) modulus.

Y19(x) = comst. (Z- 6,7 (@85, (3.31)

where again 7 denotes the complex variable 7 = X + ijj € R+ iC.
Actually the origin of the name “Cauchy” is the following example. Fora = 0, § =
7/2,n = ezss and m = 1, one gets:

1
Oy = - (- ix)2(1 —iy)2, (3.32)

i.e., the product of two 1-D Cauchy wavelets [Hol95]; that is, derivatives of the Cauchy
kernel (z — t)~!. Of course, this example is of little use in practice. Indeed, the main
interest of Cauchy wavelets is their good angular selectivity, which requires a narrow
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Fig. 3.8. Two directional 2-D wavelets, in k space, seen in level curves: (a) the Morlet wavelet @M
(k, = (0, 6), € = 5); (b) the Cauchy wavelet 1//?00) with supporting cone C;o = C(—10°, 10°),
rotated by 90° for the sake of comparison.

cone. For applications, it turns out that the wavelet 1//210), with support in the cone

Cio = C(—10°, 10°) has properties very similar to those of the Morlet wavelet (3.17)
with |120| = 5.6, except that here the opening angle of the cone is totally controllable. For
a Morlet wavelet, on the contrary, the cone gets narrower for increasing |l§0 |, but then the
amplitude decreases as exp(— |l¥0|2). In that sense, Cauchy wavelets are better adapted.
We show side by side in Figure 3.8 the Morlet wavelet @M with /2,) = (0, 6), € = 5 (left)
and the Cauchy wavelet ﬂlo)(k), rotated by 90° for the sake of comparison (right).
Quantitative comparisons will be made in Section 3.4.

In 1-D, a wavelet v is called progressive or a Hardy function [Hol95,205], if 1} (w) =
0 for w < 0. This in turn may be expressed in terms of the Hilbert transform, defined
by I/-I?(a)) = —isignw f(w), namely

v =0+iH)p, ¢ € LR, dt)

(that is, ¥ is the analytic signal associated to ¢). Equivalently, ¥ belongs to the Hardy
space HJZF(]R) of square integrable functions which extend analytically into the upper
half-plane. We claim that the conical wavelets are the 2-D analogs of this concept; that
is, the genuine 2-D progressive wavelets.

In order to prove that statement, we first notice that the convex cone C(, 8) may
also be expressed in terms of the covariant coordinates k; = (&5 - I_é), Vv =uq,f:

Cla, B) = {k € R? 1 kg > 0, k5 > 0}. (3.33)

Consider the directional Hilbert transforms:
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H; f(k) = —i signky f(k). (3.34)
Given ¢ € L*(R?, d°X), define the function
¥ = (1 +iHy +iH; — HyHp)¢

= +iHz)( + ng)d). (3.35)

Then it is easy to see, as in [366], that 1’/7(1_5) vanishes outside the cone C(«, 8), and
indeed:

49(k), k € C(a, B),

0, otherwise. (3.36)

vk =
Therefore the inverse Fourier transform () is the boundary value of a function v/(7)
holomorphic in the tube R? + i Cie.,a2D Hardy function. For a fixed convex cone
C(a, B), the set of all such functions constitutes a Hilbert space, naturally denoted Hé’ )
which is unitary equivalent, via the complex Fourier transform, to the space
LQ(C~ (o, B),d 212) [Ste71; Theorem VI.3.1]. In that sense, conical wavelets are a genuine
multidimensional generalization of the 1-D Hardy functions, much more so than the
so-called 2-D Hardy functions defined by Dallard and Spedding (in particular, their
“Arc” wavelet) [117]. Among them Cauchy wavelets are particularly simple (they oc-
cupy a special niche, as we will see in Section 8.2). In conclusion, notice that we are
talking here of a Hardy space H(%l’ p)» but similar considerations may be made for Hardy
spaces H(}L p)» in terms of the Riesz operators, which are a natural multidimensional
generalization of the Hilbert transform [366].

Cauchy wavelets have a good angular selectivity, provided one chooses a narrow cone.
However their radial selectivity is not terribly good, because the exponential decays
rather slowly as |/€ | — oo.Inorder to obtain a better radial localization, one may replace
the exponential by a Gaussian in k, [Vdg98]. This has the effect to concentrate the
wavelet on its central frequency (v/2m, 0). The resulting wavelet is called the Gaussian
conical wavelet. The angular selectivity of v is specified by the angular aperture of the
cone and is well controlled by the parameter «. However, the radial selectivity is only
roughly fixed by the moment number m. The resulting wavelet is very similar to the
Cauchy wavelet, except that it is more concentrated in spatial frequency space, since it is
also localized in scale, around the central scale a,. However, although the pure Gaussian
is well peaked, the addition of a large number of vanishing moments tends to spread it.
Thus, one can achieve an even better scale localization by using an appropriate width
o > 0 for the Gaussian. We may still improve on this by adding another parameter
x (o) > 0, whose sole role is to control the radial support of i [26,27]. This leads to
the following formula for our conical wavelet:

(k- e_g)"(k - 23" e~ Tk 2OV K € C(—a, ),

3.37
0, otherwise, ( )

Vo (k) =
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Fig. 3.9. The Gaussian conical wavelet (3.37), in frequency space, form =4, « = 10°, o0 = 1.

where x (o) = V2m "0;1 is called the center correction term. Notice that the central
frequency is the point (+/2m, 0) forany o, and foro = 1, one recovers the pure Gaussian
conical wavelet. This is the wavelet we will mostly use in the sequel. It is shown in
frequency domain, in Figure 3.9. Itis clear on this picture why this wavelet is sometimes
called the shark wavelet!

Another alternative is the conical Mexican hat, introduced by Murenzi et al. [289].

The wavelet with support in C = C(B) is defined, for any 7 € C and [,m e N*, as

U r.ozooym (b2 2 2\, 5(eki+kD) 7
7O = {(k ¢ (k- &) ek +kDe 1N Ke B 338)

0, otherwise.

Besides these directional wavelets, there exist two other tools especially designed
for the detection of lines or curves, called ridgelets and curvelets, respectively. These
actually define new transforms, that we will discuss later, in Section 11.1.

Multidirectional wavelets

Given a directional wavelet v, as above, it is easy to build a multidirectional one, with
n-fold symmetry simply by superposing n suitably rotated copies of :

n—1

Y (X) = ! Zw(r_gk()_c')), O = kz—n, k=0,1,...,n—1. (3.39)
n = n
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Taking, for instance, n = 4 and for ¥ a Gabor (truncated Morlet) wavelet, we get the
following real wavelet with four-fold symmetry:

|
Yan(x, y) = S(coskox + cosk,) e, (3.40)

This wavelet filters out all features which are not primarily horizontal or vertical. In
the same way, one gets wavelets with symmetry 6 or 10, which may find applica-
tions, respectively, in biological problems or the analysis of quasicrystals. In general,
multidirectional wavelets should be useful for pattern recognition.

Notice that a similar construction was proposed by Watson [369,370]. His fan filters
are obtained by taking first the difference between two “mesa” functions, which yields
an annular wavelet, and then repeatedly bisecting the spatial frequency space and taking
only one side (i.e., the associated analytic signal). The allowed directions 6 are thus
restricted to a fan-shaped region:

2w
0<20<
2n—1

n=23,...). (3.41)

This construction may then be generalized to arbitrary angles [306]. Actually, a com-
parison with Section 2.6 immediately shows that the construction of directional wavelet
packets is based on the very same idea.

These fan filters have all the properties of directional wavelets, including admissibil-
ity in the form (2.17). Applying on these filters discrete rotations and scaling, Watson
builds a pyramid of oriented filters as a tool for data compression and signal recon-
struction after coding, in a model of human vision. This is in fact a discretized version
(in polar geometry) of the CWT. Another example, very similar to the previous one, is
that of the steerable filters, described in Section 2.7.

3.4

Wavelet calibration: evaluating the performances of the CWT

Given a wavelet, what is its angular and scale selectivity (resolving power)? What is
the minimal sampling grid for the reconstruction formula (2.26) that guarantees that no
information is lost? The answer to both questions resides in a quantitative knowledge
of the properties of the wavelet, that is, the tool must be calibrated.

To that effect, one takes the WT of particular, standard signals. Three such tests are
useful, and in each case the outcome may be viewed either at fixed (a, 0) (position
representation) or at fixed b (scale-angle representation).

* Point signal: for a snapshot at the wavelet itself, one takes as the signal a delta function,
i.e., one evaluates the impulse response of the filter:

(W, 0518) = a™ Y@ r_g(=b)). (3.42)
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* Reproducing kernel: taking as the signal the wavelet i itself, one obtains the repro-
ducing kernel K, which measures the correlation length in each variable a, 0, b :

cy K(a,6,b]1,0,0) = (¥, ,51¥) = a_I/ Yar_o(X — b)) y(X) d°%.  (3.43)

* Benchmark signals: for testing particular properties of the wavelet, such as its ability
to detect a discontinuity or its angular selectivity in detecting a particular direction,
one may use appropriate “benchmark” signals.

The scale and angle resolving power

Suppose the wavelet 1 has its effective support in spatial frequency in a vertical cone
of aperture Ag, corresponding to k, = (0, k,). The width of ¥ in the x and y directions
is given by 2w, and 2w, respectively:

Wy = — Udziékﬂxﬁ(iénz]l/z W, = [/dzl? (k —k>2|$(12>|2]1/2
T g AT v '
(3.44)

Then the wavelet 1///\ is concentrated in an ellipse of semi-axes wy, w,, and its radial
support is k, — w, < |k| < k, + w,. Thus the scale width or scale resolving power
(SRP) of ¢ is defined as:

SRP()) = ]; Wy (3.45)

()_wy

In the same way, one defines the angular width or angular resolving power (ARP) by
considering the tangents to that ellipse. Then a straightforward calculation yields:
[k2 — w?

ARP(Yy)=2cot ' T—~ ~ Agp. (3.46)

X

For instance, if v is the (truncated) Morlet wavelet (3.17), one obtains:

kon/2 + 1 _
SRP(yr,) = T ARP(Y) = 2cot™" \Je(k2 — 1), (3.47)

and, for k, > 1:
ARP(Yry) = 2cot™ ' (kon/€). (3.48)

This last expression coincides with the empirical result of [13]: the angular sensitivity
of vy depends only on the product k,+/€. Notice also that the SRP is independent of
the anisotropy factor €.

If ¢ is the Cauchy wavelet (3.28) with support in the cone C(—«, ), the ARP is
simply the opening angle 2« of the supporting cone.
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Fig. 3.10. Filter bank obtained with the Morlet wavelet (5 scales, 16 orientations).

The reproducing kernel and the resolving power of the wavelet

A natural way of testing the correlation length of the wavelet is to analyze systematically
its reproducing kernel. Let the effective support of the wavelet ¥ in spatial frequency be,
in polar coordinates, Ap and Ag. Then an easy calculation [18] shows that the effective
support of K is given by apin, = (Ap)~' < a < amax = Ap for the scale variable, and
—Agp < 0 < Ag for the angular variable. Thus we may define the wavelet parameters
(or resolving power) Ap, Ag in terms of the parameters Aa, A9 of K, as:

+ scale resolving power (SRP):  Ap = v/Aa = /amax/dmin;

* angular resolving power (ARP):  A¢ = %AQ. R R

In this way, one may design a wavelet filter bank {v/,, ¢,(k)}, which yields a complete
tiling of the spatial frequency plane, in polar coordinates [15,18]. An example is given
in Figure 3.10, for the case of the Morlet wavelet. Clearly this analysis is only possible
within the scale-angle representation. Thus it requires the use of the CWT, and it is
outside of the scope of the DWT, which is essentially limited to a Cartesian geometry
(see Section 2.6).

Calibration of a wavelet with benchmark signals

The capacity of the wavelet at detecting a discontinuity may be measured on the
(benchmark) signal consisting of an infinite rod (see [13] for the full discussion).
The result is that both the Mexican hat and the Morlet wavelet are efficient in this
respect.

For testing the angular selectivity of a wavelet, one computes the WT of a semi-infinite
rod, sitting along the positive x-axis, and modeled as usual with a delta function:

s(X) = 9(x)8(y), (3.49)
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Fig. 3.11. Angular selectivity of the Morlet wavelet for different values of the orientation angle:
0 = 0°,5°,10°, 20°, 45° and 90°. The graph shows the modulus |S((b,, 0), 1, 8)| as a function of b,.

where ¢(x) is the step function. Plugging this expression into the definition of the
transform yields (we take a = 1 for simplicity):

+00
S(b,1,6) = / dx Y (r_g(x — by, —by)). (3.50)

0

Let us take first a Morlet wavelet with € = 5, oriented at an angle 6, and compute the
CWT of s as a function of b,. As illustrated by Figure 3.11, the result is that i, detects
the orientation of the rod with a precision of the order of 5°. Indeed, for 6 < 5°,the WT
is a “wall,” increasing smoothly from 0, for x < —35, to its asymptotic value (normalized
to 1) for x > 5. Then, for increasing misorientation 6, the wall gradually collapses, and
essentially disappears for & > 10°. Only the tip of the rod remains visible, and for large
0 (0 > 45°), it gives a sharp peak.

Essentially the same result is obtained with a Cauchy wavelet supported in the cone
C(—10°, 10°), of opening angle ARP = 20°, as shown in Figure 3.12(a). Conversely,
one sees in panel (b) that, for a fixed misorientation angle & = 20°, the Cauchy wavelet
yields the same selectivity for ARP < 20°.

On the contrary, as observed on Figure 3.13, the same test performed with an
anisotropic Mexican hat gives a result almost independent of 8. Even varying the
anisotropy factor € doesn’t really change the result: the discontinuity is detected by a
sharper variation, but the sensitivity to its orientation is not greatly improved.

The conclusion is that the Morlet and the Cauchy wavelets are highly sensitive to
orientation, but the anisotropic Mexican hat is not.
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Fig. 3.12. Angular selectivity of the Cauchy wavelet v, ;: (a) for a cone of fixed width

@& = 2o = 20° and for different values of the orientation angle: 6 = 0°, 5°, 10°, 20°, 45° and 90°;
(b) for a fixed value of the misorientation angle & = 20° and various values of the ARP & = 2¢«.
The graph shows the modulus |S((b,, 0), 1, )], respectively |S((b,, 0), 1,20°)|, as a function of b,.
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Fig. 3.13. Angular selectivity of the anisotropic Mexican hat wavelet with: (a) anisotropy € = 5 and
for different values of the orientation angle (& = 0°, 45° and 90°) and (b) for a fixed orientation
(6 = 0°) but various anisotropy factors (¢ = 1, 2.5 and 5).

Let now the signal be a segment. If one uses a Morlet or a Cauchy wavelet as
above, the WT reproduces the segment if the misorientation A¢ between the signal
and the wavelet is smaller than 5°, but the segment becomes essentially invisible for
A¢ > 15°, except for the tips (these are point singularities). In the end, the image of
the segment reduces to two peaks corresponding to the two endpoints (see Figure 3.14).
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Fig. 3.14. Modulus of the wavelet transform of a segment positioned at & = 0°, using a Morlet
wavelet for several values of the orientation angle 6.

This is exactly the property used crucially in the measurement of the velocity field of
a turbulent fluid (see Section 5.3.3 below).

One may remark that the precision mentioned here is obtained with the modulus of
the WT. In fact, if the wavelet is complex (like 1), one may also exploit the phase of
the WT, and it gives a higher precision yet [13]. But this is practical only on academic
signals, real data are in general too noisy and only the modulus is useful.

Another way of comparing the angular selectivity of the two wavelets is to analyze a
directional signal in the angle—angle representation («, ) described above. The result
confirms the previous one [17].

In order to illustrate the difference in angular selectivity between the anisotropic
Mexican hat and the Morlet wavelet, we analyze a directional signal with both of
them and view the transform in the angle—angle representation described in Section
2.3.3. The result is shown in Figure 3.15. The signal is a rectangular slab of size 3 x 2,
positioned radially at 7 /2 and it is analyzed with an anisotropic Mexican hat withe = 2
(left) and a Morlet wavelet (right). The figures show the modulus of the CWT, at range
|l;| = 3 and scale @ = 1, in the angle—angle representation (¢, #). For the Mexican hat,
the transform exhibits a maximum located at « = 7 /2,6 = 7/2, as it should, and the
graph is periodic both in « and in 6. For the Morlet wavelet, several maxima can be
distinguished, all located around &« = /2. A careful inspection shows that the strongest
peaks at @ = m/2 and 37 /2 correspond to the two longest edges of the rectangle while
the smaller peaks at@ = 0, 7, 27 correspond to the smaller edges. Notice however that,
for the Mexican hat, the peak is sharp in « and quite broad in 6, as expected, since this
wavelet has a very good resolution in position («), but a rather poor one in directional
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Fig. 3.15. CWT of a slab of size 3 x 2 positioned radially at 90°, analyzed with an anisotropic
Mexican hat (left) with € = 2 and a Morlet wavelet (right), both at scale a = 1. The figures in the
top row give a 3-D perspective view of the transform, in the angle—angle representation (¢, 0), at
range |[; | = 3. The same result is shown in level curves in the figures of the bottom row.

selectivity (6). In addition, the contour of the slab can be precisely detected by tracking
the zero crossings of this representation. On the opposite, the Morlet wavelet gives a
sharp peak in both variables, since it has good selectivity in both [13], but the contour
is less visible. This example illustrates Daugman’s theorem [126], and at the same time
the usefulness of the angle—angle representation.
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Applications of the 2-D CWT.
I: image processing

The 2-D CWT has been used by a number of authors, in a wide variety of problems
[Com89,Mey91,Mey93]. In all cases, its main use is for the analysis of images, since
image synthesis or compression problems are rather treated with the DWT. In particular,
the CWT can be used for the detection or determination of specific features, such as a
hierarchical structure, edges, filaments, contours, boundaries between areas of different
luminosity, etc. Of course, the type of wavelet chosen depends on the precise aim.
An isotropic wavelet (e.g. a Mexican hat) often suffices for pointwise analysis, but a
directional wavelet (e.g. a Morlet or a conical wavelet) is necessary for the detection
of oriented features in the signal. Somewhat surprisingly, a directional wavelet is often
more efficient in the presence of noise.

In the next two chapters, we will review a number of such applications, including
some nonlinear extensions of the CW'T. First, in the present chapter, we consider various
aspects of image processing. Then, in Chapter 5, we will turn to several fields of physics
where the CWT has made an impact. Some of the applications are rather technical and
use specific jargon. We apologize for that and refer the reader to the original papers for
additional information.

4.1

41.1

125

Contour detection, character recognition

The detection principle

Exactly asin the 1-D case, the WT is especially useful to detect discontinuities inimages,
for instance the contour [Mur90,13] or the edges of an object (which are discontinuities
in the luminosity), and in particular its corners [204,266]. For that purpose, one may
first ignore the directions and perform a pointwise analysis. Then, the simplest choice
is an isotropic wavelet, such as the radial Mexican hat ¥, given in (3.6) or (3.8). In that
particular case, the effect of the WT consists in smoothing the signal with a Gaussian
and taking the Laplacian of the result. Thus large values of the amplitude will appear at
the location of the discontinuities, in particular the contour of objects. In particular, the
corners of the contour, which are point singularities, will be highlighted. In addition, if
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the wavelet is real, the CWT detects the convexity of each corner: a convex corner gives
rise to a sharp positive peak, whereas a concave one yields a negative peak. However,
it turns out that other wavelets are useful too. For instance, in the presence of heavy
noise, directional wavelets outperform the Mexican hat. On the other hand, if only the
corners of the contour are needed, as in character recognition, mixed derivatives of the
Gaussian or, even better, the end-stopped wavelets become the first choice.

In order to test these properties on a concrete example, we begin by analyzing a
simple geometric object, namely, a set with the shape of the letter L, represented by its
characteristic function. Thus our test image is the white L-shaped region against a black
background, the signal presented in Figure 4.1(a) or, equivalently, in Figure 4.2(a).
First, we analyze the effect of scaling on the WT, i.e., going to finer and finer scales.
For a pointwise analysis, we choose the isotropic Mexican hat ¥, given in (3.6) [13].
The CWT is plotted in Figure 4.1 for three values of the scale parameter a (conveniently
taken as powers of 2),a = 2/, j = 3,2, 1. Each WT is plotted both in 3-D perspective
and in level curves. From these pictures, the following observations can be made.

For a large value of a, the WT sees only the object as a whole, thus allowing the
determination of its position in the plane. When a decreases, increasingly finer details
appear. In this simple case, the WT vanishes both inside and outside the contour, since
the signal is constant there. Eventually, only the contour remains and it is perfectly seen
at a = 2. This is the analog of the precise localization of discontinuities in 1-D [204].
Of course, if one takes values of a that are too small, numerical artifacts (aliasing)
appear and spoil the result. This is only a numerical limitation, however, that could be
improved by a finer discretization (but with a longer computing time). We notice that
the exterior contour is a sharp negative “wall,” whereas the interior contour is a positive
one. The same effect would appear in 1-D if one would consider, for instance, the full
WT of a square pulse. The jump from O to 1 gives a negative minimum followed by a
sharp positive maximum, and the jump from 1 to O gives the opposite pattern.

Note also that the corners of the figure are highlighted in the WT by sharp peaks. The
amplitude is larger at these points, since the signal is singular there in two directions, as
opposed to the edges. In addition the WT detects the convexity of each corner. The six
convex corners give rise to positive peaks, whereas the concave one yields a negative
peak. Here we see again the advantage of using a real wavelet and plotting the WT
itself, not its modulus, which is a frequent practice.

The conclusion is that the CWT is an efficient edge detector, provided itis evaluated at
a scale that s sufficiently small (i.e., high spatial frequency), but still avoiding numerical
artifacts (aliasing).

The next step is to compare the performances of various wavelets on the same signal,
and the L-shape is an ideal benchmark for making the comparison. The result is shown
in Figure 4.2 (taken from [Bha99]). Panel (a) gives the signal. Panel (b) is the response
of the isotropic Mexican hat wavelet (this is in fact the negative of Figure 4.1(d)!). As
noted there already, the response of the wavelet is strongest at the corners, but is also
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(d)

Fig. 4.1. The L-shape and its CWT, obtained with an isotropic Mexican hat, presented in 3-D
perspective (left column) and in level curves (right column), at three successive scales: (a) the
signal; (b)a =8;(c)a=4;(d)a = 2.
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() (b)

(© (d)

Fig. 4.2. Comparison between the different wavelets applied to the L, all at scale a = 2: (a) the test
image; (b) response of the isotropic Mexican hat wavelet; (c) response of the 2-D Morlet wavelet
with |kg| = 6, 6 = 0°; (d) response of the end-stopped wavelet g, at & = 0° (from [Bha99]).

fairly strong at other points along the edges. Panel (c) is the result of applying a 2-D
Morlet wavelet, oriented horizontally (6 = 0°), which detects only the vertical edges, as
it should (it is an efficient directional filter, as we will see below). Notice the horizontal
“leaking” of the response: this is an artifact due to the use of a scale that is too small
for the signal (so that the wavelet gets too wide in spatial frequency space). Finally,
panel (d) is the response of the end-stopped wavelet 1, again oriented horizontally.
This wavelet responds only to endpoints of vertical edges, which in this case are all the
corners of the contour. Unlike the previous wavelets, however, it shows no response to
other points along the edges.
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(a) (b)
() (d)

Fig. 4.3. Analysis of the L-shape with the double end-stopped wavelet Y, with |k3| =6,0 =90°:
(a) response of the wavelet of width o = 12; (b) local maxima of (a), thresholded at 50%,
superimposed (white crosses) on the input image. The wavelet identifies the short horizontal edges;
(c) and (d) the same analysis for the same wavelet of width & = 36. Now long horizontal edges are
selected (from [Bha99]).

In a last case, we analyze the L-shape with the double end-stopped wavelet v, and
the result is shown in Figure 4.3, again taken from [Bha99]. This wavelet is sensitive
both to the orientation and to the size of the edges, and its behavior may be understood
as follows. The Morlet component of the filter selects linear structures which are per-
pendicular to the orientation of the wavelet, i.e., here horizontal segments. Then the
Mexican hat component, which operates parallel to the linear structures detected by the
Morlet component, produces strong responses only for those structures that approach



130

41.2

Applications of the 2-D CWT. I: image processing

the characteristic length of the Mexican hat (which is determined by o). Thus, the i/,
wavelet detects linear structures of given size and orientation.

In our example, the v, wavelet is oriented vertically, using two different values of
o. Figures 4.3(a) and (b) show the response of the wavelet with o = 12, first the raw
response, then the local maxima of (a), thresholded at 50% and superimposed (white
crosses) on the input image. The wavelet identifies the short horizontal edges. Similarly,
Figures 4.3(c) and (d) show the raw response and the corresponding thresholded local
maxima, respectively, for the wavelet with o = 36. For this value of o, the strongest
response of the wavelet corresponds to the longer horizontal edge in the input image.

Application to character recognition

We will now apply the technique developed in the previous section to the problem of
character recognition. Our signal will be a set of simplified characters, modeled by
the corresponding characteristic function. At this stage of our investigation, we only
consider characters composed of segments or union of rectangles. Let us consider for
instance a few simple characters (Figure 4.4). We see that
« the L has six corners: five convex and one concave,
* the A has 12 corners: six convex and six concave,
+ the E has 12 corners: eight convex and four concave,
« the H has 12 corners: eight convex and four concave.
The interesting point is that, in this case, the number of concave corners and convex
corners completely characterizes these letters. Therefore, an automatic recognition of
these characters requires a fast algorithm for extracting this particular information and
encoding it. In what follows we will propose a first step for designing such an algorithm,
based on the 2-D CWT.

In order to follow the construction in detail, we focus on a thick letter A, represented
by its characteristic function. Of course, this object behaves exactly as the academic

Fig. 4.4. A set of simplified characters: the letters L, A, E, H.
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Fig. 4.5. Detecting the contour of the letter A with the radial Mexican hat: (a) the CWT at
a = 0.075, in 3-D perspective; (b) the same, in level curves; (c) coding of the same by the signs of
the respective corners.

image of the preceding section. If one works again with a radial Mexican hat, and goes
down to a sufficiently small scale, the CWT reveals the contour of the letter. Moreover,
the corners of the figure are highlighted in the WT by sharp peaks, the sign of which
is determined by the convexity of the corresponding corner, since the wavelet is real.
The result is shown in Figure 4.5. In panel (a), we show the WT of the letter at scale
a = 0.075, in 3-D perspective. Here we see clearly the twelve peaks corresponding
to each corner, some positive (for the six convex corners), some negative (for the six
concave corners). Panel (b) presents the same result in level curves, and panel (c) shows
the coding of the corners by a logical flag (£ 1 for concavity or convexity).
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This exercise leads to an algorithm for automatic character recognition [17]. The
basic idea of the method is to treat only the significant parts of the signal, focusing on
the information needed for unambiguous recognition. In the case of simple letters, this
information is entirely contained in the high-frequency components, namely corners
and edges. Take, for example, the letter A of Figure 4.5. It can be entirely characterized
by the succession of its 12 corners and the additional information that consists in
deciding whether a corner is concave or convex. That is, twelve points and a logical
flag (concavity or convexity) for each point.

The following simple algorithm achieves this treatment. It consists in locating the
local maxima of the CWT and eliminating everything else by thresholding, and it is
able to detect an A unambiguously.

* Compute the CWT S (b,a ) in position representation with the Mexican hat wavelet
at the finest relevant scale @ = a . The transform exhibits local extrema at the corners
and is positive (negative) for a convex (concave) corner. Compute the absolute extrema
of the transform

m(ay) = mjn{S(l;, ar)}, M(ays) = mglx{S(I;, ar)}.
b b

To get rid of the other high-frequency components, threshold the transform using a

negative value 7_ > m(a ) and a positive value Ty < M(a ), both directly computed

from the CWT. All the values between 7_ and T are set to zero (in the terminology

of Donoho [146,147], this is a hard thresholding, see Section 4.6).

* We are left with an image, denoted by 7'S (l;, ay), composed of positive and negative
peaks at the position of the corners, which we encode as a vector with components
+1 or —1 depending on the local sign of the (thresholded) transform.

Using this simple technique we are able to deal with simple shapes, especially with

characters that are not corrupted with noise. In the case where we have additive noise

or if we need to be more accurate, we use the same treatment at a different small scale,
thatisa € [amin, (amax/amin)l/z]. We obtain a sequence of images {TS(Z;, ajl=1,..nN)-

Adding these images together gives an image from which one encodes again the local

maxima and minima, which are now enhanced against the background noise. The

scheme of this algorithm is displayed in Figure 4.6 and applied for recognition in

Figure 4.7, for the (noiseless) case of the four letters of Figure 4.4. Panel (a) shows the

CWT of the signal with a Mexican hat wavelet, at scale a = 1.5. Panel (b) gives the

skeleton of that CWT, thresholded at 90% of the maximal values; as expected, only

the top of the peaks survive, and they are shown with crosses for the positive peaks

(maxima, convex corners) and circles for negative ones (minima, concave corners).

Needless to say, this algorithm works only for a real wavelet and with the values of the

CWT itself, not its absolute value.

Actually, since only the corners are needed, we may as well use a wavelet that sees
only the corners, not the edges. Typically, a directional wavelet (when it is misaligned),
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S(b, aj) a;j € [amin, (@max/amin)'/?]
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TS(b, a;)

>, TS(b.aj)

Fig. 4.6. Strategy for character recognition.

or a real wavelet such as the gradient wavelets 9, exp(—|x|?) or 0,0y exp(—|X|?), or
even better, the end-stopped wavelet ¥, described in the previous section. The latter
has indeed been designed specifically for that purpose.

This simple technique may be further improved by adding some denoising and inclu-
sion of a second wavelet capable of dealing with letters of arbitrary shape (for instance,
a ring-shaped wavelet sensitive to circular shapes). In addition, the automatic recog-
nition device will need some training. An elegant solution would then be to use the
simple wavelet treatment as a preprocessing for some sort of “intelligent” device, such
as a neural network.

However, when noise is present, a different strategy works better, namely, to use a
directional wavelet instead of an isotropic one. The reason is that the detection capability
of the former is more robust to noise. This feature may be understood as follows: to
specify a direction is an additional element of information, that is present in the signal,
but not in the noise, in general, so that the SNR ratio improves. In order to show this,
we will analyze below another set of simple letters, namely, A, B and C, in the presence
of increasingly strong noise (additive Gaussian noise). Now the technique used here is



134
—

Applications of the 2-D CWT. I: image processing

X X x x

X X

X X X X

x

x

O O O O
x

X X

(a) (b)

Fig. 4.7. Application of the algorithm to character recognition: (a) wavelet tranform of the signal in
Figure 4.4; (b) the same after thresholding: maxima (convex corners) are indicated with crosses,
minima (concave corners) with circles.

a particular instance of the general problem of feature detection and recognition, so we
postpone the details of the algorithm to the next section.

We may also notice that directional wavelets, namely directional derivatives of a
smoothing function, have been applied to the same problem of character recognition
by Hwang and Chang [230], implementing the wavelet maxima technique of Mallat
and Zhong [264,265].

4.2

Object detection and recognition in noisy images

Suppose we have an image containing a certain number of targets, embedded in a clut-
tered environment: how can one detect and identify the various targets in an automated
way? Stated explicitly [16], the purpose of automatic target detection and recognition
(ATR) is the use of computer processing to detect and recognize signatures in sensor
data, especially targets embedded in a cluttered environment, with the aim of neutraliz-
ing potential threats to military and civilian populations while minimizing the required
resources and the risk to human life (this problem has an obvious military connotation,
which explains the jargon used!). Such targets can be tanks, planes, other vehicles,
missiles, ground troops, etc. Clutter can be grass, trees, topographical features, atmo-
spheric phenomena (i.e., clouds, smoke, etc.). In general, the situation can be modeled
using the following equation:

L
s(F) =n@ + Y Ti(E). (4.1)

=1
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where n(x) represents an additive noise (clutter plus measurement noise), 7;(X) are
targets to be detected and recognized, and s(X) represents the accessible measured
signal.

Automatic or assisted target detection and identification requires the ability to extract
the essential features of an object from (usually) cluttered environments. However, de-
tection and identification lead to different requirements. Typically, to provide detection
and identification of difficult targets while maintaining full surveillance coverage, a
coarse resolution sensor is required for detection, while a fine resolution sensor is nec-
essary for recognition (identification). This suggests the use of multiscale techniques,
which provide the flexibility to utilize only the resolution required at each level and,
perhaps, allow optimal processing for each of the required operations.

Many methods are used for the ATR problem: classical pattern matching, model-
based schemes, dyadic wavelets, subband coding, even some attempts using neural
networks [155,247]. Here we will describe an approach based on the 2-D continuous
wavelet transform, which could offer a great improvement over traditional pattern
matching methods.

The rationale for using the CWT for ATR is the following. Typical features to be
extracted from the image of a target are its position, its spatial extent, and its shape,
including its orientation and symmetry. Thus the relevant parameters are position,
scale and orientation, that is, exactly those considered in the 2-D continuous wavelet
transform. The scale dependence allows sensitivity to variations in sensor resolution, as
well as determination of target size, or equivalently the target distance, for instance in
optical or infrared imagery. Rotation dependence leads to robust behavior in identifying
the orientation of the target. So, unlike other methods, the 2-D wavelet transform
incorporates several parameters directly relevant to the essential features of an object.
Projection of the transform can thus provide a useful set of image representations for
fully automated discrimination. In addition, wavelet methods yield a consistent and
efficient image reconstruction algorithm. Indeed, the CWT has been used successfully
in a number of situations, notably in infrared imagery. We will discuss this application
in the next two sections.

Principle of the ATR wavelet algorithm

A simple ATR algorithm based on the 2-D CWT has been proposed in [16]. It consists
in a two-stage strategy and relies in an essential way on the successive use of the
two basic representations described in Section 2.3.3, the position and the scale-angle
representations. A similar technique has been used previously in the analysis of acoustic
wave trains in water, see Section 5.3.4. The algorithm reads as follows (Figure 4.8).
At the first stage, we compute the CWT in the position representation at all relevant
scales a = a; and angles 6 = 0;, that is, S(I;, aj,0;), j=1,2,.... For the detection,
we take the image obtained for each fixed pair (a;, 6;), threshold it, and add all the
images together. Thresholding is performed in an adaptive way, becoming more severe
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Input Detection
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Dpt — of potential targets: (a,0) = (a;, 0))
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J bi,k=1,..., K(K <L)

Target recognition: l;l — target T\ (ay, 01)
scale-angle representation b, — target T»(ay, 6»)

Fig. 4.8. A diagram illustrating the two-step strategy for ATR.

for smaller a. Note that other nonlinear transformations (e.g., enhancement, morpho-
logical operators) may also be applied. The effect of this procedure is to suppress the
clutter information, while preserving the target information. As a result, the latter is
reinforced and becomes visually enhanced.

Next, we compute the centroids b= l;i, i =1,...,L in the resulting composite
image. These centroids correspond to the positions of potential targets. False alarms are
of course possible, but one may control the false-alarm rate by adjusting the thresholds
in order to eliminate spurious false detection.

Then, at the second stage, one switches to the scale-angle representation and
computes the wavelet transform of the comp0s1te image at each remaining centroid
b= bk, k=1, , K (K < L).If the centroid bk corresponds to a genuine target 7,
the corresponding wavelet transform will exhibit a unique maximum (ay, 6;), which
gives the size and the orientation of the target 7;. Moreover, the signature of each target
in the scale-angle representation allows the discrimination between different targets.

An academic example of application of the algorithm just described, more precisely
the first stage of it, is presented in Figure 4.9. We take our favorite L-shape (a), em-
bedded in a Gaussian white noise (b), with a signal-to-noise ratio of 18. The wavelet
transform, with a Mexican hat, is taken at six different scales, a =1, 2, 4, 8, 16, 32,
each image is properly thresholded (at 90%/a), and the six images are added together.
The resulting composite image (c) shows the reconstructed object, the noise has largely
been suppressed.
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(a) (b)

Fig. 4.9. Reconstruction of a signal embedded in noise. (a) The signal; (b) the noisy signal; (c)
reconstruction of the signal with six scales.

Of course, this method is rather primitive, although it is fast and robust. An alternative
technique for image denoising relies on the use of directional wavelet packets (Section
2.6). We will make a detailed comparison between the two methods in Section 4.6.

4.2.2 Application to infrared radar imagery: position features

The real power of this approach is, of course, better appreciated in real life situations,
preferably difficult. A prime example is that of infrared imagery (FLIR or Forward
Looking Infrared Radar imagery). Automatic target detection and identification for
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FLIR imagery requires the ability to extract the essential features of an object from
cluttered environments under the condition that the range to the target is unknown.
Moreover, the gray-scale of a target in FLIR imagery displays a great variability: a
succession of dark and bright areas depending on the temperature radiating from various
parts of the target (for example, a target can be hot or cold). Most of the time, the target
does not appear in ideal conditions and it is very difficult to estimate the sensor output
probability density function (PDF). One therefore uses algorithms that first extract
features of interest (such as structural, spatial and frequency features) and then classifies
the objects based on those features (a review of these issues may be found in [134]).

Multiscale techniques, such as the CWT, are highly desirable, because they can ex-
tract and normalize both the unknown scale and orientation of the target. As indicated
above, typical features to be extracted from the image of a target in a cluttered envi-
ronment are the position, the spatial extent, and the shape of the target, including its
orientation and symmetry. This justifies the use of the 2-D CWT in the ATR prob-
lem, and in particular for infrared imagery. An additional issue is to determine which
wavelet will perform best, an isotropic one (Mexican hat) or a directional one (Morlet
or Cauchy).

Now, in the presence of heavy noise, it is better to apply the ATR algorithm described
above not to the CWT amplitude itself, but rather to one of the partial energy densities
discussed in Section 2.3.4. We will then speak of CWT features to be extracted from
the image. This opens a choice between two solutions. The most obvious one is to take
the position energy density of the signal s(X), given in (2.56), namely,

oo 2
PLs1(b) = / d—? / do |S(b.a.0), (4.2)
o a Jo

and this we shall do in this section. We test the algorithm on FLIR data from the TRIM?2
database, namely, a set of images each of which contains four targets (various types of
tanks), seen under 21 different aspect angles (we recall that the aspect angle « is the polar
angle in the position representation, b= (|b| «)). Figures 4.10 and 4.11 present two
such images, together with the corresponding receiver operator characteristics (ROC)
curves. These curves plot the probability of detection versus false alarm rate, for the
whole set of images containing a given type of tank at 21 aspect angles, analyzed in turn
with the Mexican hat, the Morlet, and the Cauchy wavelet. The first stage of the ATR
algorithm is then applied to the image in Figure 4.11(a) and the results are presented
in Figure 4.12. The upper row shows the output of the first step of the algorithm, i.e.,
the CWT position features, evaluated with the three wavelets successively. Clearly, the
targets stand out from their background with more definition than the original. The
bottom row then gives the output of the second step of the algorithm, that is, the use
of thresholding, morphological transformations, and other nonlinear transformations.
The particular image presented corresponds to thresholding at gray-scale value 40.
Finally, Figure 4.13 gives the Receiver operator characteristics (ROC) curves obtained
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Fig. 4.10. (a) Original image containing four M2 tanks (left); (b) Receiver operator characteristics
(ROC) curves for the set of images containing M2 tanks at 21 aspect angles.
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Fig. 4.11. (a) Original image containing four M163 tanks; (b) Receiver operator characteristics
(ROC) curves for the set of images containing M163 tanks at 21 aspect angles.

by combining images with all types of tanks, again for the three wavelets, Mexican hat,
Morlet, and Cauchy wavelets.

The results show that directional wavelets such as the Morlet and the Cauchy wavelets
perform better than an isotropic one such as the Mexican hat. Moreover, the Cauchy
wavelet performs better than the Morlet wavelet. This can be understood as follows.
The selected images contain objects plunged in clutter noise. Detection of an object of
interest supposes, for example, the ability to capture the internal structure (for exam-
ple, wheels, doors, etc . . .) of the object, the boundaries (edges, corners) between the
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Fig. 4.12. CWT position densities (top row) and detection results (bottom row) of the original
image in Figure 4.11 with the Mexican hat (first column), the Morlet (second column), and the
Cauchy wavelet (third column), respectively.
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Fig. 4.13. Receiver operator curves for the detection algorithms on data containing M1, M2, M163,
and M60 tanks.
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object and its surrounding. This justifies the use of directional wavelets in this context,
and explains their better performance over nondirectional filters. This technique might
be applied with different wavelets, for example, target-adapted wavelets. It might also
be compared to or combined with the CWT-based classification algorithm developed
in [287].

Scale-angle features and object recognition

The detection algorithm described in the previous section was based on CWT position
features extracted from the image. An alternative solution is to use the scale-angle
energy density (scale-angle spectrum) of the signal s(X), given in (2.57), namely,

M[s1(a, §) = / d*b |S(b, a, 0). 4.3)
RZ

In this section, we shall present an algorithm based on scale-angle CWT features, then
apply it again to automatic character recognition and target recognition in FLIR images.
As we will see, this algorithm allows significant reduction of the data needed for an
efficient recognition and it is robust against noise. As in the previous case, we will
compare the performance of two wavelets, this time two directional wavelets derived
from the Mexican hat, the modulated or Gabor Mexican hat (3.22) and the conical
Mexican hat (3.38). Detailed comparative tests show that the conical Mexican hat
wavelet outperforms both the Gabor Mexican hat and the usual Morlet wavelet, and
all of them outperform traditional methods of character recognition such as template
matching [289].

As a first application, we analyze another set of simple letters, namely, A, B, and C,
in the presence of increasingly strong noise (additive Gaussian noise). The characters
are shown in Figure 4.14(a), at various SNR levels, 20, 25, 30, 35, and 40 dB. Then we
compute the continuous wavelet transform of these letters, using the conical Mexican
hat wavelet (3.38). The result is presented in Figure 4.14(b) in the scale-angle repre-
sentation, evaluated at the center of each character. In this way, the directional features
of the object are enhanced, and indeed are detected despite the noise.

Given any letter in Figure 4.14(a), the problem is to recognize it (in an automated
way), that is, to determine which of the 26 letters of the alphabet it resembles most —
or actually coincides with. This is an instance of object recognition in a noisy en-
vironment, more precisely, identification of a noisy object within a preassigned col-
lection of test objects — here the 26 letters of the alphabet. Here again, the standard
technique consists of choosing a certain number of characteristic features that suffice
to discriminate unambiguously among the test objects. Then one arranges them in a
feature vector and measures the distance between the feature vector of the unknown
object and those of each test object. The one that yields the smallest distance gives the
answer.
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Fig. 4.14. (a) Test data for the recognition algorithm: three characters A, B, and C at various SNR
levels, 20, 25, 30, 35, and 40 dB. (b) Continuous wavelet transform of the same, using the conical
Mexican hat wavelet. The CWT is presented in the scale-angle representation, evaluated at the
center of the character.
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The recognition algorithm
We will first describe the algorithm in complete generality. Applications to specific
problems will be given in the following sections.

Consider a training set, consisting of objects divided into g classes, X/, j =
1,2,...,q,the class X/ having p; prototypes, X/ = (X7,..., X/, .. Xp/) and an
unknown object, Y, that we wish to classify as object X, for some . The algorithm
for classification is described as follows:

e For every j =1,2,...,q, compute the 2-D CWT scale-angle energy density

M[le](a, 0) for each element le of the class X/.

* Forevery j = 1,2, ..., g, compute the mean and the standard deviation of the ele-

ments of the class X/,

1 Pj X
Iyi(a,8) = — Z M[X/1(a, 6) (4.4)
Pj i3
i 1/2
1 K ) 2
oyila, ) = [f > {M[X;](a,e) - uxj(a,Q)} } . (4.5)
J =1

» Compute the scale-angle energy density M[Y](«, 0) of the test object.

* Select the scale-angle feature vectors V[Y], V[ X/] for the unknown object ¥ and for
each class X/, i.e., M[Y](m, n) and Wyi(m,n), oyi(m,n), m=1,2,..., N, n=
1,2, ..., No, where Ni, N, are the chosen number of scales and angles, respectively.

» Compute the distance between them,

dj=d¥,X))=d\N[YLVIX/]D, j=1,...,q. (4.6)

* Then, if d; is the minimum of the set {d;, j =1, ..., g}, the object Y is classified as
belonging to the class X*.
In principle, one can use any distance, such as the Euclidean distance

N, N>
Ay, X)) = —— ZZ {M[Y](m n) — i (m, n)}
m=1 n=
or the maximum likelihood distance, which is given by
& MIY10m, n) = ex(m, )}
dcy, X/)_— 2logoyi(m,n) + .
= ;;[ : —

Clearly this algorithm may lead to false recognition, if two or more distances d; are
very close to each other.

Application to character recognition
The algorithm has been tested [289] on the 26 characters of the alphabet (A,B,C, ... .)
at various noise levels (additive Gaussian noise). In this case, one has g = 26, that
is, each X/ is one letter of the alphabet, whereas the p; prototypes X IJ correspond to
different copies of the same letter, distorted, rotated, embedded in different noises. For
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Fig. 4.15. Results of recognition as a function of noise level for various lengths of the feature vector
in the scale-angle plane, using the modulated (Gabor) Mexican hat wavelet with ko = 6 and
eccentricity € = 2; (a) fixed number (72) of orientations, different numbers of scales; (b) fixed
number (10) of scales, different numbers of orientations.

instance, the five letters A on the top row of Figure 4.14(a) are five prototypes of an A,
with different levels of noise.

The results of the analysis are summarized in Figures 4.15 and 4.16. Both give the
performance of the recognition algorithm for various lengths of the feature vector as a
function of the noise level (SNR), using the modulated (Gabor) Mexican hat and the
conical Mexican hat, respectively. In Figure 4.16 the result of the traditional template
matching is added for comparison. In this experiment, it turns out that the conical
Mexican hat performs better than the modulated Mexican hat, which in turn performs
better than the traditional Morlet wavelet. The same behavior is observed in other cases,
for instance in the recognition and classification of targets in FLIR imagery [285-289].

Application to radar imagery
Other angular features of images have been used successfully in recent work by Kaplan
and Murenzi on Synthetic Aperture Radar (SAR) images [241]. The problem here is
to have a good estimate of the position of a target (in jargon, pose estimation as part of
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Fig. 4.16. Results of recognition as a function of noise level for various lengths of the feature vector
in the scale-angle plane; the wavelet now is the conical Mexican hat.

ATR). Since the latter is assumed to be at the center of the image, one fixes the position
at b = 0 in the CWT and integrates the energy density over scale only, thus defining
the angular energy density

- da 3

E[s]1(0) = / ?lS(O, a,0)|". 4.7)
Amin

The pose estimate is then simply the orientation that maximizes the angular energy

density, 0= arg maxy E[s](0). This technique yields very good results, using the fast

circular convolution algorithm described in Section 2.3.1 with an isotropic Mexican

hat wavelet (but, surprisingly, not with a Morlet wavelet).

4.3

4.3.1

Image retrieval

The problem of content-based image retrieval

Digital images are everywhere, and they often come in huge quantities: remote-sensing
agencies, medical imaging facilities, art museums, travel agencies, law-enforcement
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agencies, all have to deal with large collections of archived digital images. Depend-
ing on the particular situation, these collections may be homogeneous (as in medical
imaging or fingerprint archives), or completely heterogeneous. Thus there arises the
problem of image retrieval: given an image, one has to identify those images in the
collection that resemble it most (a typical example is the identification of a suspect’s
fingerprint among those archived in the police records). Beyond a few dozen images,
manual browsing is practically impossible, a purely computerized solution is neces-
sary. Traditional methods of object classification, based on external descriptors, are
inoperant for images, especially in heterogeneous collections. One has to resort to a
description derived automatically from the image itself, and this leads to a fairly new
field of research, called content-based image retrieval.

Although several methods have been proposed, we will consider here only the
wavelet-based scheme designed by Bhattacharjee in his thesis [Bha99], where an
overview of other methods may be found. The roots of this approach lie in the
theory of vision initiated by Marr [Mar82], namely the process of comparing im-
ages must necessarily be based on low-level information extracted from the images,
especially in the case of a heterogeneous collection of images, where no assumption
is made about the content of an image. Indeed, methods based on segmentation do
not make sense in such a situation. Subdividing the image into blocks, and performing
block-wise comparisons of images does not work either, because this approach is not
invariant to rotation and cannot support arbitrary subimage-queries.

Thus image comparison should be based on visually significant structural features
detected in the images. Indeed, this seems to be the case when human subjects view a
scene. Psychophysical experiments show that even when analyzing a static scene, our
eyes do not remain continually focused on a single retinal image, but rather perform
the so-called saccadic movements described in Section 3.3.3. As explained there, the
target points of consecutive saccades are points of interest which stand out against the
general background of the scene. Thus it remains to identify those key points, and we
are facing again the problem of identifying relevant features in an image. According to
experiments, the crucial ones are low-level features, which can be classified in various
ways (see [Bha99] for a complete discussion). For instance, one may distinguish patches
of uniform intensity; edges or lines; and corners or line ends. Among these, the last
kind seems to encode the maximum amount of image information. For this reason, it is
natural to design wavelets that respond precisely to these features, and the end-stopped
wavelets described in Section 3.3.3 are Bhattacharjee’s answer to that question. Before
going further into their actual implementation, we shall now briefly describe the whole
recognition scheme.

The first stage is the feature point detection scheme, which forms the core of the
image comparison process. However, image comparison based simply on the positions
or color attributes of the feature points would not be very robust. Thus, for each feature
point, one constructs a description based on the texture of the immediate neighborhood
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of the point. This is obtained by using suitable filters, namely directional derivatives
of a Gaussian, of order one, two and three. The responses of these filters are organized
in an ordered set and may be represented as a vector. Thus each feature point detected
in the image produces one vector of responses, called a foken. These tokens carry
information about a small region in the image, including directional information. The
last step of the process is the actual measure of similarity between images, based on
tokens. This requires a rather complex image indexing strategy. The outcome is an
efficient technique for content-based image retrieval, which proceeds iteratively. To
quote the author [Bha99]:

... To use the system, the user presents the query in the form of an image. The system then sorts all
images in the collection in order of decreasing similarity to the query, and returns the top few images
as the answer-set. The size of the answer-set is specified by the user. From the answer-set, the user
may mark the images that are relevant to the user’s needs, and provide this information to the image
retrieval system as feedback. The system then refines the query automatically, based on the relevance
information provided, and subsequently returns another answer-set of images to the user. This process
may be iterated till the user is satisfied.

This image recognition scheme turns out to be both efficient and reasonably economical,
as attested by several explicit examples given in [Bha99].

Feature point detection using an end-stopped wavelet

To conclude this section, we discuss now in more detail the wavelet-based algorithm for

feature point detection [Bha99,76,77] (we quote freely from these works). Both end-

stopped wavelets ¥, and ¥, can be used to select meaningful points in images, and
this is why we have discussed them both in Section 3.3.3. However, the author chooses
to consider the former only, because, as explained above, he is essentially interested in

detecting corner-like features, to which ¥, responds best. In addition, he works at a

fixed scale, since an exhaustive search of the scale space is computationally prohibitive.

Furthermore, for a heterogeneous collection of images, to which new images may be

added as and when they become available, it is impossible to identify a specific set

of scales that will be appropriate for analyzing all images in the collection. Thus, the
algorithm applies the 1, at the same scale to all images in the collection. There are
two negative consequences of this compromise.

* The feature point detection scheme is not scale invariant. Consider two images /; and
I, where I is a subsampled version of /; by a factor of two along each dimension.
If the v, wavelet is applied at the same scale to both images, we are not guaranteed
that the set of feature points detected in I, will have a one-to-one correspondence
with the set of feature points detected in /;. That is, the system is not invariant to scale
changes even by a factor of four. However, as the experimental results demonstrate,
the final system is quite robust to small variations of scale, presumably because of
the redundancy of information between responses at nearby scales.
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» Some of the feature points detected in an image may not be well localized, that is,
the local maxima of the wavelet response may not coincide with the corresponding
image feature. This happens because the scale of analysis is coarser than the most
appropriate local scale, so the local maximum of the wavelet response does not fall on
the feature in question, due to the interaction with other neighboring features. Such
seemingly spurious points would pose serious problems for recognition systems.
However, the performance of the proposed image retrieval system is not appreciably
impaired by the use of a fixed scale of analysis. This is because the comparison of
images is not based on a recognition process, but rather, is based on a comparison of
small image-patches surrounding the feature points.

This being said, the algorithm reduces essentially to the standard one described in
Section 4.1.2.

(i) Transform the input image, at a preselected scale, sy, with the i, wavelet at
N different orientations 6 = 6y, 6, - - - , Oy_1. The result is a set of N response
images, each showing strong responses near the end-points of linear structures
oriented perpendicular to 6.

(i) For each pixel position, retain only the strongest response value among all the
orientations. This produces the so-called maxima image.

(iii) Detect peaks of significant local maxima in the maxima image. The coordinates

of these peaks give the feature points.

In practice, the author uses N = 18, which corresponds to an orientation resolution of

10°, to cover the entire semicircle evenly. In fact, the angular resolving power of the

Y, wavelet is 19.2°, as measured by the standard benchmarking technique described

in Section 3.4.1, but the response is quite weak away from the axis, so that a significant

overlap is recommended. Finally, the scale of analysis chosen is a = 8.

We conclude by showing some experimental results obtained with this feature point
detection scheme. In particular they demonstrate the robustness of the scheme in the
face of rotation and cropping.

Figure 4.17 shows the feature points detected for two images of very different kinds.
In both cases, the detected points are marked by bright crosses superimposed on the
input image. Figure 4.17(c) shows the result for a face image, and Figure 4.17(d)
shows the points detected in an ornament image. The ornament images depict very
complex hand-drawn artwork, which were designed to be trademarks of publishers in
the nineteenth century (these images have been scanned from photocopies of old books,
as gray level images).

Figure 4.18 demonstrates the robustness of the proposed feature detection scheme
towards rotation and cropping. The image in Figure 4.18(a) shows the feature points
detected for a subimage of the ornament image shown in Figure 4.17(b). Note that
most of the feature points marked in Figure 4.18(a) have corresponding feature points
in Figure 4.17(d). Figure 4.18(b) shows the feature points detected for a subimage
extracted from a rotated version of the image shown in Figure 4.17(b). The image has
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Fig. 4.17. Results of feature point detection: (a) face test image; (b) ornament test image; (c) feature
points detected in (a); (d) feature points detected in (b). The ornament image shown in (b) is a
black-on-white pattern that has been scanned as a gray level image. In both (c) and (d), the white
crosses mark the positions of the detected feature points (from [Bha99]).

(@) (b)

Fig. 4.18. Robustness to cropping and rotation: (a) feature points detected in a subimage of
Figure 4.17(b); (b) feature points marking detected in a rotated, cropped version of Figure 4.17(b).
Most feature points are detected in both images (from [Bha99]).
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been rotated by 17°. Again, most of the feature points in the corresponding section of
the original image [Figure 4.17(d)] are also detected in the rotated, cropped version.

44

Medical imaging

Wavelet applications abound in medicine and biology, both in 1-D and in 2-D, often
with the discrete WT [Ald96]. For the 2-D case, one may quote image segmentation,
mammography, tomography [68,315], and magnetic resonance imaging (MRI) [217].
Here we will mention only one potential application, still under development, namely
the technique of spiral reconstruction in MRI. The problem at hand is the so-called
spiral acquisition method in MRI, that is, the Fourier transform of the image to be
analyzed is sampled along several interleaving spirals [84]. This raises the question of
the completeness of the reconstruction of the original image from such data. This is
clearly a case of nonuniform sampling, and completion means that the set of sampling
points generate a frame. The question was analyzed and solved by Benedetto [67],
using powerful mathematical tools, such as Beurling’s theorem. Actually, 2-D wavelets
may also be used in this context, the hope being that they may allow to bypass the
infamous “gridding” problem, namely the necessity of adjusting the sampling points
on a Cartesian grid in order to apply the FFT algorithm.

4.5

4.5.1

Detection of symmetries in patterns

The tools for symmetry detection

Wavelets may be used for evaluating the symmetry of a given pattern under discrete
rotations and dilations, as was demonstrated in detail in [24], on which this section is
based. The method presented here allows one to determine, in a straightforward and
economical way, all the (possibly hidden) symmetries of a given pattern. Of course,
invariance under separate rotations or dilation is easy and there are various methods
for determining it. But the determination of combined dilation—rotation invariances
(helicoidal symmetries) of a given pattern is much more delicate and, in fact, we do not
know any other method for doing it.

The technique uses, in an essential way, the angular selectivity of the directional
wavelets. In order to achieve good precision, one needs a directional wavelet with a
very good selectivity in the scale-angle variables. The Gaussian conical wavelet (3.37)
is an extremely efficient tool in that respect and we will use it systematically.

However, it is a fact that most patterns of interest possess only local or approximate
symmetries of this type, i.e., without true periodicity or discrete translational invariance.
They are thus quasiperiodic sets, such as quasilattices, planar self-similar (Penrose)
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tilings or diffraction patterns of quasicrystals. These objects have indeed a local sym-
metry only, but the method applies as well, because the local character of the wavelet
transform allows us to treat exact and local symmetries precisely on the same footing.

For quasiperiodic objects, the useful information is contained, to a first approxi-
mation, only in the scale and angle variables, since there is no spatial periodicity as
for regular (crystallographic) tilings [Bar94,61,322]. In such a case, one may ignore
the dependence of the CWT on the translation degrees of freedom, represented by the
parameter b. One possibility is to use the scale-angle representation, which consists
of fixing the position parameter b (Section 2.3.3). However, this may lead to ambigui-
ties, because the result, including its symmetries, depends sensitively on the value of b
that has been chosen [24] (an example is given in Section 4.5.2.3). The alternative is to
average over all values of b and consider the scale-angle spectrum, as defined in (2.57).

M[s](a, 6) = / d*b |S(b, a, 6)
RZ
= (27a)? / S [(ar; k) d’k, (4.8)
]RZ

where S (I;, a, 0) is the wavelet transform of the signal s(X) with respect to a directional
wavelet.

Clearly, M[s] gives the intensity of the spectrum of s, namely, the contents of |s|?
is averaged locally around ar, 1(/2), according to the shape of |/ |?. Furthermore, if
is directional, fi is supported in a narrow cone, and then (4.8) “probes” the behavior
of the signal in the direction 6, as the beam of a torchlight exploring a target. This
intuitively explains all the results that follow. Positions are not considered in the analysis,
because only the modulus of 5 is used. This is why the method may be interesting in
a (quasi)crystallographic context, where only amplitudes of the diffraction spectrum
are recorded in experiments. In practice, however, the scale-angle spectrum is often
not very readable, because some of the (approximate) symmetries may be rather weak.
Therefore, exactly as for the wavelet transform itself, one plots instead the skeleton of
the scale-angle spectrum, which in this case reduces to the set of local maxima (isolated
peaks in the scale-angle spectrum), and then the possible periodicity properties become
clearly visible.

In addition, the scale-angle measure is well adapted for analyzing a statistical sym-
metry [321]. This is a weaker concept of symmetry, which corresponds to the invariance
under rotation, or dilation, of the frequency of appearance of any given local config-
uration inside of the pattern. This is clearly the relevant concept when one is dealing
with an approximate symmetry.

Let us thus assume that a certain substructure of s interferes positively with the
wavelet ;. thatis, the corresponding wavelet coefficient is large. Assume further
that this configuration occurs a certain number of times in s, giving to M[s] a local
maximum at a point (ag, 6p). Then, if s is statistically symmetric under a certain rotation



152

4.5.2

4.5.2.1

Applications of the 2-D CWT. I: image processing

R, and a certain dilation D;, the local maximum of M[s] has a mirror image at (agA,
6o + p) by the covariance of the CWT (Proposition 2.2.3). The important fact is that not
only the maxima are relevant, but all the points of the scale-angle spectrum, because, in
the definition of statistical symmetry, any local configuration has importance and gives
its contribution to M[s].

Of course, it is nice to detect (statistical) symmetries of the image, but one also
wants to know whether one has found all of them. An answer to that question is given
by the voting algorithm introduced in [Vdg98], extending a technique of Hwang and
Mallat [228].

The idea is to make a vote on the more significant symmetries of the image s under
consideration. First, one computes the correlation P[s](ty, atg) between the scale-angle
spectrum M[s] and the version obtained under dilation by a factor Ao and rotation
by an angle «y, that is, M[s](aX, Lo — ap). Introducing logarithmic coordinates a =
e', ho = e™, and defining M'[s](z, 8) = M[s](¢’, #), one has M[s](ar;"', 0 — ag) =
M'[s1(t — 70, 6 — ). The correlation P[s] is thus given by:

Imax 27
Pls](z0, o) = ||S||22/ dl/(; do M'[s](t — 7, 0 — o) M'[s1(¢, 0), 4.9)

where 7 ranges from O to the width of the logarithmic scale interval. In practice,
of course, we take a bounded interval [fyin, fmax] for £ and we work with discrete
steps and thus the integration is approximated by a summation over a linear grid I' C
[tmin, tmax] X [07 27[]

Then the algorithm allocates a vote to the point (t, o) if P[s](to, atg) exceeds a
given constant K > 0 (which specifies the error that is tolerated). Once a vote has been
cast for a point (79, @), one identifies all its integer multiples (n 7y, noy) that lie within
I, and give all their votes to (7, ag) [Vdg98,24].

Detecting symmetries in 2-D patterns

‘We shall now apply the method developed in Section 4.5.1 to the detection of rotation—
dilation symmetries of certain classes of 2-D patterns, following essentially [24,26].

Geometric patterns
We begin with a simplified version and eliminate the scale dependence by integrating
over a, thus ending with the angular spectrum «[s](0) of the object, defined in (2.60).
In general, «[s](0) is 2w -periodic. However, when the analyzed object has rotational
symmetry n, i.e., it is invariant under a rotation of angle 27 /n, then «[s] is in fact
27 /n-periodic.

To give a simple example, consider three geometrical figures, a square, a regular
hexagon and a rectangle [24]. The square and the hexagon have symmetry n = 4 and
n = 6, respectively, and thus their angular spectrum show four and six equal peaks,
respectively (Figure 4.19). The width of these peaks is simply the aperture of the support
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Fig. 4.19. Angular measure of regular figures obtained with a Cauchy wavelet (ARP = 20°): (a) a
square; (b) a regular hexagon; and (c) a rectangle, with side ratio 2 : 1 (from [24]).

cone (i.e., the ARP) of the wavelet. The case of the rectangle is more interesting. It
has symmetry n = 2 x 2 (two mirror symmetries, or rotations by 7 around both Ox or
Oy), and that is reflected on the graph of its angular spectrum: there are two large peaks
corresponding to the longer edges and two smaller peaks corresponding to the shorter
ones, and the ratio 2 : 1 between the two equals that of the lengths of the corresponding
edges. Indeed, the wavelet catches the direction of the edges, not that of the corners,
so that indeed the maxima of «[s] are again at & = 0°, 90°, 180°, 270°, just as for the
square, but now the amplitudes are different. This also explains why the peak at 90° in
the case of the hexagon, panel (b), is slightly higher: the vertical sides in the original
figure are sharp, the oblique ones are ragged, for numerical reasons, so that the former
give a larger response to the wavelet. This explains why one needs a highly directional
wavelet in this case.

It is remarkable that the scale-angle spectrum technique works in the presence of
severe noise. Let us take again a square pattern and compute its CWT with a directional
wavelet, first without noise (Figure 4.20), then with moderate additive Gaussian noise
(Figure 4.21, top panels), finally with severe additive Gaussian noise (Figure 4.21,
bottom panels). In each figure, we show successively: (c) the angular spectrum (2.60),
which reveals the fourfold symmetry of the pattern; and (d) the scale spectrum (2.61),
which measures the size of the object (from [289]).

Next we proceed to patterns with a genuine combined rotation—dilation symmetry.
In this case we need the full scale-angle spectrum M[s](a, 8), which will again be
21 /n-periodic in 6 if the pattern has rotational symmetry n. In addition, if the object
is invariant under dilation by a factor a,, then M[s] is (log a,)-periodic in loga. Thus
in the case of an inflation invariance, M[s](a, 6) is a doubly periodic function in log a
and 6 (note that, like wavelet transforms themselves, a scale-angle spectrum is usually
plotted as a function of log a and 6).

The first object we analyze is a “twisted snowflake,” that is, a mathematical snowflake
[43,44] with the following modified construction rule: upon each downscaling by a
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Fig. 4.20. Detection of the symmetries of a square pattern: (a) the signal; (b) the scale-angle
spectrum; (c) the angular spectrum; and (d) the scale spectrum (from [289]).

factor of 3, the figure is turned by 36°. The scale-angle spectrum of this object, given
in Figure 4.22(b), shows precisely the combined symmetry. The set of four maxima at
a given scale a, is reproduced, at scale a, /3, but translated in 6 by 36°.

Quasiperiodic point sets

An interesting class of point sets is that of the quasilattices based on algebraic numbers
(see [Bar94,61] for a systematic analysis). All of them possess a rotational symmetry
of order n, where n may be crystallographically allowed (n = 1, 2, 3, 4, 6) or not (e.g.
n =5, 8, 10, 12). Moreover, each pattern is invariant under dilation by a characteristic
factor, which is an integer equal to 2 cos(2rr /) in the first case, and an irrational number
B, in the second case (thus called quasicrystallographic). But in fact there is more. In
many cases, there is in addition a combined rotation—dilation symmetry, typically a
rotation by 7 /n together with a dilation by a factor §, related to B,.

As an example, we consider the octagonal pattern shown in Figure 4.23 [24]. It has
a global symmetry n = 8 and is invariant, by construction, under dilation by a factor
1 + +/2. But the scale-angle spectrum M[s](a, 0) (calculated with a Gaussian conical
wavelet) reveals rwo combined rotation—dilation symmetries, namely a rotation of 7 /8
together with a dilation by a factor 6; = V2 cos(mr/8), or §, = 2 cos(ir/8), respectively.
The remarkable fact is that these two additional symmetries were discovered on the
graph of the scale-angle spectrum, not on the tiling itself! (Actually both symmetries
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Fig. 4.21. The same analysis as in Figure 4.20, in the presence of additive Gaussian noise: (top)
moderate noise [signal-to-noise ratio (SNR) = 26 dB]; (bottom) severe noise (SNR = 22 dB).
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Fig. 4.22. Analysis of a “twisted snowflake”: (a) the pattern; (b) the scale-angle spectrum
M[s1(a, 6), computed with a Cauchy wavelet (m = 4, y = 10°). Corresponding local maxima are
shifted by 36° and a scaling ratio of 3 (from [24]).
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Fig. 4.23. Analysis of an octagonal pattern: (a) the pattern; (b) the local maxima of its scale-angle
spectrum M[s](a, 6); this pattern has a rotation symmetry by 7 /4, and two distinct mixed

symmetries, consisting of a rotation by 77 /8 combined with a dilation by §; =

V2 cos( /8),

8, = 2 cos(r/8), respectively. Homologous maxima are linked by a line segment, continuous for §;

and dashed for 8, (from [24]).
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(a) (b)
Fig. 4.24. Two sets of octagons on the octagonal tiling obtained by successive applications of a

rotation by 7 /8 combined with a dilation by (a), §; = ﬁcos(rr/S); (b), 6, = 2 cos(r/8)
(from [24]).

were later derived by a geometrical argument.) A nice way of visualizing the symmetries
is to draw successive octagons, representing the orbits of successive points under a
rotation by m/4 (Figure 4.24). Note that, for a better visualization of these orbits,
we have brought back all successive summits into the first sector 0 < 6 < 7/8. This
operation reveals an additional difference between the two symmetries. Indeed the
pattern on the right is invariant under the combined operation §,-dilation + rotation
by /8, and this operation generates a semigroup (every point has a successor, not
necessarily a predecessor, i.e., the inverse operation is not a symmetry). This semigroup
has apparently infinitely many different orbits (on the portion of the tiling visible on the
figure, we have detected 10 different orbits). However, the other combined operation,
81-dilation + rotation, is not an exact symmetry, it is only approximate. For instance,
some orbits stop after a few iterations, or have gaps.

Now comes the question, did we detect all symmetries of the octagonal pattern? The
answer is in fact yes, as shown by the result of the voting algorithm described in Section
4.5.1, presented in Figure 4.25. The graph indeed shows the two pure operations, rotation
by 7/4 and dilation (pg) by a factor 1 + /2, and the points p; and p, corresponding
to the combined rotation—dilation operations with dilation ratio §; and &,, respectively.
Note that the pure dilation py is equivalent under the m/4-periodicity to the product

P1 - P2-

Other examples of aperiodic patterns
There are many more examples of patterns that exhibit this kind of combined symme-
tries. A whole class is that of tilings of the plane, some of which are commonly known
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Fig. 4.25. The set of renormalization parameters p = (8, ) obtained by the voting algorithm on the
scale-angle spectrum of the octagonal tiling given in Figure 4.23. The point on the horizontal axis
corresponds to the 7 /4-periodicity. The points p; and p, correspond to the combined rotation—
dilation operations with dilation ratio §; and é,, respectively, whereas py is a pure dilation,
equivalent to the product p; - p, under the 7 /4-periodicity. The other, unmarked, points are
translations of the previous ones under both periodicities, in a and 8 (from [24]).

under the name of Penrose tilings (these are dual to the preceding type, in the sense that
they are obtained by drawing the Voronoi cells of the point set). We show a typical ex-
ample in Figure 4.26. From the scale-angle spectrum, obtained with a Gaussian conical
wavelet (3.37), with parameters m = n = 4, o = 16, we conclude that this pattern has
arotation symmetry by /5, a dilation symmetry by T = 2 cos(xr/5) = %(1 + +/5), the
golden mean, and a mixed symmetry, consisting of a rotation by 7 /10 combined with
a dilation by A = 1.36. Incidentally, these examples show why it is safer to integrate
over all scales in order to isolate the angular behavior, rather than to fix a certain scale
a = a, and consider M[s](a,, 0). If a, coincides with one of the characteristic scales,
ai, dap, ..., the result is correct, but if a, falls in between, no maximum will be seen,
and the symmetry is not detected. The effect is shown in Figure 4.27.

Another interesting class of examples may be found in various pattern-forming phe-
nomena in fluids [194]. Typically nonlinear waves at the surface of a fluid generate
a regular pattern, via an unstability and a bifurcation. Most of these patterns have a
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Fig. 4.26. Symmetry detection with the CWT: (a) a Penrose tiling; (b) the corresponding scale-angle
spectrum M[s](a, ), obtained with a Gaussian conical wavelet (y = 10°,m =4, 0 = 16).

Homologous maxima are linked by a line segment (from [24]).
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Fig. 4.27. The scale-angle measure of the octagonal pattern from Figure 4.23, for fixed values a, of
the scale: (a) for Ina, = 1.20, the periodicity is obvious; (b) for Ina, = 1.13, between two lines of
maxima, the symmetry is not seen (from [24]).

rotational invariance of some order, and some of them are quasicrystalline. As a result,

they lend themselves quite naturally to a wavelet analysis [86]. The best known case

is the instability demonstrated by Faraday in 1831. The resulting pattern was known
to have a rotational symmetry of order n = 12. Our standard analysis indeed yields
this symmetry, together with the corresponding invariance under dilation by the cor-
responding factor B, =2 + /3 =~ 3.73. In addition, we find, as before, a combined
symmetry of a rotation by 27 /24 = 15° together with a dilation by § = 1.89 >~ /B,
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which was unexpected [26]. It can actually be proved that such a combined rotation—
dilation invariance, with half the rotation angle, is always present in all these “algebraic
quasicrystals” [Bar94].

This technique permits one to determine, in a straightforward way, the (possibly
hidden) symmetries of a given pattern. This applies to a genuine lattice, but also to a
quasilattice, for which the symmetry is only local, for instance, the diffraction spectrum
of a quasicrystal.

Let us remind the reader that quasicrystals are those remarkable alloys discovered
in 1984 [338], whose X-ray diffraction patterns show local n-fold point symmetry for
n =5, 8, 10, or 12. The latter are crystallographically forbidden for being incompatible
with translational invariance (the only rotational symmetries compatible with lattice
periodicity are of order n = 1, 2, 3, 4, or 6). These diffraction patterns display bright
Bragg peaks of unequal intensity and they are self-similar with irrational scaling factors.
More precisely, the involved irrationals are the following algebraic numbers:

T = %(1 +5) = 2 cos(/5) (pentagonal or decagonal quasilattices)
Bs =1+ V2=1+ 2 cos(/4) (octagonal case)
Bi» =243 =2+42cos(r/12) (dodecagonal case),

that is, precisely the dilation factors discussed above. Similarly, some of the wave
functions for transport electrons in quasicrystals are critical: they are neither localized
(as would be the case in a random amorphous structure), nor spread out (as for perfect
periodic crystals). Moreover, they display self-similarity too. For example, in the five-
fold case, self-similarity ratios are typically powers of the golden mean t = %(1 +/5).

Thus we expect that the present wavelet-based method will yield interesting physical
applications in the field of crystallography, in three possible directions. The first one
concerns the diffraction patterns, where, at a given resolution level, it is necessary to
classify and label the Bragg peaks according to their position and intensity. Secondly,
two-dimensional wavelets based on the number t seem particularly appropriate for the
scanning analysis of patterns obtained through tunneling or atomic force microscopy of
quasicrystalline surfaces. The third application concerns the determination of electronic
wave functions in quasicrystals (explicit construction by using a discrete wavelet basis,
adapted to the given symmetry type). Actually, these applications may be made easier
if one uses a set of wavelets directly adapted to the symmetry. We will describe some
of these in Section 11.4.2.

Point sets generated from noncrystallographic Coxeter groups
A completely different kind of example is given by quasilattices derived from infinite
dimensional extensions of noncrystallographic Coxeter groups. The idea is to generate
an aperiodic point set by applying successive reflections and translations to the root
system. The example we have analyzed is based on an affine extension of the Coxeter
group H, [27,303]. This group is isomorphic to the dihedral group of order 10 and it has
a noncrystallographic root system (that contains explicitly the golden mean t). Then,
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Fig. 4.28. (a) A Hi"-induced quasicrystal centered on (0, 0); the picture shows the part of the
quasicrystal located within a radius of 2; (b) result of the voting algorithm with a Gaussian conical
wavelet (y = 3.5°,m =4, 0 = 10) (from [27]).

applying a number of reflections and translations in a two-dimensional subspace of the
root space, one generates planar aperiodic point set, called an Hzaff-induced quasicrystal
and shown in Figure 4.28(a). Next we apply the voting algorithm of Section 4.5.1. The
result is shown in Figure 4.28(b). We observe six basic symmetries, labeled by p;
with j =0, ...,5. Among these, the pure operations may be considered as major
symmetries, because the intensity of their maxima is dominant, namely the rotation by
7 /5, denoted py, and the dilation by 7, denoted p;. All others are weaker symmetries.
One of them, denoted p», is again a pure rotation symmetry, with angle 7 /10, but since
the intensity observed is much weaker than the intensity of py, it is not possible to view
p2 as the generator of the latter. In addition, we have combined symmetries, p3, p4, and
ps. The remaining symmetries, labeled by o, with j =1, ..., 4, are compositions of
the basic ones. Indeed, o3, 03, 04, 01 may be obtained by combining the pure dilation
p1 with py, p3, ps, and py, respectively.

It remains to provide a geometrical interpretation of all these symmetries. As building
blocks of the quasiperiodic tiling, one may take a decagon contained in Figure 4.28(a),
just like the octagons of Figure 4.24, and its successive translations. Each translated
decagon is reproduced several times during the successive rotations of an angle of k7 /5
withk =1, ..., 9. Thus any symmetry found in this construction will be important for
the whole tiling. Furthermore, any symmetry which is present already in the nontrans-
lated decagon will appear with an even stronger intensity, because it appears more
frequently and thus leads to a more dominant statistical symmetry. Then one finds that
each of the symmetries o, and p3 corresponds to the ratio of two specific segments in
the basic decagon, with the angle between them. In addition, the weaker symmetries
03, 04, P4, and ps can be traced to similar geometric relations in the figure [27].
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4.6

Image denoising

A very successful application of wavelets in image processing is to denoising. Most
of the authors so far have used the DWT for that purpose, and indeed orthogonal or
biorthogonal wavelet bases. In some cases, wavelet frames have also been exploited
and also the lifting scheme of Section 2.5.2.4 [Jan00,Jan0O1]. A notable improvement
was obtained by E. Candes with a new tool, better adapted to images, called curvelets
[Can98,96,97,346] (we will describe these in Section 11.1.4). It turns out, however, that
the techniques described in the present book may be useful too. We have already seen
an example in Section 4.2, namely, the first stage of the ATR algorithm. Although it is
rather primitive, this technique has the advantage of being very simple. A much more
elaborate approach is to take directional dyadic wavelet frames, introduced in Section
2.6.3. Without going into technical details, it is instructive to compare the two methods,
and this we shall do here.

The key notion in every denoising method is thresholding. The idea is that only the
relevant features of an image yield significant wavelet coefficients, whereas the noise
gives many small coefficients, spread more or less everywhere in the parameter space.
Thus it suffices to put to zero all the coefficients that lie below a fixed threshold A. The
problem, however, is how to choose the latter. A sophisticated and highly successful
technique was introduced by Donoho and Johnstone [146,147]. In addition, one has to
choose between two versions:

* hard thresholding: here the small coefficients, i.e. |c;r| < A, are replaced by 0 and
the rest remains untouched. As a consequence, artificial discontinuities are created.

* soft thresholding or wavelet shrinkage: in order to remove these discontinuities, all
the remaining coefficients are shifted by +=A, so as to make them continuous.

This thresholding technique, initially developed in 1-D, extends to 2-D in an obvious

way.

The ATR method has been described in Section 4.2, and one observes that it uses a
hard thresholding, with a threshold level A fixed arbitrarily. As for the dyadic wavelet
packets, we start with a dyadic tight frame generated by a wavelet that satisfies the
conditions (compare Proposition 2.4.1, in particular, (2.114))

~

W (r, ¢ —27€/L))> = g (r))%, (4.10)
J4

Il
o

where L is the number of orientations, and J (r) is the Fourier transform of an isotropic
dyadic wavelet, i.e.,

+00
Y wein?t=1 @.11)

j=—00
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and

J

Y WP =192'nP, (4.12)
J=—00
where ¢ is the associated 2-D scaling function [265]. Using a directional frame allows
us to put more redundancy in the technique and to benefit from the fact that directional
wavelets will emphasize oriented features, such as edges, etc. Even though (2.140) [or
(2.141)] is a continuous formula, all computations may be carried out in a discrete
setting, either by means of the sampling theorem, or by using the approximate QMFs
introduced in Section 2.6.4. It suffices then to compute the wavelet coefficients and to
threshold them appropriately. The choice of the threshold is a crucial matter and usually
requires an estimation of the standard deviation of the contaminating noise. Finally,
reconstructing using the thresholded coefficients yields an estimated, denoised image.

In order to illustrate the efficiency of the method, we present in Figure 4.29 a com-
parison between the ATR technique and the present one. We choose again our familiar
L-shape, embedded in increasingly severe Gaussian noise, with standard deviation
o= %255, %255, and 255, and corresponding PSNR 12.07, 6.04, and 0.01 dB, respec-
tively. In the middle column, we show the image denoised with the ATR method. The
CWT is computed with an isotropic Mexican hat over five dyadic scales, 2, 4, 8, 16,
and 32. Then, a hard thresholding is applied at each scale layer with a relative (with re-
spect to the maximum) threshold decreasing with scale: 50, 25, 12.5, 6.25, and 3.125%,
respectively. Finally, all these modified scale layers are summed, giving an image de-
noised, in the sense that the object has been considerably enhanced over the noise. In
the right-hand column of the figure, we show the result obtained with a directional
dyadic wavelet packet, using five scales and eight orientations. The denoised images
have PSNRs equal to 25.97, 21.63, and 18.16 dB, respectively. The result is obviously
better than the one obtained with the ATR method.

As a second example, we show in Figure 4.30 the denoising of the 1ena image with
the directional dyadic wavelet packet method, using five scales and 16 orientations.
Panel (a) shows the original image, panel (b) the noisy version, obtained by adding to
the original picture a white noise of o = 25.5 (PSNR: 20.02 dB). Panel (c) shows the
denoised image, which now has a PSNR of 31.07 dB.

4.7

4.7.1

Nonlinear extensions of the CWT

Local contrast

The intensity of light around us varies considerably, in fact by several orders of magni-
tude. Our visual system is well adapted to this situation. Indeed it analyzes the spatial
organization of the luminous field by relying on the contrast of objects and figures
contained in the images. Intuitively, contrast is defined as the ratio between a variation
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(a.1) (b.1) (c.1)

(b.2) (c.2)

(a.3) (b.3) (c.3)

Fig. 4.29. Comparison between the two denoising methods. The left column (a) shows the signal,
with noise increasing from top to bottom, the middle one (b) is the result of the ATR algorithm, the
right one (c) that obtained with a directional dyadic wavelet packet.

of luminance and a reference level of luminance. It is mathematically expressed using

Weber’s law:

cV =" (4.13)
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(b) (©

Fig. 4.30. Denoising of lena with a directional dyadic wavelet packet.

This definition is often used for small patches with a luminance offset AL on a
uniform background of luminance L. In the case of sinusoids or other periodic pat-
terns of symmetrical deviations ranging from L, to L., which are also very
popular in vision experiments, one generally uses the Michelson contrast [Mic27],
namely,

M __ Lmax - Lmin

. 4.14
Lmax + Lmin ( )

While these two definitions are good predictors of perceived contrast for the above-
mentioned classes of simple stimuli, they fail when the stimuli become more complex
and cover a wider frequency range, for example, Gabor patches [307]. It is also evident
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that neither of these simple global definitions is appropriate for measuring contrast in
natural images, because the brightest and darkest points would determine the contrast
of the entire image, whereas actual human contrast perception varies with the local
average luminance.

In order to address these issues and provide a quantitative definition of contrast,
Peli [308] proposed a local band-limited contrast:

_ Vi*Il(x,y)
¢ I(x,y)’

where /(x, y) is the input image, v; is a band-pass filter at level j of a filter bank, and

Ch(x.y) (4.15)

¢, is the corresponding low-pass filter. The normalization by the low-pass signal takes
into account the local luminance variations. Modifications of this contrast definition
have been used in a number of vision models [118,257] and are in good agreement with
psychophysical experiments on Gabor patches [307].

The particular form of (4.15) suggests use of the wavelet transform for describing
the variations of luminance. Now the WT is a space-scale analysis, and the spatial
extension of the wavelets is characterized explicitly by their scale factor. Thus it is
possible to define at each scale a different normalization, similar to a local average.
So, following Duval-Destin [Duv91,12], one is led to the notion of local contrast,
defined by combining the wavelet transform with an adaptive normalization. The latter
will be obtained by projecting the signal, at a given scale, on a local weight function,
chosen with the same localization properties as the wavelets. This local mean value will
be called luminous level. This is the background against which luminance variations
are measured, and the WT may be interpreted as a representation of these luminance
variations within an image. The resulting contrast analysis is nonlinear, but it presents
several advantages. It is particularly well adapted to the processing of positive signals.
It also yields a multiplicative reconstruction process, which preserves positivity. Let us
give some details and an example of application.

Let h € L'(R*) N L?(R?) be a non-negative, rotation invariant, weight function,
normalized to ||k|,1 = 1. Given an image, represented by a non-negative function
f, the luminous level with respect to the weight function # is defined as

MUFIB) = o 1) B = a h (a7 G = B)). (4.16)

Note that we use throughout the L'-normalization, that is, h(,;,a) instead of the usual
hj,, (see Section 2.2). This is more natural in this context, since all the functions A
have the same L'-norm.

Then we define the local contrast as the ratio of the CWT to the corresponding
Iuminous level (the wavelet i is assumed to be also rotation invariant):

Ca[f](l_;) _ Fa(b) _ <w(5,a)|f) _ (V/B,a|f> (417)

MLFID)  (hgolf) — (hyalf)’
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where Fa(l;) = F(I;, a) = (glf(gya)lf) is the CWT of f with the L'-normalization (but
the local contrast is independent of the normalization). In order to make sense, this
definition requires that the support of ¥y be contained in the support of 4. The local
contrast is nonlinear, but its behavior is controlled by an integral condition. Large
absolute values of contrast imply the existence of a region where the luminance signal
is very small. A typical example, very natural in the study of vision, is to take for & a
Gaussian and for ¥ a Mexican hat.

But one can do better and take for v the difference wavelet associated to &, as given
in (3.13). Then the local contrast becomes
Cl 1) = el D)y (4.18)

(h.a)f)
and the existence condition is simply that the support of / be star-shaped.

This formula in turn leads to a multiplicative reconstruction scheme. Indeed, esti-
mates of the luminous level at smaller and smaller scale factors a may be considered
as smoothened versions of the image with progressively contracted weight functions
h. Then, as for the WT, the approximation of a function at a given scale may be written
in terms of the approximation at a larger scale and the complementary signal:

Maoz[f] = Ma[f] . (Ca[f] + 1)7
Maocz[f] ZMaa[f]'(Caa[f]+1) (4]9)
= Muof1-(Cal f1+ 1) - (Caal T+ 1),

and, by recurrence:

Maa" [f] = Maot[f] : (Cu[f] + 1) e (Caot"*l[f] + 1) (420)

Mo [ f] is the nth resolution approximation of f; it is the image as seen through
the smoothing function % contracted by a factor aa” (a < 1). One notices the obvious
analogy with the usual multiresolution analysis (Section 1.5). The formalism may be
generalized further to the so-called infinitesimal contrast analysis developed in [159].

An interesting application of the notion of local contrast is the design of an algo-
rithm for the matching of stereoscopic images [313,314]. The technique consists in
using a localized correlation function for comparing the two images, by means of the
2-D CWT. The locality of the latter provides a good estimate of the disparity between
images, at each scale. However, in order to prevent the occurrence of artifacts due to
the high sensitivity of the localized correlation function to the local mean value of the
signals, one must normalize the latter in an adaptive way, and this leads precisely to
local contrast described above.

Peli and Duval-Destin’s definition of local contrast as defined above measures con-
trast only as incremental or decremental changes from the local background, which is
analogous to the symmetric (in-phase) responses of vision mechanisms. However, a
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Fig. 4.31. Peli’s local contrast (c) from equation (4.15) computed for the lena image (a) using an
isotropic band-pass filter (b).

complete description of contrast for complex stimuli has to include the antisymmetric
(quadrature) responses as well [347].

The problem is illustrated in Figure 4.31, which shows the contrast C* computed
with an isotropic band-pass filter for the lena image. It can be observed that C* does
not predict correctly the perceived contrast, as it varies between positive and negative
values of similar amplitude at the border between bright and dark regions and exhibits
zero-crossings right where the perceived contrast is actually highest.

This behavior can be understood when C? is computed for sinusoids with a con-
stant CM. The contrast computed using only a symmetric filter actually oscillates be-
tween =CM with the same frequency as the underlying sinusoid, which complicates
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establishing a correspondence between such a local contrast measure and data from
psychophysical experiments.

These examples underline the need for taking into account both the in-phase and the
quadrature component in order to be able to relate a generalized definition of contrast
to the Michelson contrast of a sinusoid grating. Analytic filters represent an elegant
way to achieve this. The magnitude of the analytic filter response, which is the sum
of the energy responses of in-phase and quadrature components, exhibits the desired
behavior, i.e., it gives a constant response to sinusoid gratings.

Unfortunately, extending the Hilbert transform to 2-D is not a straightforward task.
However, as already stressed in Chapter 3, directional wavelets offer a pleasant alterna-
tive, since the Fourier transform of the wavelet is included in a convex cone with apex
at the origin and of aperture strictly smaller than . This means that at least three such
wavelets are required to cover all possible orientations uniformly, but otherwise there
1s no restriction on the number of filters.

There are many applications where isotropy is required. In these cases, it is important
to combine the analytic responses defined above into an isotropic contrast measure.
Working in polar coordinates (r, ¢) in the Fourier domain, we choose, as in Section
2.6.3, adirectional wavelet @(r, @) satisfying the above requirements and the conditions
(4.10)—(4.12) above. Note that the function ¢ in (4.12) need not be a scaling function
associated to i, but it should at least have the same localization properties in order to
provide for a meaningful normalization of the luminance level.

Now it is possible to construct an isotropic contrast measure from the energy sum of
directional filter responses [374]:

Clix.y) = V22 Wk I(x, y)?
7 ¢ x1(x,y)

where W, denotes the wavelet dilated by 27/ and rotated by 27 ¢/L. If the directional
wavelet ¥ belongs to L'(IR?) N L?(IR?), the convolution in the numerator of (4.21) is
again a square integrable function, and (4.10) shows that its L?-norm is exactly what
would have been obtained using the isotropic wavelet . C} is thus an orientation- and

, 421

phase-independent quantity, but being defined by means of analytic filters, it behaves
as prescribed with respect to sinusoidal gratings (i.e., C i (x, y) = CMin this case).

Examples for this isotropic contrast are shown in Figure 4.32. It can be seen that
the contrast features obtained with C 5 correspond very well to perceived contrast. The
combination of the directional analytic filter responses produces a naturally meaningful
phase-independent measure of isotropic contrast.

This technique may be applied for improving the contrast in any kind of image. An
example of application to a photograph was given in [12]. Here we show one with a
medical image (Figure 4.33). The image f is decomposed over N contrast levels, as
in (4.20), using the couple Gaussian—-DOG. For each level j, one defines the contrast
chart as the modulus of the local contrast,
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1

(b) (©

Fig. 4.32. Isotropic contrast of the lena image as described by equation (4.21) at three different
levels, 0, 1, and 2.

M;(b) = |Cul fIB)], j=1,...,N. (4.22)

Then one interprets the product of the N charts, S (l;) = ]—[j.vzl M; (I;) as ameasure of the
correlation between the successive scales of the image at the point b. After thresholding,
one obtains a binary image or mask. The latter is used in medical imagery, for instance,
as a preprocessing to more sophisticated algorithms. It is taken as a priori knowledge
and helps to reduce the amount of computation.

Watermarking of images

Digital image watermarking consists in embedding a digital signature in an image.
This operation is usually performed by slightly modifying the visual information in
such a way that the perturbation is invisible to human eyes, but can still be recovered by
using an appropriate algorithm. This embedding can be performed directly in the spatial
domain, but also in the frequency domain (using DCT' coefficients) or, as we shall see
now, in the wavelet domain. Finally, one often asks that the watermark should be robust,
that s, it should survive common image alterations: geometrical image transformations,
addition of noise, lossy compression or even print-scan procedure. We refer to [214]
for further details.

The generic picture of an image watermarking application is depicted in Figure 4.34.
The inputs of the system consist in the original image, the watermark and an optional
public or secret key. The watermark, or digital signature, can be of various nature:
number, image or text. The key is used to encrypt the watermark and prevents it being
read by unauthorized parties. In the sequel, we will mainly focus on the embedding part
of the system and, more precisely, we will see how the wavelet transform can be used
in conjunction with a vision model for robust and imperceptible image watermarking.

T DCT = discrete cosine transform (see [Mal99]).
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Fig. 4.33. Contrast analysis of a medical image: (a) the original image; (b) the CWT with a Mexican
hat (j = —1); (c) the contrast chart M;(b), j = —1; (d) the resulting binary image. Many more
details are seen on the two bottom images than on the ordinary CWT.

Watermark ﬁ/

Digital | _ Watermarked
Watermarking Data

Host Data

Secret / Publickey --------

Fig. 4.34. Typical image watermarking system.
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logc,

C‘M0 lOg CM

Fig. 4.35. Contrast masking model describing the relationship between the masker contrast and the
target contrast at detection threshold.

In order to model the visibility of the watermark in the original image, there are
mainly two effects that need to be taken into account, namely, contrast sensitivity and
masking. Contrast sensitivity, as we have seen previously, describes the response of the
human visual system to the contrast of a stimulus. Masking, on the other hand, describes
the phenomenon in which a signal, the masker, is capable of “hiding” a second signal,
the target. In other words, the target visibility depends on the presence of a masker.
It is possible to combine contrast sensitivity and masking in a model that describes
the relation between the masker contrast and the target contrast at detection threshold.
Figure 4.35 shows such a model where we have represented on the horizontal axis the
logarithm of the masker contrast Cy;, and on the vertical axis we have the logarithm
of the target contrast Ct. The curve is divided into a threshold range, where the target
detection threshold is independent of the masker contrast, and a masking range, where
it grows as a power of the masker contrast. The mathematical description of this model
is given by:

Cr, if Cy < Cyy.

& . 4.23
Cr, (CM/CMO) otherwise. ( )

Cr(Cw) =

The model contains three parameters, €, Ct, and Cy,, which specify the size of the
threshold and the masking range as well as the slope of the transducer function. They
have to be determined by means of subjective experiments.
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This model is applied in [359] to a watermarking scheme based on spatial spread-
spectrum modulation, as proposed by Kutter [Kut99]. Each bit to be embedded in the
image is represented by a two-dimensional pseudo-random pattern. The statistics of
the pattern are bimodal with equal probabilities for —1 and 1. The random patterns of
all bits are superimposed as follows:

w(x, y) = a(x, y) ) pilx, y), (4.24)

where p;(x, y) are the pseudo-random modulation functions for bit i, a(x, y) is the
watermark weighting function, and w(x, y) is the resulting watermark which is added
to the image. In this watermarking scheme, the pseudo-random patterns p; are sparse,
which means that the superposition of all patterns does not necessarily modify all pixels
in the image. To quantify the sparseness, we introduce the density D of the watermark,
which is given by the modified number of pixels divided by the total number of pixels
in the image.

The watermark weighting function «(x, y) is computed using the introduced masking
model and the local isotropic contrast measure presented in Section 4.7. For computing
the local contrast according to (4.21), we use directional wavelet frames as described
in Section 2.6, based on the scaling functions of Table 2.1. The minimum number of
orientations required by the analytic filter constraint, i.e., an angular support smaller
than 7, is three. The human visual system emphasizes horizontal and vertical directions,
so four orientations should be used as a practical minimum. To give additional weight to
diagonal structures, eight orientations are preferred. We only use the highest frequency
band of the pyramidal decomposition, because masking is strongest when masker and
target have similar frequencies. Furthermore, higher levels tend to smear the local
contrast and are thus not suitable for this kind of application. The watermark weighting
function « is now computed as follows:

a(x, y) = Cr(Cp)x, y) - o * 1(x, y), (4.25)

where C(I) is the local isotropic contrast of the masker image at level 0, Cr is the
corresponding target contrast threshold as given by our masking model, and ¢ is a
low-pass filter. The local amplitude of the watermark at the threshold of visibility is thus
determined by the multiplication of the isotropic contrast values with the corresponding
low-pass filtered image. Finally, the parameters of our vision model (Cr,, Cy, and €)
have been determined by performing subjective tests [359].

Figure 4.36 shows weighting masks for the lena image at watermark densities of
0.4 and 1, respectively. For illustrative purposes, the figures to the right visualize the
segmentation into threshold and masking ranges. The dark areas correspond to regions
where only contrast sensitivity is exploited, and the bright areas show regions where
the masking effect is dominant.
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(b) Segmentation for D = 0.4
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(c) Weights for D =1 (d) Segmentation for D = 1

Fig. 4.36. Watermark weighting function of the lena image for two different density values (left
column). The segmented images (right column) illustrate the threshold and masking ranges of the
contrast masking model, represented by dark and bright areas, respectively.

In comparison with other watermarking schemes, this weighting mask based on the
simple masking model presented above facilitates the insertion of a watermark with
higher energy while preserving the visual quality of the image, leading to a watermark
that is more robust. It has also been applied successfully to watermarking the blue
channel of color images [251].
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In the previous chapter, we have discussed a number of applications of the 2-D CWT
that belong essentially to the realm of image processing. Besides these, however, there
are plenty of applications to genuine physical problems, in such diverse fields as astro-
physics, geophysics, fluid dynamics or fractal analysis. Here the CWT appears as a new
analysis tool, that often proves more efficient than traditional methods, which in fact
rarely go beyond standard Fourier analysis. We will review some of these applications
in the present chapter, without pretention of exhaustivity, of course. Our treatment will
often be sketchy, but we have tried to provide always full references to the original

papers.
|
5.1 Astronomy and astrophysics
5.1.1 Wavelets and astronomical images

175

Astronomical imaging has distinct characteristics. First, the Universe has a marked
hierarchical structure, almost fractal. Nearby stars, galaxies, quasars, galaxy clusters
and superclusters have very different sizes and live at very different distances, which
means that the scale variable is essential and a multiscale analysis is in order, instead of
the usual Fourier methods. This suggests wavelet analysis. Now, the main problem is that
of detecting particular features, relations, groupings, etc., in images, which leads us to
prefer the continuous WT over the discrete WT. Finally, there is in general no privileged
direction, nor particular oriented features, in astrophysical images. All this leads us to
use the CWT with an isotropic 2-D wavelet. In addition, astrophysical images are very
noisy. In particular the bright sky and our own galaxy (the Milky Way) represent noise,
which must be removed, with a technique similar to that used in 1-D for the subtraction
of unwanted lines or noise in spectra [210]. Here statistical techniques play an essential
role. All these considerations characterize the type of wavelet applications that have
been developed in astronomy and astrophysics.

The first attempt to apply the CWT to astrophysical images is due to the group of A.
Bijaoui in Nice, in 1990 (see [80] for a review). In their pioneering paper [343], they
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used the CWT for the analysis of galaxy clusters, with the 2-D Mexican hat. Similar
techniques were exploited by a large number of authors, especially in the last few
years. In this section, we will review some of this work, and also present two novel
applications, one to solar physics, the other one to the detection of gamma-ray sources
in the Universe.

Structure of the Universe, cosmic microwave background (CMB) radiation

In several papers [161,162,193,343,344], the authors exploit galaxy counts to identify
galaxy groupings, from compact groups (0.5 degrees or tens of kpc' in extent) to clusters
(down to 1 degree, from hundreds of kpc to some Mpc), to large-scale structures or
superclusters (5 degrees or tens of Mpc or more), including the determination of a
possible hierarchy between them. The same technique allows the detection of voids,
that is, large regions (up to 60 Mpc) with very few galaxies, and also to a neat definition
of each of these notions. The results of such work leads to the analysis of the large-
scale structure of the Universe, thus to cosmological considerations. For instance, the
distribution of groups of various size and of voids points to a possible fractal structure of
the Universe. On the other hand, the multiscale approach yields much valuable insight
into the inner structure of individual clusters [193]. Here, as in all papers analyzing
galaxy maps, the basic data is a bidimensional distribution of Dirac delta functions,
possibly weighted according to some statistical criterion. The same type of data will
be used in the next two sections.

A byproduct of such hierarchical analyses is the multiscale vision model developed by
Bijaoui and his group [78,79] in order to detect and characterize structures of different
sizes (for numerical reasons, also linked to the necessity of denoising the images,
they later switched to a discrete WT, based on spline wavelets). For instance, they
propose in [254] a morphological indicator allowing a comparison between various
cosmological models (for instance, cold versus hot dark matter).

In the same vein, a group from Santander, Spain, has undertaken a systematic analysis,
by wavelet methods, of the COBE data on the cosmic microwave background (CMB)
radiation. As a first step, they study the local (i.e., in small sky patches) temperature
anisotropies in the CMB, including denoising the images [332,333]. In these papers,
the authors use both the CWT and the DWT (the latter especially for denoising). As
for the former choice, they first consider a 2-D CWT without a rotation parameter, but
with two independent scalings in the x and y directions, then the usual isotropic Haar
and Mexican hat wavelets. Next [100,361], they use isotropic wavelets to detect and
determine the flux of point sources superimposed on the CMB, in conditions simulating
the Planck Surveyor mission. As they point out, the advantage of the wavelet method
is that no assumption has to be made regarding the statistical properties of the point

1 pe = 1 parsec = 3.26 light years.
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source population or the underlying emission of the CMB. Since the CMB observations
are performed with antennas that are best modeled by a Gaussian beam, it turns out
that the isotropic Mexican hat wavelet is in fact optimal for detecting point sources. In
a further work [362], a detailed comparison is made of the wavelet method with the
standard maximum-entropy method. The conclusion is that the two methods are in fact
complementary and can be combined to improve the accuracy of the detection.

More recently, the Santander group has turned to a global analysis of the CMB, trying
to detect potential non-Gaussian CMB temperature fluctuations. This is an important
observation for cosmology, for any non-Gaussianity would be evidence for a departure
from standard inflationary theories. Since the data used in these experiments is the full
sky COBE-DMR data, it is clear that the sphericity of the data has to be taken into
account. As a consequence, one has to resort to spherical wavelets. A first attempt was
made by Barreiro et al. [62], using discrete spherical Haar wavelets, constructed with
the lifting scheme of Schroder and Sweldens [336], described in Section 2.5.2.4. Then,
following the same logic that recommends the use of the CWT with an isotropic Mexican
hat, the Santander group introduced the spherical Mexican hat (see below), establishing
the superior capability of the latter over the Haar wavelets [267]. The net result of these
investigations is that the CMB temperature fluctuations are consistent with a Gaussian
distribution, thus vindicating the standard theories [101]. Finally [363], the same group
has used the same spherical Mexican hat wavelet for extending their previous work [361]
on simulated Planck maps, thus achieving a large catalog of potential point sources.

Coming back to the CWT on the 2-sphere S?, a mathematically precise transform
was constructed in [29] and will be discussed at length in Chapter 9, Section 9.2. The
idea is simply to take the plane R? as the tangent plane at the North Pole of S? and
lift functions on R? to functions on S? by inverse stereographic projection. Introducing
polar coordinates both on the plane and on the sphere, the correspondence reads:

0
S50, ¢) = (r,9) = 2tan 7. ¢).

For square integrable functions, this leads to a unitary map between the respective
Hilbert spaces, 1! : L*(R?, dX) — L*(S?,sin6 d6 d¢), namely,

0
U7 )6, 9) = 5 ftanz, ). (5.1)

1+ cos

In the case of an isotropic wavelet (r), with r = |X|, the correspondence is simply

. _ 2 o
(I 4)0) = 5 P Y (2tan 7). (5:2)

Then, choosing for ¥ the isotropic Mexican hat wavelet y,;, one gets the spherical
Mexican hat wavelet:
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20

2 29
R -2t 2). 5.3
1+ cos6 exp(=2tan” (5-3)

1 —2tan

Vum(0) =4

It should be noted that, in this parametrization, the scaling X > a~'X in the tangent
plane becomes on the sphere: tan% — a~'tan %. We refer to Chapter 9 for the full
analysis.

Another research area where the CWT has been used is the detailed analysis of
individual galaxies, notably in the group of P. Frick [173,174]. Of particular importance
is the cross-correlation between images obtained at different wavelengths. To that effect,
the authors of [174] consider the (normalized) wavelet cross-correlation function or
wavelet correlation coefficient, obtained by polarization from the wavelet spectrum

(2.61) W[s](a):

[ d®b Sy(b, a) Sx(b, a)
(W[si1(a) WLs2l(a)”

and originally introduced by Hudgins et al. [227]. Using this tool, the authors study a
particular spiral galaxy, called NGC 6946, comparing the images of total radio emission,
red light and mid-infrared dust emission on all scales. Note that in their treatment they
use both the Mexican hat wavelet and, for a better separation of scales, their own
isotropic wavelet, called Pet hat and defined in (3.11). In a later work from Frick’s
group [175], spherical wavelets (in a somewhat primitive form) are used for isolating

Cls1, s21(a) =

5.4)

coherent structures in the distribution of the Faraday rotation measure of extragalactic
radio sources, that is, a weighted integral of the longitudinal magnetic field along the
line of sight. In addition, since these sources are given as irregularly distributed points
in the sky, they adapt to the 2-D spherical situation the technique of gapped wavelets
introduced previously in 1-D [172].

A final application in astrophysics, still under development, is to gravitational lens-
ing, namely, the detection of Einstein arcs in cosmological pictures [82]. Whenever the
light from a distant bright object (a quasar) is seen through a galaxy, the latter behaves
as a gravitational lens, so that the point source appears as a ring, or a portion of a ring
(“arclet”), if the alignment is not exact. By measuring the radius of that ring, one may
infer the distance of the source. This may be done in two steps. The center of the arc is
obtained with an annular-shaped wavelet, such as the Bessel filter (3.9), Frick’s wavelet
(3.11), or the annular Halo wavelet (3.12), used at a rather large scale (e.g. a = 2). This
determination is quite robust to noise, in particular, to spurious bright points, that mimic
nearby stars. The arc itself is obtained with an isotropic Mexican hat, at a smaller scale
(e.g. a = 0.5). By superposing the two transforms and applying a severe thresholding
(up to 95%) for eliminating the noise, one obtains an image with three bright spots:
two points of the arc, around the endpoints, and the center of the corresponding circle.
From this, one can reconstruct the arc unambiguously, and thus one obtains a tool for
measuring in a simple way the distance of quasars, for instance.
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Before turning to more specific 2-D applications, we hasten to add that 1-D wavelet
analysis has been used in various current problems is astrophysics. A case in point is the
analysis of the solar neutrino capture rate data from the Homestake experiment [215],
a crucial ingredient in the resolution of the celebrated solar neutrino problem.

Application of the CWT in solar astronomy

Since 1996, the Extreme-ultraviolet Imaging Telescope (EIT) on board the Solar and
Heliospheric Observatory (SoHO) satellite observes the Sun in four wavelengths: 171,
195, 284 and 304 A. These correspond respectively to particular emission lines of
Iron (IX-X, XII, XV) and Helium (IT), and thus to temperatures typical of those of the
Sun corona in the first three wavelengths, and of the transition region in the fourth
one [130].

The Sun corona is physically very complex and contains a huge amount of different
events appearing at different locations and scales. Solar astronomers are interested in
the physics which can be deduced from them in order to improve our knowledge of the
global Sun. One way to achieve this is to make time statistics on features of special
solar objects. In addition, because of the large number of EIT pictures (currently greater
than 100 000), astronomers aim at an automatic analysis.

However, many conceptual problems arise due to the difference between the human
description of things and the true (logical) computer vision. These can be summarized
into two main questions.

* How to define a Sun corona object in simple terms, that is, in sufficiently simple
concepts which can be managed by a computer program?

* How to determine the relevant characteristics of such an object and how to translate
them as simply as possible?

After a short description of the common Sun corona objects, we will show that the con-

tinuous wavelet transform (CWT) offers tools to answer these fundamental questions

(we basically follow [37]). Notice also that Bijaoui and his group have applied their

vision model to the analysis of EIT images of the solar corona [316].

Special coronal objects
The physical objects of the Sun corona result in general from convective motions in
the solar mantle and/or of magnetic interactions with hot material. Here is a list of the
principal objects, ordered by size, from the smallest to the largest (for more information,
see [130,278]).

Magnetic network: In the red 304 A images, the magnetic network constitutes a
textured solar background resulting of the advection of small magnetic flux by
the convective motion in the solar mantle.

Brightenings: Brightenings are visible in all EIT images and are related to magnetic
topology changes to a lower energy state. Their typical scale in an image is close
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of the pixel size, but they brighten and fade away on a time scale ranging from
several minutes to hours.

Flares: A sudden and energetic local brightening in an active region (see below).

Bright points: Bright points (BP) are small regions with enhanced emission. They
are located above pairs of magnetic features of opposite polarity in the photo-
sphere. We can see them in the quiet corona and in coronal holes. They present
a lifetime ranging between two hours and two days.

Magnetic loops (or Loops): These objects result from the filling of magnetic field
lines with plasma. Because the temperature of this material varies along the loop,
the footpoints of the loop are more precise in the 171 A, because they are cooler
than the loop summit, which is better seen in the 195 A. The magnetic loops may
be part of the same active region, connecting two regions of opposite flux, or even
join different ARs.

Active regions: They show up as a region of large increase in the ultraviolet flux
on the image. Their typical size is about 10% of the solar radius. Physically,
these active regions (AR) contain hot material in smaller and larger loops around
and inside a region of enhanced magnetic flux. Because active regions are deeply
related to the well-known Sun spots, they appear in two bands of latitude according
to the evolution of the main solar cycle of 11 years: They live at high latitudes at
the solar minimum (beginning of the cycle) and move towards the equator at the
solar maximum.

Coronal holes: Coronal holes (CH) are large regions where the magnetic field lines
are open and are advected by the solar wind into interplanetary space. Because the
energy is advected away, the CH are colder than the closed magnetic field regions
and they appear effectively like dark holes in the EIT images. Their morphology
evolves with time and they become very small during the Sun maximum.

A visual summary of the solar objects defined above is presented in Figure 5.1. There
are also features which are not related to the Sun physics, but either to defects of the
SoHO satellite due to its aging, or to its interaction with some external events. The
main ones are the cosmic ray hits, which, by the interactions of cosmic rays with the
EIT CCD camera, plague the images with many bright pixels or bright straight lines,
depending on the cosmic orientation relatively to the CCD surface.

We should mention finally that all these images have a noise component, namely, a
readout noise coming from the CCD camera, the solar noise and the photon-shot noise
(Poisson noise). The global noise is well approximated by Gaussian statistics, because
of the high counting effect (central limit theorem).

Distribution of small features
To start with, let us define the specific wavelet tools needed for the present application,
which aims at selecting some of the solar corona phenomena. We restrict ourselves to
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Fig. 5.1. The main Sun corona objects. The top left quadrant is the 304 A wavelength image, the
rest corresponds to 171 A.

isotropic wavelets, since directions are irrelevant in the present context. Given an image
s(X), we consider its CWT § (l;, a) with respect to a Mexican hat and the corresponding
energy density E[s](l_;, a) = |S(5, a)|?. Then, as in Section 2.3.5, we define ridges R;,
and the corresponding amplitude A; (2.63) and slope S; (2.64). These two parameters
are sufficient for the detection and discrimination of small features contained in the
image s. A precious tool to that effect is the histogram of the amplitude as a function
of the slope, or the slope—amplitude histogram.

Let ay the smallest relevant scale. Choose a sequence {5,-, 0<j <K —1}of max-
ima of E[s](l;, ap), belonging to ridges {R;, 0 < j < K — 1}. Then, given the set of
all corresponding couples (S, A;)o<j<k—1, the histogram is built by the following
simple algorithm:

* determine the desired size of the histogram H, say M x N, and initialize H as the
zero M x N matrix;

* compute Syin and Spax, the minimum and the maximum of all the slopes (S;)o< j<x -1,
respectively;

e compute Apin and Apg, the minimum and the maximum of all the amplitudes

(Aj)o<j<k—1, respectively;

+ form the discretized slope 5‘,, = Smin T 377 (Smax — Smin) for 0 <m < (M — 1),
and the discretized amplitude A, = Amin + 75 (Amax — Amin) for 0 <n < (N —

1);
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e then, fork =0,..., K —1:
— take the slope Sy and compute the index m such that S,, is the nearest discretized
slope from Sy, that is, the index m such that

gm - Sk
—05<WM—-1)=—5 <0.5; (5.5
Smax - Smin
— do the same with the amplitude and determine the index » such that
An — A
—05<(N-1))——— < 0.5; 5.6
= ( )-Amax - -Amin ( )

— increment the (m, n) entry of H by one,
Hmn = Hmn + 1.

The histogram H reflects the 2-D distribution of the slope—amplitude couples. Identi-
fying distinct areas inside H is equivalent to detecting different classes of small objects
contained in the image s.

Before computing any histogram, a practical remark must be made about the dif-
ference between the continuous theoretical world and the discretized view of the pro-
gramming. Indeed, actual computation requires an adequate sampling of the image s
and of the wavelet 1. Therefore, the scale a cannot effectively go to zero in (2.63) and
(2.64). Indeed, the wavelet ¥ must be sampled sufficiently on the grid determining the
image. Thus, there will be a minimal scale ay for which x/ﬂ\l; 4 18 essentially contained
in the frequency domain [—m, 7) X [—m, ) (assuming the sampling period 7 is equal
to 1).

5.1.3.3 Analysis of academic objects
To test our method, we begin by analyzing two types of objects that will model small
features in EIT images. Take first the smallest possible object, a singularity of height
¢ localized on a point i, represented by a Dirac distribution s(¥) = ¢ §?(¥ — ii). One
readily computes the CWT of s and the corresponding energy density

N 2 N
Els)(b, a) = % (@i — by, (5.7)

It is easy to see that, if ¥/ has a maximum in X = 6, then E[s] is maximum in b=i
for all scales. The equation of the associated ridge is simply (i, a) for all a € R*.
The amplitude of this ridge is given by In A; = —41nag + Inc (thus it tends to oo as
ap — 0) and the corresponding slope has the value —4.

The second object is a simple Gaussian localized in w, of width o and height D,
s(X) = D exp —% |X — ifjlz /o). A detailed calculation shows that E[s] has also a ver-
tical ridge localized in b = w with a maximum in @ = o. The amplitude of this ridge
is proportional to D and the slope is now positive.
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Fig. 5.2. Analysis of singularities and Gaussians. (a) The original academic image; (b) the
slope—amplitude histogram (the logarithm of the amplitude is plotted to reduce the range); (c) the
selection of points in the singularity population (triangles), or in the Gaussian population (circles).

These two examples show that the amplitude yields a criterion for selecting small
objects according to their intensity. Then the slope decides between a singularity or a
larger object modeled by a Gaussian.

The procedure is illustrated in Figure 5.2. We analyze an academic image s of size
256 x 256, shown in panel (a), and consisting of a collection of randomly placed singu-
larities and Gaussians of small size, and compute the corresponding slope—amplitude
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histogram, knowing that, in this case, the minimal scale a( of the Mexican hat is close
to 0.9.

In Figure 5.2(b), we clearly see two distinct populations in the slope—amplitude
histogram. The population on the left-hand side (left dashed circle) corresponds to sin-
gularities of s with a slope centered around —4. The right area (right circle) corresponds
to the Gaussians. A rough selection of points according to the sign of the slope is made
in Figure 5.2(c). Negative slopes are represented by triangles, and positive ones by
circles; singularities and Gaussians are effectively selected separately.

Application to EIT images
We can now apply the preceding technique to the selection of cosmic ray hits and of
bright points in the EIT images. The former are well described by singularities, because
cosmics burn only a few pixels on the CCD camera of the satellite, and the latter can
be modeled by Gaussians of small size.

The analyzed EIT image, shown in Figure 5.3(a), is the top-left quadrant of a 284 A
wavelength image of the Sun. The slope—amplitude histogram, computed for ag = 1,
is presented in Figure 5.3(b). We notice that the distinction between populations is not
as neat as in the academic example. The reason is that the white noise present in the
picture recording has a main effect of spreading the well-defined areas of Figure 5.2(b).

Next, we impose on the histogram of Figure 5.3(b) an additional selection criterion.
For cosmics, we choose the maxima l;j of E[s](., ap) such thatIn A; > 2and S; <0
and, for bright points, those with S; > 0. The amplitude thresholding prevents us from
taking singularities that are too faint coming from quantization and Gaussian noise.
The result is shown in Figure 5.3(c). The cosmics are detected everywhere in the image
(because they are not related to solar physics), while the bright points appear mainly
on the solar disk (on-disk).

In Figure 5.4, we make a zoom on a particular on-disk area of the Sun. The selection
effect is now clearer than in the global image.

Conclusion and open questions

We have presented in the previous section a simple method based on the CWT to
discriminate two kinds of simple events in the Sun corona pictures, the cosmic ray
hits and the bright points. However, there is ample room for improving the range
and efficiency of the method. First, noise has been suppressed in the slope—amplitude
histogram by a hard thresholding. However, a precise statistical study remains to be
made on these selections according to the SNR of the analyzed images and their
CWTs.

Then, one may try to characterize more complex solar phenomena, such as the
active regions, the magnetic loops or the textured magnetic network. A possibility is
to exploit the full information carried by the vertical ridges of the CWT. Indeed, the
method described above uses only the first relevant scale of the latter, that is, only their
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Fig. 5.3. Analysis of an EIT image. (a) The top-left quadrant of a 284 A wavelength EIT image; (b)
the slope—amplitude histogram; (c) the selected cosmics (triangles) and bright points (circles).

beginning. Information about possible maxima of E[s] along these ridges is interesting
too, for instance for determining the typical scale which defines each type object, as in
the 1-D analysis of impact experiments [358].

Several hierarchical criteria based on the CWT may also help us to detect the inclusion
of small events into larger ones, such as the brightenings within the active regions. The
shape of strong response areas in the CWT at different scales could be useful in this
context, as found in [344], for instance.
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Fig. 5.4. A closer look on a small on-disk region of the Sun: (a) Bright points selection; (b) cosmics

Finally, directional wavelets may be useful, too, since many solar events present
an anisotropic behavior. The magnetic loops, for instance, are locally equivalent to
straight lines characterized by a particular width. At a scale proportional to this width,
the anisotropic CWT coefficients should vary for different angles 6 relatively to the
main direction of this line. A magnetic loop signature could perhaps be found inside
this variation (this is a variation on the problem of detection of oriented contours).
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selection.
5.1.4 Detection of gamma-ray sources in the Universe

Another topic where the CWT has been applied successfully is the analysis of the
X-ray structure of various objects, such as clusters of galaxies, following a suggestion
by Grebenev et al. [201]. This leads to a different class of problems. Indeed, such
sources are frequently at the limit of detection, so that statistical considerations become
crucial. In particular, we are here often in the photon-counting regime, the photon per
pixel statistics is significantly different from Gaussian and most sources are extended.
The analysis of such images by wavelet methods was further developed by Damiani
et al. [115]. The work reported here uses a similar approach, but goes significantly
deeper in the analysis. In particular, considerable care is devoted to the presence of
Poisson noise in the photon flux. We again follow [37].

When it comes to the detection and analysis of gamma-ray sources in the Universe,
the way data analysis is carried out depends on the energy range explored by the tele-
scope. This is not only due to the nature of emitting objects, and to the difficulty of
designing appropriate detectors, but also to the gradually lower photon counting rate
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as the energy increases. For example, in average 100 ultraviolet photons from the Sun
are expected to be detected in one second by each pixel of the SOHO CCD camera
(Section 5.1.3), whereas about 1 gamma photon is recorded by the whole gamma-
ray space telescope EGRET during the same period! This correspondingly decreases
accuracy and significance of any statistical decision, like event detection. Equally im-
portant for the data analyst, the nature of photon-counting processes induces an intrinsic
“noise,” called Poisson noise, requiring more statistical care than the usual Gaussian
noise.

The problem we address in this section is the detection of sources in the raw data of
the above-mentioned telescope EGRET (20 MeV —30 GeV photons). Sources are point-
like objects like pulsars or active galactic nuclei and appear in the data as a few detected
photons coming from the same direction in the sky. The whole issue is to give a meaning
to the coincidence of finding these photons together, hence to conclude (or not) that they
were produced by chance from the diffuse background (interaction of cosmic rays with
interstellar clouds). In addition to the detection significance, the position, magnitude
and spectral characteristics of a source are other desirable quantities determined from
the data. This may seem a very humble problem to solve, but, as outlined above, the
scope of questions one can answer at 1 GeV is considerably restricted compared to the
wealth of the analysis in the previous section.

Sample data and the classical solutions
Every dot on Figure 5.5 is a detected photon, of energy 100 MeV or above, during
the viewing period 21.0 of EGRET. A “position” on this counting map refers to a
direction in the sky, and the map is modeled as approximately flat. Such counting maps
are very broadly modeled as counting (Poisson) processes from two contributions, the
background flux and the flux from the sources. That is, we do not directly observe light
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Fig. 5.5. Detected photons above 100 MeV during EGRET viewing period 21.0.
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intensities, but rather photons that are randomly created from the corresponding physical
objects (point-like objects or extended objects like interstellar gases). Moreover, the
detector is far from being perfect: direction and energy of an incoming photon are
recorded with an error that translates into the convolution of the above-mentioned
fluxes by a bell-shaped function, the PSF (point-spread function), which is here more
heavy-tailed than a Gaussian [268].

As most recognition tasks in data analysis, gamma-ray source detection is often
carried out by a maximum likelihood (ML) method. That is, a parametrized source
model is fitted to data through maximization of the probability that the data arose as
a realization of the suggested model. This involves a heavy nonlinear optimization
procedure and an initial guess from the user to set the parameter values (height, width
and position, say) to their optimal values. But one eventually ends up with a very faithful
account of the physical properties of each source. There are statistical reasons to think
that it is hard to beat the quality of ML estimation, like the minimum variance property
(see [Ead71]). The reference for ML source detection in EGRET data is [268].

Our concern, however, is to develop a simpler method of source detection based on
the continuous wavelet transform. Roughly speaking, the idea is to group the events in
a chosen interval of energies into a single 2-D counting map, as in Figure 5.5, and to
take its CWT with an isotropic wavelet, typically a Mexican hat. The source candidates
are the maxima of the wavelet transform. Then, based on some statistical criterion, a
detection significance will be given to each maximum. The higher the significance, the
more likely the candidate to be a true source.

In order to give the status of source candidate to the maxima of the wavelet transform,
we must make sure that relevant information (the sources) is properly decorrelated from
noise (the background). For this purpose, the Mexican hat wavelet is a good choice,
because: (i) its isotropic bell shape responds mostly to bell-shaped sources; (ii) its good
localization in space allows to discriminate events according to their position, more
efficiently than the Laplacian of the heavy-tailed PSF; and (iii) its good localization in
the frequency plane permits us to discriminate events according to their relative scale.

The statistical performance of a wavelet method is presumably poorer than what can
be achieved by ML. However, the latter has two drawbacks, namely, high computational
complexity of the implementation and supervision of the optimization process. These
issues now simply disappear, since wavelets allow a real-time automatic processing
of the same job. To stress again the difference between the two tools, we can think of
wavelet methods as providing an initial guess for more thorough ML identification of the
source parameters, or as an on-board data processing module to warn the astronomers
in case of a sudden gamma-ray burst.

Before giving the details of our procedure, let us mention that, as in the analysis
of the distant Universe [78,79], related problems like the identification of extended
objects, that is, multiscale structures, have also been attacked with the discrete WT
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[Sta98,345]. As usual, this allows a faster implementation, but the choice of filter is
severely restricted, in particular, the Mexican hat is not admissible. Thus a balance must
be made between quality of the analysis and speed of implementation.

We can also note at this point that the “almost flat” approximation used above, namely
that a direction in the sky (a point on the sphere) can locally be represented by two
planar coordinates, is not necessary. If a more global data analysis is required, we can
always switch to the genuine spherical wavelet transform, mentioned in Section 5.1.2,
and discussed at length in Section 9.2. This makes no conceptual difference in what
follows, only the algorithms will be more CPU-time consuming.

Decision criteria and results

It remains to describe the procedure itself. In what follows, we will concentrate on the

wavelet aspects and skip most of the statistical arguments, which may be found in detail

in [37]. The problem may be subdivided in a series of questions, each of which requires

to choose a decision criterion, following more specific questions.

(1) What is the detection criterion?

Or in other words, how big should the values of the wavelet transform be to
conclude that a peak is indeed a source? Our criterion is based on a physical model
of the background interstellar gamma-ray emission, related to the distribution of
hydrogen in the galaxy. The idea is to measure the discrepancy between this
model and the data in the wavelet domain. Peaks will be considered sources if
they significantly overshoot the model.

(i1) How to estimate the total photon flux from a source?
Intuitively, the bigger the value of the wavelet transform at the position of a source,
the larger the flux of the source; and, since the wavelet transform is linear, this
relation should be linear too. That is correct, modulo complications due to the
presence of an unknown background of magnitude comparable to that of the source.
We can however use our coarse a priori background model to remove part of this
bias.

Our estimator of the flux of a source detected to be at position x is not the value

Yobs(x) of the wavelet transform of the observed data, at scale a and at position x,
but rather

_ Yobs(x) — W[ugl(x)
Wins](x)

where W[ug](x) and W[us](x) are the wavelet transforms at x (and at a given
scale, as always) of the modeled background flux and of the modeled source flux,
respectively. This estimator can be shown to be asymptotically unbiased (i.e., when
the exposure time or all the fluxes tend to infinity), provided the models are correct.

Confidence intervals on this statistic can also be derived.
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(iii)) How to estimate the position of a source?
Intuitively, the source candidates should be located at the maxima of the wavelet
transform. As above, this is true only for flat backgrounds. We account for its
nonuniformity in a correction to the quantity to maximize in order to get the
position of the source candidate. The position estimator is thus not argmax,. y ops(x)
but rather

x* = argmax [yobs(x) — W[ppl(x)].

Again, assuming the models are correct, this subtraction restores asymptotic un-
biasedness. Confidence regions corrected in this way may be seen on the example
presented in Figure 5.7 below.
(iv) How to choose the scale of the wavelet for best performance?

Since the physical source is point-like, recorded sources look like the impulse
response of the detector, i.e., the PSE. Hence, the best choice for the scale parameter
is that leading to a wavelet with a width comparable to that of the PSF. This width
does not vary much from source to source, it only depends on the energy of the
incoming photons. A source emitting proportionally more at high energies than
low energies is said to be “hard,” or to have a low spectral index and has a rather
peaked PSF: it is best detected at small scale. On the contrary, a “soft” source
has a rather flat PSF and is best detected at a larger scale. This dependence of the
optimal scale parameter on the spectral index is illustrated on Figure 5.6.

Number of ¢

|
0 2 4 6 8 10
Scale parameter a

Fig. 5.6. Significance for the detection of a source, expressed in number of sigmas, as a function of
the scale parameter of the wavelet. The wavelet is centered at the position of the source. Each curve
refers to a different spectral index, from lower (peaked curve) to higher (flat curve). The position of
the maxima of these curves changes as the spectral index changes.
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Most of the 270 EGRET sources are not identified. The intrinsic resolution of high
energy gamma-ray detectors is not good enough to provide strong constraints on the
source position; it is therefore difficult to find counterparts at other wavelengths. Their
nature is still a mystery, that the next generation telescope GLAST will help to solve.
A large fraction of identified sources consists in active galaxies whose nucleus is a
massive black hole (up to 10°Mgyp) surrounded by an accretion disk of matter falling in
the gravitational well. In addition, strong jets of ultra-relativistic matter and radiation are
emitted perpendicularly to the disk. Active galactic nuclei (AGN) detected in gamma-
rays above 100 MeV have a jet pointed towards the Earth. Their emission is very
variable, so that they are often undetected when they are in a quiescent state and then,
in a short time, they become very bright.

To give an example, EGRET viewing period 21.0 is a high latitude observation in
which an AGN is in flaring state. 3EG J0237+41635 was detected at 10 o in [213] and
is 16 o here. Several other sources are also present above 4 o. The procedure described
above has been applied and results are shown in Figure 5.7. One can see that all but one
of the sources are seen. One should also note that the bright AGN position is slightly
wrong, because of the presence of a faint source in the vicinity that is not detected.
To detect this kind of source, the algorithm must be applied a second time after the
addition of the significant sources to the background.

This attempt at developing an alternative method to the usual maximum likelihood
estimation will probably prove to be relevant in years to come. Indeed, the next genera-
tion gamma-ray telescope, GLAST, is to be launched in March 2006 and its complexity
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Fig. 5.7. Detected sources using the wavelet analysis of the EGRET viewing period 21.0 for E>100
MeV, the contours give the significance level from 4 to 16 o. Superimposed stars give the positions
of the third EGRET catalog sources detected over 4 o (from [213]).
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(parameters to take into account, volume of the data stream) will make it impossible to
build a source catalog following EGRET’s old-school procedure. The algorithms must
be made more efficient in some way. Wavelets will not be the key to the whole problem,
of course, but will hopefully help develop alternative viewpoints.

|
5.2 Geophysics
5.21 Geology: fault detection

Aswehave seenin Section 1.7, wavelet analysis was born in geophysics, as the empirical
method designed by J. Morlet for analyzing the recordings of microseisms used in oil
prospection. Thus it was to be expected that wavelets would soon find applications in
other geophysical problems. It was indeed the case, as can be seen from the reviews
[Fou94] or [250], where mostly 1-D applications are discussed, however.

Then an interesting application of 2-D directional wavelets to geology was initiated
in 1995 by Ouillon [Oui95,298]. The object to be analyzed is a system of geologi-
cal faults covering a large area in the Arabian peninsula, which shows a self-similar
behavior over scales from a few meters to hundreds of kilometers. Standard methods
for analyzing such a system are based on renormalization group techniques or on the
multifractal formalism (see Section 5.4). What the authors propose here is a continu-
ous wavelet analysis, with directional wavelets, combined with a multifractal analysis.
The motivation for this choice is that the relevant information to be measured is the
anisotropy of the fault field, and the variation of this anisotropy with scale.

In order to understand the idea, let us consider a synthetic so-called en échelons
fracture [298], depicted in Figure 5.8(a). At a small scale, the dominant orientation of
this object is vertical, but at large scale, one sees only an oblique line pointing NE at
45°. Analyzing it with an isotropic wavelet would reveal these details, without focusing
on directions, whereas an anisotropic one will enhance the direction response. Thus
the authors of [298] chose the latter, namely an anisotropic Mexican hat (see Section
33.D).

The originality of the method is an optimized local filtering of the WT, as follows.
The wavelet used is an anisotropic Mexican hat with anisotropy factor €. One computes
the WT of the image for a number of couples (6, €). Then, for each point in the
signal, one selects the pair (6, €) that gives the largest value of the CWT among all
those computed, the Optimum Anisotropic Wavelet Coefficient (OAWC). Thus, for each
point, the OAWC selects the local filter which best matches the signal at the chosen
resolution (scale). Then one thresholds the OAWC map in order to keep only the
most significant features. The ridges of the remaining map correspond to the dominant
structures detected. In the case of a fault array, these ridges (called virtual rupture lines
or VLR) correspond to the faults as seen on a map. Finally, one draws a histogram of
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(a) (b) (©)

Fig. 5.8. NOAWC analysis of the synthetic en échelons fracture. Top row: (a) the signal; (b) the
NOAWC map at the resolution of 2 pixels; (c) the same at the resolution of 4 pixels. The bottom
row shows the corresponding orientation roses (from [Gai00]).

the azimuths 0 of the optimal wavelets associated with the points of the VLRs. This
histogram, called a rose by geologists, depicts clearly the anisotropy of the object and
its variation with scale. In further papers [120,181], this OAWC method was further
improved by adding an adaptive normalization, in the sense that each OAWC is divided
by its theoretical maximum corresponding to a perfect match between the wavelet and
the object. The so-called NOAWC so obtained is a local indicator of the quality of the
match.

To give an example, we present in Figure 5.8 the NOAWC analysis of the en échelons
fracture signal (from [Gai00]). Panels (b) and (c) show the NOAWC map at the res-
olution of 2 and 4 pixels, respectively, with the VLRs enhanced in white, and on the
bottom row, the corresponding orientation roses. Whereas the 2 pixels rose points at
90° (vertical orientation), that at 4 pixels resolution points at 60°. The interesting in-
formation is then the critical scale corresponding to a brutal shift in the orientation of
the rose (see [Gai00] and [298,299] for more details).

The NOAWC method has been applied successfully to the analysis of geological
fault arrays and to the so-called rock fabric analysis, where “fabric” means the “com-
plete spatial and geometrical configuration of all those components that make up a
deformed rock” [Gai00,182]. As an example, we present in Figure 5.9 the NOAWC
multiscale analysis of a 150-km-wide fault field, taken from [Gai00]. As in the previous
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Fig. 5.9. NOAWC analysis of a real map of a fault field. (a) The original map; (b)—-(f) NOAWC
maps at scale a = 2,4, 8, 16, 32. On the right, we show the corresponding orientation roses (from

case, we show in the successive panels the NOAWC maps at smaller and smaller res-
olutions, together with the corresponding orientation roses. The dominant direction of
the latter clearly varies with scale. The critical scales where transitions take place are
then determined by a multifractal analysis. We refer to [299] and [Gai00] for further

As already mentioned, the authors of all these papers use for the NOAWC method an
anisotropic Mexican hat, which has a rather poor directional selectivity. However, the
elliptical shape of the “footprint” of the wavelet plays an essential role in the method.
This suggests the use of a Morlet wavelet instead of a Mexican hat. We should expect
a much better precision, but the experiment has yet to be done.

194
]
[Gai00]).
details.
5.2.2 Seismology

As it is well-known [Bur98], the wavelet saga started with Jean Morlet, a French
geophysicist working in oil prospection for Elf-Aquitaine. The technique consists of
the sending of an impulse into the ground (by an explosion or any other means) and
analyzing the signal reflected by the various discontinuities in the underground, down
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(a) (b)
Fig. 5.10. (a) A seismic section; (b) a seismic block (from [Bou97]).

to 8000 m. These correspond to abrupt changes in density and composition of the
rock, a necessary (but by far not sufficient!) condition for the presence of oil or gas.
Clearly the resulting signal will be extremely noisy. Then, on a purely empirical basis,
Morlet had the idea of representing this signal by a linear superposition of contributions
obtained by dilating/contracting a fixed mother function (the analyzing wavelet). The
method worked reasonably well, but it took a year of work between J. Morlet and the
theoretical physicist A. Grossmann to understand its exact mathematical structure —
namely, the content of Chapter 1 [199,205].

From there the theory of wavelets expanded in all directions, as we have seen in
the preceding pages, until the loop was completed in the Ph.D. thesis of E. Bournay
Bouchereau [Bou97], where she looked again at the very problem of seismic exploration
treated by Morlet. The raw data are the so-called seismic sections, that is, 2-D plots
where the vertical ¢ axis represents twice the time needed by the wave to reach the
corresponding rock layer (thus depth) and the x axis the horizontal distance between
two successive receptors. A typical seismic section is shown in Figure 5.10(a). For a
comprehensive study, one groups together a collection of parallel sections, thus getting
a 3-D seismic block, as shown in Figure 5.10(b). Now, given a section, or a portion
thereof, the goal is to detect the geological faults it contains. The technique developed
in [Bou97] consists in taking the 2-D continuous WT of the section with a directional
wavelet, either a Morlet wavelet or a separable directional one, on the model of (3.24).
(The CWT is used here, instead of a discrete WT, in order to maintain translation
covariance, which is essential for pattern identification.) This CWT easily detects faults,
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(a) (b)

Fig. 5.11. Detection of faults in a seismic section: (a) a section; (b) faults detected with a Morlet
wavelet analysis (from [Bou97]).

which can be considered as lines of singularities. In the presence of a high noise (deep
layers), a preliminary adaptive filtering improves the efficiency of the detection. An
example of fault detection is given in Figure 5.11.

In addition to the work just described, we ought to mention other applications of
directional wavelets in seismology. For instance, the NOAWC method of the previous
section has been used for the study of natural seismological events (spatial distribution
of hypocenters of an earthquake sequence) [Gai0O]. Even 3-D wavelets (see Section
9.1), namely a 3-D Mexican hat, have been used for the description of seismicity of
a large area in the western Alps [75]; and, needless to say, 1-D wavelet analysis has
also been applied to seismic time series, in particular, the arrival time of the various
components, S-wave, P-wave, etc. (see, for instance, [104,297,00n00]).

Finally, it is amusing to note that essentially the same technique based on 2-D di-
rectional wavelets has been used for certain problems in metallurgy [236], owing to
the similarity between a metallurgical image (inner structure of a piece of metal) and a
seismic image.

Climatology

Before concluding this section, we have to say a few words on the use of wavelet analysis
in climatology. Most of the applications are in 1-D, typically time series analysis, using
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often the discrete WT. We refer to [Fou94] or [250] for a review. An exception is the
work of Hudgins et al. [227] on atmospheric turbulence, which uses the CWT in an
essential way (this is the paper in which they introduced the wavelet cross-correlation
function or wavelet cross-spectrum). Another one in the same spirit is that of van
Milligen [273] on turbulence in fusion plamas. In both cases, the wavelet method turns
out to be superior to the standard Fourier techniques.

As for 2-D examples, the prime domain is again that of turbulence in fluids, that we
will discuss in Section 5.3.1. In addition to the latter, an interesting application was
made by Kumar [249], namely, to determine the so-called scale space anisotropy of geo-
physical fields. By this, one means that such fields are not only highly anisotropic over
a wide range of scales, for dynamical reasons, but, in addition, different scale features
are oriented in different directions (exactly as for the geological fault arrays described
above). A typical example is provided by hurricanes, where the scale anisotropy is obvi-
ous. In many other cases, however, the anisotropy is present in a subtle way, that cannot
be properly detected by classical techniques, such as spectrum- or correlation-based
techniques. As an alternative, Kumar uses a 2-D Morlet wavelet analysis to character-
ize scale space anisotropy in radar-depicted spatial rainfall, by studying the fraction
of energy in different directions at different scales. For that purpose, he introduces the
relative scale-angle spectrum (2.58), which is sufficiently sensitive to reveal the subtle
presence of scale space anisotropy in random fields. In the particular example treated
here, the author is able to conclude that ““ ... arainfall field might show an anisotropic
structure that might not be obvious from a typical spectral analysis and may have wider
implications in modeling and sampling problems.”

Another application, closely related to the previous one, is the use of 2-D wavelets for
enhancing thin-line features in meteorological radar reflectivity images [212]. Thin-line
features in reflectivity correspond to surface wind convergence lines that can potentially
lead to the initiation of thunderstorms. Thus the detection, preferably automatic, of such
features is an important ingredient in the short time forecasting of thunderstorms. It turns
out that a directional wavelet is required, namely a 2-D Morlet wavelet or a separable
substitute built on the model (3.24). Once again, we see the superior discrimination
power of directional wavelets in physical applications!

In addition to the directional aspects analyzed in the previous applications, it is a
fact that many meteorological phenomena have a distinctly fractal behavior. Clouds
are a good example, but several artificial examples, such as random surfaces, share the
same property. Thus, it is not surprising to find several applications of wavelets to such
fractal structures. We will discuss some of them in Section 5.4.1.

5.3  Applications in fluid dynamics

The wavelet transform, both continuous and discrete, has been successfully applied to
the analysis of 2-D developed turbulence in fluids, especially for localization of coherent
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structures in the distribution of energy or enstrophy. This topic is briefly described in
Section 5.3.1. In addition, we will describe here two other applications of 2-D wavelets
in fluid dynamics, which rely on the possibility of local filtering, both in direction and
in position, with directional wavelets.

Detecting coherent structures in turbulent fluids

Turbulence in fluids is a phenomenon that has resisted analysis until now. After more
than a century of research, no real theoretical understanding of the dynamics of a tur-
bulent flow has been achieved. There only exist various statistical or phenomenological
models, which are widely used in practical applications, but lack a genuine justification.
Even the very definition of the terms used does not always achieve a consensus among
physicists. On the other hand, there is a huge amount of experimental data. In order to
understand the role of wavelets in this context, we have to go back to the basics. For a
general review, we refer to [165].

The starting point is the system of Navier—Stokes (NS) equations governing the
evolution of an incompressible Newtonian fluid:

-

av

2 2=, 1o L=
5 +@-VYv+—-Vp = vAv+ F (5.8)
P

V-3 =0, (5.9)
supplemented by adequate initial and boundary conditions. In these equations, v =
v(X, t) is the velocity, p = p(X, t) the pressure, F the external force per unit mass,
p a constant density, and v the constant viscosity. The NS equations (5.8)—(5.9) are
often expressed in terms of vorticity, namely o=V x v, which measures the local
rotation rate of the fluid. In dimension 2, the NS equations are formally the same,
but the velocity field reads v(X) = (u(x, y), v(x, y)) and the vorticity reduces to the
pseudoscalar @ = d,v — d,u. Then the fundamental quantities are the total energy and
the total enstrophy, defined as, respectively

_ l 25 >, 2 _ l 22 bod 2
E@) = d°x [v(x, nl”, Z(t) = d°x lo(x, )|,
2 Jo 2 Jo

and their Fourier transforms, the energy and enstrophy spectra (€2 is the volume occupied
by the fluid).

Fully developed turbulence is the regime of very large Reynolds numbers Re ~ 1/v,
v — 0 (in practice, in aeronautics, meteorology or combustion, for instance, Re varies
between 106 and 10'2). In this regime, the nonlinear advection term (3 - V)i be-
comes dominant, by several orders of magnitude. As with the semiclassical limit
h — 0 in quantum mechanics, this changes the character of the equation. As a re-
sult, not only is there no analytical solution known, but the NS equations cannot be
solved numerically in this regime with present day computers, unless some drastic
simplifications are made. Instead, since turbulent flows are highly unpredictable, one
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has to use statistical models, requiring some basic assumptions, such as statistical
homogeneity and isotropy, or ergodicity, which allows one to replace ensemble averages
by space averages. All this led, for example, to the celebrated 1941 cascade model of
Kolmogorov [165].

Yet turbulent fluids often exhibit coherent structures, that is, structures in the energy
or the enstrophy spectrum that persist through a large range of scales (vorticity tubes,
often called filaments), but are highly unstable. Clearly, the mere existence of these
invalidates the statistical assumptions. In addition, the averaging processes, while
satisfactory at low Reynolds numbers, ignore the coherent structures, since they have a
small extent in space and in time. These are, however, an essential aspect of fully devel-
oped turbulence, and thus statistical models are inadequate for Re >> 1. This situation
led Marie Farge to introduce, back in 1988 [163], wavelet methods for detecting and
analyzing the time evolution of such coherent structures. Since then, she and her collab-
orators have devoted a huge amount of research work in this direction. Many different
techniques have been used, wavelets (CWT and DWT), wavelet packets, multifractal
techniques. In retrospect, the basic idea is always to separate the coherent structures,
which are analyzed with wavelets, from the background flow, treated by statistical
methods. This is, of course, not the place to go into the details of this considerable,
but rather specialized work, which represents one of the most spectacular applications
of wavelet analysis in physics. We refer the interested reader to the extensive review
papers by M. Farge et al., which contain references to the original work [164,165,335].
In addition, a 1-D application to intermittent turbulence in atmospheric data is given
in [211].

Directional filtering

We will turn instead to applications that use specifically directional wavelets. As a
consequence of their good directional selectivity, the Morlet and Cauchy wavelets are
quite efficient for directional filtering. In order to illustrate the point, we analyze in
Figure 5.12 a pattern made of rods in many different directions (a). Applying the CWT,
with a Cauchy wavelet in a fixed direction (here horizontal), selects all those rods with
roughly the same direction (b), whereas the other ones, which are misaligned, yield
only a faint signal corresponding to their tips, in agreement with the behavior discussed
above. Since this is in fact noise, one performs a thresholding to remove it, thus getting
a clear picture (c). In this way, one can count the number of objects that lie in any
particular direction. Note that the same pattern was analyzed with a Morlet wavelet
in [18,19], and the result is slightly less neat.

Figure 5.13 presents another example of directional filtering, this one with the Gaus-
sian conical wavelet (3.37). The picture represents bacteria, seemingly at random.
However, after filtering successively at —10°,45°, and 135°, one realizes this latter
orientation is significantly more populated.
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Fig. 5.12. Directional filtering with a Cauchy wavelet (AR P = 20°) oriented at 6 = 0°: (a) the
pattern; (b) the CWT; (c) the same after thresholding at 25%.

Measuring a velocity field

In the first example [Wis93,375], the aim is to measure the velocity field of a 2-D
turbulent flow around an obstacle. Velocity vectors are materialized by small segments,
by the technique of discontinuous tracers. Tiny plastic balls are seeded into the flow
and illuminated by a “plane of light,” in order to get a 2-D image. Then two successive
photos are taken with a fast CCD camera, with exposure times of 700 and 6000 us, re-
spectively. In this way one gets a “dot-bar” signature for each tracer, which materializes
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Fig. 5.13. Another example of directional filtering, with a Gaussian conical wavelet: (a) the original
image, representing bacteria; (b) filtering at —10°; (c) the same at 45°; (d) the same at 135°.

the direction and the length of the local velocity (see an example in Figure 5.14, taken
from [Wis93]). In order to get sufficiently many data points, one superposes several
such pictures, typically 16. First one computes the WT of the resulting image with a
Morlet wavelet, which selects those vectors that are closely aligned with the wavelet.
Then a second analysis is performed with a wavelet oriented in the orthogonal direc-
tion, thus completely misoriented with respect to the selected vectors. Now the WT
sees only the tips of the vectors and their length may be easily measured. The same
two operations are then repeated with various successive orientations of the wavelet.
Using appropriate thresholdings, the complete velocity field may thus be obtained, in a
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Fig. 5.14. The dot-bar signature of tracers in the fluid flowing from left to right (from [Wis93]).

totally automated fashion, with an efficiency sensibly better than with more traditional
methods. Two examples of reconstructed velocity fields from [Wis93] are given in Fig-
ure 5.15, corresponding to a quasi-laminar flow and a turbulent flow around an obstacle
(again the flow comes from the left; units are normalized to the size of the experimental
area). Notice that the analysis gives in principle both the modulus and the phase of
the WT. But here, contrary to the simple applications like contour detection [13], the
phase cannot be exploited, the data are too noisy. Thus one loses some precision on the
orientation. Nevertheless, the method is remarkably efficient.

In the same vein, the 2-D CWT (again Cartesian only) has been proposed for im-
proving the method of holographic particle velocimetry, which consists in measuring
the velocity of particles in a fluid by exploiting holograms of fluid volumes [10].

Disentangling of a wave train

A second example originates from underwater acoustics. When a point source emits a
sound wave above the surface of water, the wave hitting the surface splits into several
components of very different characteristics (called respectively “direct,” “lateral,”
and “transient”). The resulting wave train is represented by a linear superposition of
damped plane waves, and the goal is to measure the parameters of all components. This
phenomenon has been analyzed successfully with the WT both in 1-D [334] and in
2-D [18], and the extension to a 3-D version is straightforward.

Let us give some details of the method in the 2-D case. The signal representing the
underwater wave train is taken as a linear superposition of damped plane waves:

N 7 -
fE =) cperte, (5.10)
n=1

where, for each component, ic), is the wave vector, fn is the damping vector, and
¢, a complex amplitude. Then, using successively the scale-angle and the position



203 5.3 Applications in fluid dynamics
]

05
04 +
03 +
02 +
01 +
00 +
-01 +
-02 +
-03 +
-04 +
05 } } } } }

-9,68 -8,68 -7,68 -6,68 -5,68 -468 X

(a)

-2,0 f f f f f f f f f } = x
-20 -5 10 -05 0,0 0,5 1,0 1,5 2,0 2,5 3,0 3,5
(b)

Fig. 5.15. Two examples of reconstructed velocity fields: (a) a quasi-laminar flow; (b) a turbulent

flow around an obstacle (from [Wis93]).

representations described in Section 2.2.3, one is able to measure all the 6N parame-
ters of this signal with remarkable ease and precision.

The method proceeds in three steps and uses explicitly the phase space interpretation.
First one computes the CWT of the signal (5.10) with a Morlet wavelet. By linearity,
the result is the linear superposition of the contributions of the various components.
Moreover, each component is the product of two factors, where the first one depends
onb only and the second one on (a, ) only:

N
F(b,a,0)=) c;, Fi(a.0). (5.11)

n=1
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Actually, the resulting function may be written explicitly in terms of the phase space
variables introduced in Section 2.3.2, for instance, F,(a, 8) = F, (7).

Now we go to the scale-angle representation and consider the WT (5.11) for fixed
b. Then a straightforward calculation shows that, for each term in this superposition,
a'F,(a, ) admits a unique local maximum. Now, in the full transform (5.11), each
term has its own local maximum, but these need not be well separated: one maximum
may hide another one, totally or partially. This masking effect will happen, for instance,
when:

* one component has a much bigger amplitude, |c; ,| > [cj |, for all m not equal to n

(total masking);

* two wave vectors are close to each other, l?n ~ l_c'm, but with different amplitudes,

¢zl > lcj,, | (partial masking).

In both cases, the two waves can be separated, by increasing the selectivity of the
wavelet (for instance, using a Morlet wavelet with a more anisotropic modulus). If the
two waves have close wave vectors (/2,, ~ /Em) with similar amplitudes (|c; ,| =~ [z, ]),
but different damping vectors (1€n #* /?m ), then they can still be separated, by changing the
observation point b. Otherwise the method will fail, the two waves interfere inextricably,
none of them dominates the other one.

When the masking effect is not too important, the maxima will be sufficiently promi-
nent that the interferences between the different components will become negligible
(in the modulus) and one may write:

N
|F(b,a,0)] = ) Ic; | 1Fua, 0)], (5.12)

n=1

One then reverts to the position representation, choosing for (a, 6) each maximum
successively. In each case, the filtering effect of the CWT essentially eliminates all
components except one, which is then easy to treat. In this way, one is able to measure
all the 6 N parameters of the signal easily.

A striking example is given in [18], illustrating the power of the method as well as
the role of the anisotropy factor € of the Morlet wavelet. The signal is the superposition
of four damped plane waves, with different wave vectors l_c),,, except that the directions
of iél and %4 differ by 20° only. As a result, wave # 1 partially masks wave # 4: when
the analysis is performed with a Morlet wavelet with € = 1, the corresponding maxima
in the scale-angle representation are not well separated [Figure 5.16(a)]. When one
uses instead a wavelet with € = 5, the two maxima are clearly identifiable and and can
be localized precisely (b). Notice that the “footprint” of the wavelet is not an ellipse,
because the radial coordinate usedis a ', not a. Now the procedure allows to reconstruct
each of the four components almost perfectly [18]. Only wave # 4 keeps some trace of
interference with wave # 1, the others are indeed pure waves. In order to remove this
effect, one should first subtract wave # 1 from the signal and redo the analysis.
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() (b)

Fig. 5.16. Disentangling of a four component wave train with a Morlet wavelet: the four maxima (a)
with € = 1; (b) with € = 5 (from [18]).

5.4

5.4.1

Fractals and the thermodynamical formalism

Analysis of 2-D fractals: the WTMM method

Many physical phenomena require a wide range of scales for a complete description of
their properties. The paradigm, of course, are fractals, which are complex mathematical
objects that have no natural length scale. More precisely, a fractal, be it in 1-D or in
2-D, is by definition self-similar under dilation, either globally (genuine fractal) or
locally (multifractal). Physical examples abound. For instance, all kinds of random
walks used to mimic various noisy dynamical behaviors, financial time series, geologic
shapes (such as the fault systems descibed in Section 5.2.1), interfaces that develop in
growth processes far from equilibrium, fractal growth processes (such as the so-called
diffusion-limited aggregates), electrodeposition clusters, etc. A fractal is in general
a very irregular object (for instance, its support may be a Cantor-like set), hence it
should be represented by a singular measure, rather than a function. In order to cope
with such situations, the so-called multifractal formalism has been developed. Now,
central concepts of the theory, such as generalized fractal dimensions or spectrum of
singularities of the measure, are closely related to ideas from statistical mechanics (as
a matter of fact, the standard “box counting” method is already of a statistical nature).
Thus one speaks also of a thermodynamical formalism of fractal analysis. A review of
this formalism may be found in [47] or [293].

Since scaling is the most significant operation in the context of fractals, the CWT is
a natural tool for analyzing them. Clearly the continuous version of the WT is essential
here, since the characteristic scaling ratio is unknown a priori. The first step is to extend
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the CWT to singular measures. This was achieved in 1-D by Holschneider [221] and
Arnéodo et al. [45], then extended to 2-D by Arnéodo and his group in Bordeaux,
including one of us (R.M.) [43]. We briefly describe the key steps of the formalism.

We take the most general case, namely, an object described by a fractal measure
w on R?, The standard thermodynamical formalism (spectrum of generalized fractal
dimensions) yields only statistical information about the object as a whole. To get
precise local information requires a wavelet transform. The CWT of the measure ©
with respect to the wavelet ¥ is defined as

T(l(b. a, ) = / du(®) Y(a='r_o(F — b)). (5.13)

In the isotropic case, we write simply

TIul(b, a) = / du(E) Y(a=\(F — b)). (5.14)

Assume now that the measure has the following scaling behavior (self-similarity)
around the point X,:

wW(BE, re)) ~ 2% (B(E, €)), A >0, (5.15)

where B(X, €) is a ball of radius € around X, and «(X,) is the local scaling exponent.
Using the covariance property of the CWT (Proposition 2.2.3), it is easily shown that
the WT of the measure p scales in the same way:

T[u)(F, 4+ Ab, ra, 0) ~ 2% T[ulE, + b, a,6), *— 0. (5.16)

This relation is the key to the wavelet analysis of fractals. For instance, the local exponent
a(X,) may be obtained by plotting log | T [u](a, 0, l;)l versus log a, for a small enough.
This would suffice for an exact (global) fractal, such as a numerical snowflake, for which
a is constant over the whole object. For a genuine multifractal, «(X,) varies from point
to point, and then (5.16) allows one to compute the generalized fractal dimensions and
the singularity spectrum of the object. This wavelet approach to the thermodynamical
formalism of fractal analysis has been developed systematically by Arnéodo and his
collaborators in Bordeaux. It is instructive to give some hints about the basic ideas of
the formalism.

We first go back to the standard multifractal formalism. Given a singular measure j,
it can be described in terms of its g-moments as follows. Suppose we cover the support
of  with N(€) boxes B;(¢) of size €. Then the scaling behavior of © will be deduced
from the partition function

N(e)
Z(g.e)=Y_ ple), where p; = u(Bi(€). q € R. (5.17)
i=1
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In the limit € — 0T, Z(g, €) behaves as a power law:

Z(q,e)~ €D e — 0",

Finally, the spectrum of generalized fractal dimensions is obtained from the exponents
7(g) by the relation

D, =1(q)/(qg = 1),

and these in turn completely characterize the singular behavior of the original measure
W, in particular, the local Holder exponents that describe it (see [47,292]).

Now the rationale for reinterpreting this formalism in terms of wavelets is that the
WT tends to “forget” the regular part of the signal (because of the vanishing moments)
and focus on the singular part. A naive way of achieving this would be to take as
partition function, instead of (5.17),

Z<q,a)=/d£ FlGE @), qeR (5.18)

(in 1-D, one uses simply |7 (x, @)| as WT modulus, see (2.66)). This is a bad choice,
however, since Z(q, a) might diverge for ¢ < 0. Instead one replaces the integral over
X by a discrete sum over the local maxima of T[](X, a), for fixed a, that is, precisely
the WTMM introduced in Section 2.3.5. The justification of this choice is that [262]
(i) the maxima lines (ridges) have the same scaling behavior as the WT itself, and (ii)
each maxima line [ = (l;,(a), a) points, as a — 0, to a point 131(0) which corresponds
to a singularity of u and, in addition, the WT modulus scales along the line as

T[] (Bi(a), @) ~ a® @O,

Thus the wavelet plays the role of a generalized “oscillating box” and the scale a defines
its size. Actually, the definition of the partition function can be further refined by using
explicitly the WTMMM, as follows. Let L£(a) denote the sets of ridges that exist at
scale @ and contain a maximum at a scale @’ < a. Then one defines finally the partition
function

q

Zqay= ) | sw TG . (5.19)
leL(a) (X,a")el,a’'<a

In fact, introducing the “sup” amounts to adapting the size of the wavelet along the

ridge so as to avoid divergences. Here again, the exponents 7(q) are defined from the

power-law behavior of Z(g, a) as a — O:

Z(g,a) ~a"?, a — 0F.

(In the analogy with thermodynamics, ¢ and 7(g) play the rdle of inverse temperature
and free energy, respectively.)

The WTMM technique has been applied successfully to a wide variety of examples
[43,44,47], that cover both artificial fractals (numerical snowflakes, diffusion limited
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aggregates, recursive fractal functions) and natural ones (electrodeposition clusters,
various arborescent phenomena, fully developed turbulence data, clouds). The method
permits the measurement of the fractal dimensions and the unraveling of universal laws
(mean angle between branches, azimuthal Cantor structures, etc.). In 2-D, it should be
remarked that the analysis uses exclusively an isotropic wavelet (usually a 2-D Mexican
hat), and thus there is no 6 dependence in (5.16). However, this may not be the end of
the story. Indeed we shall exhibit in Section 4.5.2 below a fractal (“twisted snowflake™)
whose structure requires a directional wavelet for its complete determination.

In more recent work, the attention has focused on 2-D applications, around the theme
of rough surfaces: fractional Brownian surfaces, anisotropic self-affine rough surfaces
[Dec00,53], synthetic multifractal rough surfaces [129], cloud structure [52,54]. This
last item opens a whole world of applications to physical processes, in particular to
meteorology, since fractal objects abound there.

Another application, closely related to the previous analysis, concerns the analysis
of real rough surfaces, that is, metal surfaces obtained after various kinds of machining
processes. Here too, the 2-D wavelet transform yields a useful tool [235]. Actually the
object to analyze is essentially the texture of the surface, which brings us to another
field of application, namely, texture analysis, that we will discuss in Section 5.5.

A last point to notice in this context is that, considering the heavy computational cost
of the 2-D CWT, the Bordeaux group has designed an ingenious hardware version, called
the Optical WT [Arn95,46]. The technique, based on Fraunhofer diffraction, a familiar
tool in optics, amounts to obtaining the WT with a binary approximation to the isotropic
Mexican hat, that is, using as isotropic wavelet the Bessel filter described in (3.9)—
(3.10). With this tool, they obtained beautiful pictures of CWT analyses of diffusion-
limited aggregates [Arn95,43,46]. The technique could not, however, be pushed to
full implementation for lack of a sufficiently fast CCD camera — or, equivalently, a
sufficiently large budget!

Actually, several optical implementations of the WT have been proposed in the
literature. However, they are often limited to 1-D data or, in the 2-D case, to Cartesian
coordinates (translations and separate scaling factors in the x and y directions). We
refer the interested reader, for instance, to a feature issue of Applied Optics dedicated
to this topic [255]. An alternative optical approach, based on a special type of grating
and able to reproduce many types of wavelets, has been presented in [269].

The isotropic Mexican hat has also found applications in optics proper, for instance,
in the determination of the wave aberration coefficients of a rotationally invariant optical
system, from the measured data of wave front deformations [340]. The result is that the
wavelet method is more efficient and more robust to noise than standard least squares
methods. Another application of the 2-D CWT in optics is to moiré interferometry, a
well-established optical technique for measuring displacement and strain in materials,
based on phase analysis of interference fringe patterns [238]. Thus a complex wavelet
is needed, and the authors resort to a modified Morlet wavelet, obtained by replacing
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the Gaussian by a cubic spline, as advocated by Unser [357], and once again, the CWT
method proves superior to the standard Fourier techniques.

Shape recognition and classification of patterns

The characterization of a 2-D shape from its outlines is an important problem in several
applications of image analysis, such as character recognition, machine parts inspection
for industrial applications, characterization of biological shapes such as chromosomes
and neural cells, and so on. Furthermore, in the field of human vision and perception,
2-D shape analysis also plays a central role in psychophysics and neurophysiology.
There are two general approaches to shape characterization: region based, which
deals with the region in the image corresponding to the analyzed object; and boundary
based, where the shape is characterized in terms of its silhouette [Pav77]. The former
is intrinsically 2-D, dealing directly with planar primitives and concepts, and thus 2-D
wavelets may be used directly. The latter, however, mimics 2-D operations through
1-D representations, and is referred to henceforth as contour characterization. An
alternative to standard techniques consists of representing the shape by the complex
curve that describes its boundary, and applying the 1-D CWT to this complex signal
[Ces97,21], as outlined in Figure 5.17. This leads to the so-called W-representation,
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Fig. 5.17. Basic framework for 2-D shape characterization from its outline (from [21]).
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which allows an easy way of performing a number of standard tasks (for instance, in

machine vision), such as detection of dominant points, shape partitioning, natural scales

analysis.

As compared to other techniques, the W-representation has the following useful
characteristics, which are desirable for purposes of shape analysis [275] and follow
directly from the basic properties of the CWT:

* uniqueness, because of the invertibility of the CWT;

* invariance under translation, scaling and rotation;

* robustness to local modifications of the shape;

» efficiency and ease of implementation.

Notice that an essential ingredient of the technique is the wavelet-based fractal analysis

discussed above. In particular, one resorts systematically to the different types of local

maxima lines defined in Chapter 2, Section 2.3.5. More precisely:

* The algorithm for the detection of dominant points, e.g. corners, is based on the vertical
maxima lines, namely, their position and some relevance measure, for instance, their
length.

* The detection of periodic patterns and the so-called natural scales is based on the hor-
izontal maxima lines, since this amounts essentially to determining the instantaneous
frequencies in the signal.

* Finally, the fractal behavior of certain contours is analyzed with the standard technique
sketched in Section 5.4.1.

This analysis has numerous applications. An original one is the classification of neurons

according to their complexity, that is, their fractal dimension [Ces97]. Of course, shape

analysis is a whole different world. For an up-to-date review of it, we refer to the recent
monograph of L. da F. Costa and R. M. Cesar, Jr. [Cos01].

9.9

Texture analysis

The determination and classification of textures in images is an old and difficult problem,
with many potential applications, notably in computer vision. Numerous methods have
been designed to that effect. Most of them are of a statistical nature, such as Markov
random fields, but one has also used Gabor analysis [234] and various kinds of wavelet
transforms. We shall concentrate on the latter, of course.

Some proposals have been made with the standard (Cartesian) discrete WT (see
[166] for instance), but, since most textures possess directional features, it is more
natural to use oriented wavelets for attacking the problem. An example is the steerable
wavelet pyramid developed by Simoncelli and his collaborators (see Section 2.7). This
technique was used in [317] as a basis for a parametric texture model based on joint
statistics of wavelet coefficients. It has been considerably developed by Do and Vetterli
[Do01,140,141], using appropriate generalizations of the ridgelets and curvelets (these
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will be described in Chapter 9 and Section 11.1), and combining them with wavelet-
domain hidden Markov models.

Alternatively, one can use the plain 2-D CWT with an oriented wavelet. Actually
a similar solution was proposed long ago by Rao and Schunck [323], using the first
derivative of a 2-D Gaussian, (3.15), already considered by Canny [98] (see Section
3.3.1.1). This is indeed an oriented wavelet, but it is not directional in the technical
sense. (In addition, one may find in [323] a survey of the early literature on texture deter-
mination.) Texture analysis with a genuine directional wavelet (a Morlet wavelet) was
done first by Gonnet [195], using the characterization of the instantaneous frequency
of the signal as a vector field [196] (Section 2.3.5). Further results were obtained by
Murenzi et al. [290], using the same wavelet (truncated Morlet, also called Gabor fil-
ter) and the scale-angle representation. A more efficient technique yet is that of the
directional dyadic wavelet packets [360] (Section 2.6.4). Substantial advances in the
classification of textures have been obtained recently along this line by Menegaz et
al. [270]. As usual in the framework of computer vision, a pattern is represented by
a feature vector, as explained in Chapter 4, and the classification is made in defining
similar images as those whose feature vectors are close to each other, in the sense of
some notion of distance (often Euclidean or L?). In order to use directional wavelet
packets for this problem, one simply includes the directional details at each scale among
the components of the feature vectors. The latter become longer, but the efficiency of
the method for texture discrimination increases significantly.

A related topic is the so-called shape from texture problem, which can be formulated
as follows. We are given a 2-D photograph of a 3-D surface, which displays a pattern or
a texture, more or less regular. The image gives a distorted view of this texture, which
depends of the geometry of the surface. The goal is to reconstruct the original surface
from the distorted image.

The problem is usually split into two steps. First one measures the local distortion of
the image, then one recovers the original surface. For the first step, some assumptions
are usually made about the type of surface and texture. It turns out that the CWT is an
efficient tool for the estimation of distortions, as first proposed by Super and Bovik [348]
and Hwang er al. [229]. The planar surface is assumed to have a homogeneous texture,
which is modeled as a linear superposition of plane waves. A further paper [231]
considers a plane containing several textures with different orientations, a situation
which requires first a segmentation step. In both cases, the authors rely on the properties
of the ridges of the 2-D wavelet transform (Section 2.3.5). Further work along the
same line was made in [179], exploiting the well-known covariance properties of the
CWT under translation, rotation, and scaling. Here too, the authors consider a single
homogeneous (sinusoidal) texture, and study its deformations.

An alternative to this deterministic model is to describe the texture by a stationary ran-
dom process. This approach has been developed by Clerc and Mallat [Cl1e99,106,107]
for the general case of a curved surface. In addition, they consider general distortions,
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I
for instance, anisotropic scalings. Since the conventional CWT is no longer covariant
under such transformations, they introduce instead the so-called warplet transform,
replacing the familiar global scaling by a distortion matrix which is not a multiple of
the identity (the name refers to the fact that the image presents a warped view of the
surface). This technique, while conceptually interesting, leads to high computational
costs, in particular, the formalism of [179] cannot cope with it.

I

5.6 Applications of the DWT

For the sake of completeness, we conclude this chapter with some remarks on the
applications of the DWT. As we said already, the latter is used in the majority of
applications, but this is not the main subject of the present book. Thus we will give
only a few indications.

As with other methods, wavelet bases may be applied to all the standard problems of
image processing. The main problem of course is data compression, and for achieving
useful rates one has to determine which information is really essential and which one
may be discarded with acceptable loss of image quality. Significant results have been
obtained in the following directions.

* Representation of images in terms of wavelet maxima [264], as a substitute for the
familiar zero-crossing schemes [Mar82].

* In particular, application of this maxima representation to the detection of edges, and
more generally detection of local singularities [262].

* Image compression and coding using vector quantization combined with the WT [41].

» Image compression, combining the previous wavelet maxima method for contours
and biorthogonal wavelet bases for texture description [176].

» Image and signal denoising, by clever thresholding methods [144].

Some applications are less conventional. For instance, a technique based on the
biorthogonal wavelet bases [108] has been adopted by the FBI for the identification
of fingerprints. The advantages over more conventional tools are the ease of pattern
identification and the superior compression rates, which allows one to store and transmit
a much bigger amount of information in real time. The full story may be found in [87].
Another striking application is the deconvolution of noisy images from the Hubble
Space Telescope, by a technique combining the DWT with a statistical analysis of the
data [Bou93,85,328]. The results compare favorably in quality with those obtained by
conventional methods, but the new method is much faster. One should also quote a large
amount of work under development in the field of High Definition Television, where
wavelet techniques are being actively exploited; here again the huge compression rates
make them specially interesting.

As for applications of the multidimensional DWT more specifically oriented to
physics, we like to mention two. The first one is in quantum field theory (although
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it was done before the wavelet techniques were born): various perturbation expansions
(the so-called “cluster expansion”) used in the analysis of Euclidean field theory mod-
els are in fact discrete wavelet expansions [65]. Actually the summation over scales,
indexed by j, was originally motivated by renormalization group arguments. In the
same domain, we may note that wavelet bases have been used also ( [66] and refer-
ences therein) for estimating the time evolution of solutions of some wave equations
(Klein-Gordon, Dirac, Maxwell or the wave equation), or even to expand solutions of
the equations in terms of dedicated “wavelets” (although the functions introduced in
the last case seem rather far away from genuine wavelets [239]).

The other application resorts to solid state physics, namely the Quantum Hall Effect
(quantization of the electric conductivity) that occurs when a 2-D electron gas is submit-
ted to a strong transverse magnetic field. Here orthonormal wavelet bases may be used
for generating localized orthonormal bases for the lowest Landau level, a necessary
step towards the analysis of the Hall effect [14,36,57,58].
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Group theory and matrix geometry of wavelets

In Chapters 1 and 2, we have studied systematically the continuous wavelet transform in
one and two dimensions, respectively. As already emphasized there, the properties of the
transforms in the two cases are remarkably similar. In 2-D we have formalized them in
the three propositions 2.2.1,2.2.2 and 2.2.3, and essentially the same statements may be
made in 1-D. A moment’s reflection shows that one could write out, without difficulty,
an entirely parallel mathematical description in any dimension n > 1. Clearly there
must be some unifying principle underlying the picture. The question is, of course,
what is this principle? As so often in such situations, the answer is to be found in
group representation theory, i.e., by looking at the underlying geometry of the space
of signals. The various transformations (translation, rotation, zoom, etc.) that a signal
may undergo, determine a set of mathematical symmetries, which, interestingly enough,
can be expressed in simple matrix terms and, as will be made clear in the following,
the signal space itself — as a mathematical object — emerges as a consequence of this
geometry.

But we have been using group theory all along! Indeed, to draw on a literary analogy,
like Moliere’s Monsieur Jourdain speaking in prose without knowing so, we have been
using group-theoretical language throughout our analysis! It is the aim of the present
chapter to demonstrate this fact. By so doing, we intend to achieve three goals. First,
group theory will provide us with a unifying picture to view all the mathematical
properties of signals that we have derived by hand, so to speak. Second, we hope to
convince the reader that the group-theoretical approach is not only aesthetic, it is also
simpler, in that it allows us to understand the deeper mathematical structures involved
in a simple language. Finally, rewriting our results in this language allows us to easily
extend the concept of a CWT to more general manifolds (i.e., more complex spaces of
signal parameters), which we shall explore in later chapters: the n-dimensional space
R", space-time R!'*! or R'*3, the two-sphere S? or the n-sphere S”, etc. Indeed, as
recalled in the Prologue, this was the decisive factor in extending the CWT from one
to two dimensions in R. Murenzi’s thesis [Mur90], the key step being to identify the
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relevant group and its realization in the space of signals. To set the stage, let us analyze
this mathematical structure in some detail. We shall do this first in 1-D, in this chapter,
and then take up the 2-D problem in the next chapter.

We emphasize that the next three chapters, while interesting and intellectually satis-
fying, are not prerequisites for the last three, Chapters 9 to 11, which will treat various
extensions of the wavelet transform studied so far. In addition, we have collected in
the Appendix some pertinent definitions and results from group theory, that we hope
would help the group theoretically uninitiated reader to understand the material and to
appreciate better the breadth of its scope.

The 1-D CWT revisited

We start with the basic 1-D transformation (1.4):

X —

Y(x) = Ypa(x) = a2y ( b), beR, a0, 6.1)

and rewrite it in the form

Yo.a(x) = ||y (b, )" 'x), 6.2)

where we have introduced the affine transformation of the line, consisting of a dilation
(or scaling) by a # 0 and a (rigid) translation by b € R:

x = (b,a)y =ay +0b, (6.3)

and its inverse

y=(b,a)x = xai . (6.4)

Writing ¢ = v, , and making a second transformation on ¢ we get

P(x) > dyw(x) = |a' | 2D, a) ' x)
= lad' | Y, d)"'(b,a)"x)

= |aa’|_%w(w)_ (6.5)

aa’

This shows us that the effect of two successive transformations is captured in the
composition rule

(b,a)b',a') = (b+ab,aad), (6.6)

which, if we represent these transformations by 2 x 2 matrices of the type

(b,a)z(g 11’) a#0, beR, 6.7)
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is reproduced by ordinary matrix multiplication. The point to be noted about these
matrices is that the product of two of them is again a matrix of the same type and so
also is the inverse,

-1
4 _f(a b\ _fa' —a'b
b, @) _(o 1) _(0 | )

of such a matrix. Furthermore, the 2 x 2 identity matrix is also in this class. In other
words, the set of matrices (6.7) constitute a group, called the (full) affine group and
denoted G . Note also, that if we consider only those matrices in (6.7) for which
a > 0, then this set is also stable under multiplication and inverse taking and hence,
it constitutes a subgroup of G ., denoted G;f Coming back to the relation (6.2), we
observe that G or G_i; consists precisely of the transformations we apply to a signal:
translation (time-shift) by an amount » and zooming in or out by the factor a. Hence,
the group G . relates to the geometry of the signals.

Next let us study the effect of the transformation given by the group element (b, a)
on the signal itself. Writing,

V= Ul a)y = vpa,

we may interpret U(b, a) as a linear operator on the space L*(R, dx) of finite energy
signals, with the explicit action,

—b
UGB, a)y)(x) = lal™*y (XT) (6.8)

Additionally, for each (b, a), the operator U (b, a) is unitary, i.e., it preserves the Hilbert
space norm of the signal:

el = ||w||2=/ dx [y 2.

More interestingly, the association, (b, a) — U (b, a) is a group homomorphism, pre-
serving all the group properties. Indeed, the following relations are easily verified:

Ub,a) U ,a)=UMb+ab',aa’)
U(b,a)y™)=Ub,a)' =U(b,a) (6.9)
U(e) =1, with e = (0, 1), the unit element.

We say that the association (b, a) — U (b, a) provides us with a unitary representation
of G .. Note that we may also write,

U(b,a) =T, Dq,

where Ty, D, are the well-known shift and dilation operators, familiar from standard
time-frequency analysis (see also (2.7)—(2.12)):

(Tps)(x) = s(x — b), (Das)(x) = la| 2 s(a™").
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We shall see later that the representation U (b, a) is in a sense minimal or irreducible,
in that the entire Hilbert space of finite energy signals L?(R, dx) is needed to realize
it completely. However, let us first attend to another question which is pertinent here,
namely, why is it that G ¢ is made to act as a transformation group on R (see (6.3) and
(6.4)), even without manifestly identifying R with any set of signal parameters?

The answer to the above question lies in realizing that this space is intrinsic to the
group itself. Indeed, let us factor an element (b, a) € G, in the manner

a b 1 b a 0
(b’a)z(o 1)=(o 1)(0 1)’ (6.10)

and note that the first matrix on the right-hand side of this equation basically represents
a point in R. We also note that the set of matrices of the type appearing in the second
term of the above product is a subgroup of G . Dividing out by this matrix, we get
(b, a)(0, a)~! = (b, 0), which enables us to identify the point » € R with an element of
the quotient space G/ H, (Where H is the subgroup of matrices (0, a), a # 0). Next
we see that, since

66 )6 )6 )6 o)

the action of the group G . on its quotient space G,/ H is exactly the same as its action
on R as givenin (6.3). Thus, the parameter space R on which the signals v (x) are defined
is a quotient space of the group and hence intrinsic to the set of signal symmetries. We
shall see below that the parameter space on which the wavelet transform of i is defined
can also be identified with a quotient space of the group. In fact this space will turn
out to be a phase space, in a sense to be specified later. Before moving on, let us re-
emphasize that the philosophy which seems to be emerging here is that the group (of
signal symmetries) is the determinative quantity and all aspects of the signal and its
various transforms emanate from it.

We come back now to the point made earlier, that the representation U (b, a) was
irreducible. We shall see that it also enjoys a second crucial property, that of being square
integrable. The group G, has a natural action on itself (by matrix multiplication from
the left), according to which, for a given (bg, ag) € G, a general point (b, a) € G
is mapped to (b, a") = (bg, ap)(b, a) = (bo + apb, apa). 1t is not hard to see that the
measure

dbd
du(h, a) = ==, 6.11)
a
is invariant under this action:
dbd db’ da’
a_da (6.12)

Cl2 a/2
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We call the measure du the left Haar measure of G . In a similar manner we could
obtain a right Haar measure d i, (invariant under multiplication from the right), which
would turn out to be d (b, a) = a~! db da. Itis important to realize, that while these
two measures are (measure theoretically) equivalent, they are not the same measure. The
function A(b, a) = a~', for whichd (b, a) = A(b, a) du, (b, a),is called the modular
Junction of the group. The square-integrability of the representation U (b, a) now means
that there exist signals ¥ € L?(R, dx) for which the matrix element (U(b, a)y | ) is
square integrable as a function of the variables b, a, with respect to the left Haar measure
du,ie.,

f / du(b, a) (UG, )P < oo, ©6.13)
Gaff

and a straightforward computation would then establish that the function is also square
integrable with respect to the right Haar measure. Furthermore, it is a fact that the
existence of one such (nonzero) vector implies the existence of an entire dense set of
them. Indeed, the condition for a signal to be of this type is precisely the condition of
admissibility required of mother wavelets.

To derive the admissibility condition, and also to verify our claim of irreducibility
of the representation U (a, b), it will be convenient to go over to the Fourier domain. It
is not hard to see that, on the Fourier-transformed space, the unitary operator U (b, a)
transforms to l7 (b, a), with explicit action,

(O, )W) ) = lal'> Fa&)e 5 (b eR,a#0). (6.14)

The Fourier transform is a linear isometry, and we denote by Lz(@, d§) the image of
L*(R, dx) under this map. It follows that the operators U (b, a) are also unitary and
that they again constitute a unitary representation of the group G . Let 1}\ € Lz(]@, d§)
be a fixed nonzero vector in the Fourier domain. We will now show that the set of all
vectors U (b, a)(/? as (b, a) runs through G, is dense in Lz(f@, d&) and this is what will
constitute the mathematically precise statement of the irreducibility of U. Indeed, let
X € Lz(@, d&) be a vector which is orthogonal to all the vectors U (b, a){//\ :

x| UMb, a)y) =0,Vb € R, a 0.

Using (6.14) we get,

oo
@OG.0P) =10 [~ ds T@T @s)e ™ <o,
—00
By the unitarity of the Fourier transform, this yields x (£) 1///\ (a&) = 0, almost every-
where, for all @ # 0. Since 1’/; # 0, this in turn implies ¥ (§) = 0, almost everywhere.
Thus, the only subspaces of L2(@, d&) which are stable under the action of all the
operators U (b, a) are LZ(]@, dé§) itself and the trivial subspace containing just the zero
vector. In other words, Lz(@, dg) is sort of a minimal space for the representation.
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The unitarity of the Fourier transform also tells us that the representations U (b, a) and
U (b, a) are equivalent and since U (b, a) is irreducible, so also is U (b, a). (Note, this
is also clear from the fact that the linear isometry property of the Fourier transform
implies that

(x UMb, a)y) = (x | U, a)y),
X, ¥ denoting the inverse Fourier transforms of x, 1’/7 , respectively.)
Now we address the question of square integrability. We require that

dadb ~ ~ ~
ff @b\ G, B9 =
Gaff

a2
_ A YT T EN T (e
_ / / / f ded' 5 db o ag) Fag 1 (©) T E)

da ~ —~
=2 —d 2 2
ﬂ// al Y (@dI” [y @)l

0 JE
=2JTIIWII2/ Eﬁlxﬂ(&)lz <0

(the integral over b yields a delta distribution, which can be used to perform the &’
integration and the interchange of integrals can be justified using standard distribution
theoretic arguments). This means that the vector v is admissible in the sense of (6.13)
if and only if

cy =27 /OO % W E))? < . (6.15)

From this discussion we draw two immediate conclusions. First, there is a dense set of
vectors 1’} which satisfy the admissibility condition (6.15). Second, the admissibility
condition (1.10) or (6.15), ¢y, < oo, simply expresses the square integrability of the
representation U. (Note that a vector ¥ € L*(R, dx) is admissible if and only if its
Fourier transform satisfies (6.15).) Defining an operator C on Lz(@, d§),

o~ 2T %A
(CY)E) = [m} V), (6.16)

and denoting by C its inverse Fourier transform, we see that the vector i is admissible
if and only if

cy = ICY|* <00 (6.17)

This operator, known as the Duflo-Moore operator, is positive, self-adjoint and un-
bounded. It also has an inverse. A straightforward computation, using (6.14) and (6.16)
now shows that if a vector i satisfies (6.17), then so also does the vector U (b, a)yr, for
any (b, a) € G .

A word now about the form of the representation U (b, a). How does one arrive at it?
In fact, given the way the group acts on R, x +— ax + b, the representation U (b, a) is
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recognized as being the most natural, nontrivial way to realize a group homomorphism
onto a set of unitary operators on the signal space L?(R, dx). (Unitarity is required
in order to ensure that the signal i and the transformed signal U (b, a)y both have
the same total energy.) Indeed, given any differentiable mapping 7 : R" — R”, the
operator U(T'), on the Hilbert space L>(R", d"x), defined as

U F)E) = |detlJ (D72 F(T7' @),
where J(T') is the Jacobian of the map 7, is easily seen to be unitary. (Recall that
d(T (%)) = |det[J(T)]| dx .)

This provides the rationale for defining the representation U (b, a) by (6.8). Of course,
the interesting point here is that this representation turns out to be both irreducible and
square integrable.

But then, why is square integrability of the representation a desirable criterion for
wavelet analysis? In order to answer this question, let us take a vector ¥ satisfying
the admissibility condition (6.17) and use it to construct the wavelet transform of the
signal s:

S(b,a) = (Vp.als).

As we already know, the total energy of the transformed signal is given by the integral
E(S)=// dp(b, a) | S(b,a)|?, (6.18)
Gagt

and we would like this to be finite, like that of the signal itself. An easy computation
now shows that

ES) = ICyI* lIsl* = ¢y lIslI?, (6.19)

which means that the total energy of the wavelet transform will be finite if and only if
the mother wavelet can be chosen from the domain of the operator C, i.e., if and only
if it satisfies the square integrability condition (6.13). However, this is not the whole
story, for let us rewrite the above equation in the expanded form

E(S)=//G‘ du(b, a) (s | ¥p.a)(Vb.als)

= (s| [//G dub,a) | ¥o.a){(¥b.a I]S)

=cy (s|Is),

I being the identity operator on L*(R, dx) and where, for any nonzero vector ¢ €
L*(R, dx), the quantity | ¢)(¢ | /||¢||> denotes the one-dimensional projection operator
along this vector. (We have also interchanged two integrations with the taking of a scalar
product, without justifying it, but the manipulation can easily be justified using standard
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absolute convergence techniques.) Using the well-known polarization identity for scalar
products, we infer from this the operator relation

1
— // dub, a) |V.a){Vbal =1, (6.20)
Cy Gt

also known as the resolution of the identity equation.

It is immediately clear that (6.20) is completely equivalent to the square integrability
of the representation U (b, a) as expressed in (6.13). The resolution of the identity also
incorporates within it the possibility of reconstructing the signal s(x) from its wavelet
transform S(b, a). To see this, let us act on the vector s € L*(R, dx) with both sides of
(6.20). We get

1
- // dub, a) Ypa(Ypals) =1s =s,
Cy G
implying
1
s(x) = o // du(b,a) S(b, a)yp 4(x), almost everywhere, 6.21)
14 Gair

which is the celebrated reconstruction formula we encountered before. Summarizing,
we conclude that square integrability (which is a group property) is precisely the con-
dition which ensures, in this case, the very desirable consequences of (i) the finiteness
of the energy of the wavelet transform, and (ii) the validity of the reconstruction for-
mula (two properties also shared by the Fourier transform of a signal). The resolution
of the identity condition (6.20) has independent mathematical interest. First of all, it
implies that any vector in L?(R, dx) which is orthogonal to all the wavelets ¥, , is
necessarily the zero vector, i.e., the linear span of the wavelets is dense in the Hilbert
space of signals. This fact, which could also have been inferred from the irreducibil-
ity of the representation U (b, a), is what enables us to use the wavelets as a basis
set for expressing arbitrary signals. In fact we have here what is also known as an
overcomplete basis. Second, this overcomplete basis is a continuously parametrized
set, meaning that this is an example of a continuous basis and a continuous frame.
There is a host of other useful mathematical properties of the wavelet transform and
spaces of transforms, which emanate from square integrability. We proceed to examine
a few.

The space of all wavelet transforms

A finite energy wavelet transform S(b, a) is an element of the Hilbert space L>(H, d ).
Here we have written H = R x R* (R* = real line with the origin removed). Although,
H and G, are homeomorphic as topological spaces, we prefer to denote them by
different symbols, for presently we shall identify H with a phase space of G, arising
from its matrix geometry. Using (6.18) and (6.19) to compare the L>-norm of the
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wavelet transform S (as an element in L>(H, dt)) to the L2-norm of the signal s (as an
element in L2(R, dx)), we get

ISI% = cy lsl? (6.22)

which just means that, up to a constant, the wavelet transform preserves norms (i.e.,
energies). We define a map Wy, : L*(R, dx) — L*(H, du), by the relation

(Wys)a, b) = [C;//]_% (UbalS)2@an = [Cw]_% S(b, a). (6.23)

This map is linear and, in view of (6.22), an isometry, so that its range, which is the set
of all wavelet transforms corresponding to the mother wavelet v/, is a closed subspace
of L2(H, d ). We denote the range by Hy:

9y = Wy [L*R, dx)] € L*(H, dp). (6.24)

From the defining equation (6.23) we infer that §),, consists of continuous functions
over H and hence is a proper subspace of L>(H, d ). It is worthwhile reiterating here
the fact that the condition of Wy, being an isometry implies, not only that the wavelet
transform (with respect to the mother wavelet ) of any signal s € L?(R, dx) is an
element in §)y, but also that every element in ), is the wavelet transform of some
signal s € L*(R, dx).

An intrinsic characterization of the space of wavelet transforms
Is there some convenient, intrinsic way to characterize the subspace $),,? To answer
this question we appeal to the resolution of the identity and a bit of group theory. The
final characterization will be spelled out in Theorem 6.1.1. Multiplying each side of
equation (6.20) by itself we find,

l / / / /
— // dub',a) dub, a) |Ypa) Kyb,a; b, a’) (Y| =1, (6.25)
Cy HxH
where we have written
/ / ]
Ky,a;b',a)= - (Yba | Vi ar)- (6.26)
¥

Acting on the signal vector s with both sides of (6.25) and using (6.23), we obtain

L f du(b, a) [ f du'. ) Ky(b,a: b/,a/>s<b’,a/)} i) = 5(2),
Cy JH H

almost everywhere (the change in the order of integrations being easily justified by
Fubini’s theorem). Comparing the above equation with the reconstruction formula
(6.21) we obtain the interesting identity

/ du',a’) Ky(b,a; b',a)Si',a’) = Sb, a), (6.27)
H
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for almost all (b, @) in H (with respect to the measure d ). This then is the condition
which characterizes wavelet transforms coming from the mother wavelet . It is also
known as the reproducing property of the integral kernel K.

As we know, the kernel Ky, : H x H — C is called a reproducing kernel. It has the
easily verifiable properties:

Ky(b,a;b,a) >0, forall (b,a) € H, (6.28)

Ky,a;b',a") = Ky(',a'; b, a), (6.29)

// du®",a") Ky(b,a; b",a") Ky(b",a";b',a") = Ky(b,a; b',a"), (6.30)
H xH

the last relation being again the reproducing property (6.27) in a different guise (and
in fact following directly from it). The last two equations hold pointwise, for all
(b,a), (b',a") e H.

Nextlet us compute the wavelet transforms of the wavelets v, , themselves. Denoting
the transforms by S; , we find

SpaV', ") = (Y | Yp.a) = cy Ky(',d'; b, a). (6.31)

Since the vectors v, o, (b, a) € H, are overcomplete in L>(R, dx), the wavelet trans-
forms S, , must also be overcomplete in §),,. One also has the easily verifiable resolution
of the identity,

[e] /H du(b,a) | Sp.a)(Spa | = Iy, (6.32)

where we have written I, for the identity operator on §),,. Thus, any vector F €
L*(H, dw) which lies in the orthogonal complement of ), must satisfy

/ du',a’) Ky(b,a; b',aF@',a') = 0.
H

All this goes to say that the reproducing kernel K, defines the projection operator P,
from L*(H, dp) to )y

Py F)(b,a) = / du',a") Ky(b,a; b',aF@', a'), F e L>(H,dp), (6.33)
H

equations (6.29) and (6.30) mirroring the conditions PPy, = IP”&, = IP’fb (star denotes the
adjoint). Stated differently, an arbitrary vector F € L?(H, d1) can be uniquely written
as the sum

F =F, + Fy,

of a part Fy, € §)y and a part va orthogonal to it. The operator [Py, acting on F,
projects out the part Fy, (which is a wavelet transform). It is natural to ask at this point
if Fwl could also be written as the wavelet transform with respect to some other mother
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wavelet. As will be seen below, generally Flj can be written as an infinite sum of
orthogonal wavelet transforms, corresponding to different mother wavelets.

To proceed further, we go back to the affine group, G, and note that there is a
natural unitary representation of it on the Hilbert space L*(IH, d 1), given by its natural
action on HL. This representation U,(b, a), called the left regular representation, acts in
the manner

Ue(b, a)F)B', ") = F((b,a)” (&', ")

b—b a
—F ( , “—), F e LXH, dp). (6.34)
a a

The unitarity of this representation,

2 2
1U(b, a)F”LZ(H.dM) = ”F”L2(H,du)’

is guaranteed by the invariance of the measure d i (see (6.12)). However, the left regular
representation is by no means irreducible, since as we shall see below, the subspace
$)y carries a subrepresentation of it.

The isometry Wy, (see (6.23)) maps the unitary operators U (b, a) onto unitary oper-
ators Uy (b, a) = W, U (b, a)ij Von L2(H, d ). Computing the action of these oper-
ators, using (6.8) and (6.23), we find

/ /
Uy (b, a)F)b',d) = F (b - a—), F ey (6.35)

a a

This is the same action as that of the operators U, (b, a) of the left regular representation,
except that now it is expressed exclusively in terms of vectors in $),,. This means, first
of all, that the subspace §), is stable under the action of the operators U, (b, a) and,
secondly, that restricted to this subspace, it gives an irreducible unitary representation
of Gaff.

Decomposition of the space of all finite energy wavelet transforms
Let ¢ and ¢’ be two different mother wavelets. This means that they are both vectors in
the domain of the operator C (with their Fourier transforms satisfying (6.15)). How are
wavelet transforms, taken with respect to these mother wavelets, related? In particular,
denoting by Sy the wavelet transform of the signal s, taken with respect to the mother
wavelet i, and by Sl’/// the wavelet transform of the signal s’, taken with respect to the
mother wavelet ¥, we would like to evaluate the overlap

Iy, ' s, s) = // du(b, a) S, (b,a) Sy (b, a)
H

= // du(, a) (s"| ¥, ) (Vba | 5). (6.36)
H
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Let us begin by assuming that s, s” are taken from a class of smooth functions (e.g.,
the Schwartz class, S(R)), which is dense in L*(R, dx). Then

a

dbd | . = ~
:// — U d§ |a|7 &’ s/(é)w/(a%‘)}
R JR* a R
X

[ /R dg' a|? e 5 J(a&’)] :

o dbda ~ ~
1<w,w;s,s>=// L S 1) (Fa | )
R JR*

We exploit the smoothness of the functions s, s’ to use the identity

1 . /
—— [ db e =5 — &),
2 R

which holds in the sense of distributions, and then perform the &’-integration to obtain

d —_ ~ N =
1Y, y's s',s) =2m // 70 d§ Y (a&) y'(a§) s(§) s'(§).
RJR

Changing variables, we get

I s 5, 5) = 21 / dy YO ¥ [ / ds?@)%}
R [y R
= (CY|CY") (13).
Thus,

/ / du(b. a) S, (b, a)Sy (b, a) = / / dub, a) (s' |} ) Wpa | 5)
H H
—(CY 1Y) (5] s). 6.37)

Using the continuity of the scalar product (s’ |s) in s and s’, we may now extend the
above expression to all signals s, s’ € L*(R, dx).

Equation (6.37) is a general orthogonality relation for wavelet transforms. In partic-
ular, if Cy and C/' are orthogonal vectors, then the corresponding wavelet transforms
are also orthogonal in L>(H, dj). We may also write this equation in the form of an
operator identity on L*(R, dx):

//H dub, a) |y, ) Ybal =(CY | CY') 1, (6.38)

which clearly is a generalization of the resolution of the identity (6.20). At the risk of

being pedantic, we would still like to emphasize that the above orthogonality relation

implies:

« If s and s’ are signals which are orthogonal vectors in L?(RR, dx), then their wavelet
transforms S and S’, whether with respect to the same or different mother wavelets,
are orthogonal as vectors in L>(H, d ).
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* Spaces of wavelet transforms, $y, )y, corresponding to mother wavelets v/, ¥’
which satisfy the orthogonality condition Cyy 1 Cv/’, are orthogonal subspaces of
L*(H, d ).

Equation (6.38) is a remarkable result. Acting on a signal s € L*(R, dx) with both
sides of this equation, and assuming that (Cy | C¢’) # 0, we get

W // du(b, a) Syb, ayp,,. Yy, =Ub, o)y,

where Sy, (b, a) = (Y4 | 5) is the wavelet transform of s computed with respect to the
mother wavelet 1. Thus, although the wavelet transform is computed with respect to
the mother wavelet ¥, it can be reconstructed using the wavelets of any other mother
wavelet ¢', so long as (Cvr | Cyr’) # 0. Moreover, up to a multiplicative constant, the
reconstruction formula is exactly the same as that in which the same wavelet i is used
both for analyzing and reconstructing (see (6.21)). This indicates, that in some sense,
analysis and reconstruction are independent of the mother wavelet chosen.

Let us choose a set of mother wavelets {1,}7° | such that the vectors ¢, = Cr, form
an orthonormal basis of L*(R, dx),

<¢n|¢m> = (Cwﬂ|C¢m> :5nma nam:071727"' ,OO. (639)

Such a basis is easy to find and we shall construct one below. If §),, , n =0,1,2, ...,
are the corresponding spaces of wavelet transforms and K, the associated reproducing
kernels, then $)y, L $y,,, forn # m, and

// dud”,a") Ky, (b,a; b",a") Ky, (b",a";b',a’) = 8um Ky, (b,a; b, a).
H
(6.40)

More interestingly, it is possible to show that the complete decomposition,

oo
LA(H. dp) = €D . (6:41)
n=1
of the space of all finite energy signals (on the parameter space H) into an orthogonal
direct sum of spaces of wavelet transforms, holds. Thus, in an L?%-sense, any element
S e L*(H, du) has the orthogonal decomposition,

o0
S, a) = EB S.(b,a), almosteverywhere,

into orthogonal wavelet transforms S, with respect to a basis of mother wavelets. This
result, which can be proved by direct computation in the present case, is actually a
particular example of a much more general result on the decomposition of the left
regular representation of a group into irreducibles. For a more detailed mathematical
discussion of this point, we refer the reader to [AliOO]. The components S, (b, a) have
the form
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Su(b,a) = (U, a)yY, | sn). n=0,12,... (6.42)

for some signal vectors s, € Lz(]R{, dx), which, in general, are different for different n.
We also have the relations

// du',a’) Ky, (b,a; b',a")S,(', a’) = 8y Su(b, a). (6.43)
H

Finally, we construct an explicit example of a basis set of mother wavelets satisfying
(6.39). Let H,(§), n=0,1,2, ..., 00, bethe Hermite polynomials, normalized in the
manner

if m # n,

) 0
dg e Hy,(&) Hy(&) =13 6.44
/R £Ee (&) H,(§) Yl i m= . (6.44)

The first few are:

Hy(§) =1, Hy(§) = 28,
Hy(€) = 4£% — 2, Hy(€) = 88% — 12¢,  etc.

In the Fourier domain, define

Du(&) = Sk e 5 Hy(®). (6.45)

1

Then, it is easily verified that

2
||w71||142(]1’{§,d%—) < OO,

and

o am dE =~— ~
(Cm | Cifrn) =27T/ |$_g| YUm(E) Yn(§) = Smn-
R

Thus, in the inverse Fourier domain, the vectors 1, are in the domain of the operator
C, satisfying the condition for being mother wavelets, while from the well-known
properties of Hermite polynomials, the vectors ¢, constitute an orthonormal basis of
L?*(R, dx). More generally, since the range of C is dense in L?(R, dx), we can take any
orthonormal basis, {¢,};2 | of L*(R, dx), chosen from vectors in this range and then
(v, =C ’1(;5”}2‘7:1 will be the desired wavelet basis.

We collect the above results into a theorem:

Theorem 6.1.1 The wavelet transform of the space of signals L*(R, dx), with respect
to the mother wavelet Vr, is a closed subspace of L*(H, du). This subspace has a
reproducing kernel Ky, which is the integral kernel of the projection operator, Py, :
L>(H,dp) — )y The Hilbert space L?(H, d ) can be completely decomposed into an
orthogonal direct sum of an infinite number of subspaces %), each a space of wavelet
transforms with respect to a mother wavelet . The vectors Y, are constructed by
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taking an orthonormal basis {¢,}5° | of L*(R, dx), chosen from the range of the Duflo—
Moore operator C, and writing yr, = C ™' ¢,,.

Decomposition into orthogonal channels
The above theorem can be used to analyze a given wavelet transform into orthogonal
channels along the lines of [105]. Referring back to (6.39), since the mother wavelets
{1,152, form a complete, linearly independent set, any mother wavelet ¥ can be written
as a linear combination,

V=Y aWn.  an= (b | CY) = (Y | CPY). (6.46)
n=1

Hence if s € L*(R, dx) is any signal vector and Sy (b, a) its wavelet transform with
respect to v, then clearly

Sy(b,a) = Z S,(b,a), where S,(b,a)=a, (UDb,a)y,|s). (6.47)
n=1

In this way, the wavelet transform of the signal Sy, (b, a) has been decomposed into a set
of mutually orthogonal wavelet transforms S, (b, a) (of this same signal). We call this a
decomposition into orthogonal channels. Note that although the wavelet transforms are
orthogonal in L?(H, d ), the mother wavelets 1, are not orthogonal in L*(R, dx) (see
(6.39)). We shall see in the next chapter (at the end of Section 7.2.3), that in the case
of a 2-D wavelet transform, it will actually be possible to obtain a decomposition into
orthogonal (angular) channels using a family of mother wavelets which are themselves
mutually orthogonal.

Localization operators

Let v be a mother wavelet and §), the corresponding space of wavelet transforms. Let
A C H be a measurable set (with respect to the measure d ). We associate to this set
an integral kernel a@ "HxH— C:

a@(b, a; b',a) = // du@",a") Ky(b,a; b",a")Ky (", a"; b, d), (6.48)
A
and an operator ay (A) on )y, acting via this kernel:

(ay(A)S)(b,a) = // dub',a’) aﬁ(b, a; b,a)S®', a), SeHy. (6.49)
i

If we compute the matrix element of this operator for the wavelet transform S, using
the properties of the reproducing kernel (see (6.29)—(6.30)), we easily obtain,

(S | ay(A)S) :/f du(b,a) | S(b,a) | (6.50)
A
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which shows that this operator is bounded, positive and self-adjoint. We call ay(A) a
localization operator, since in view of the above relation, the quantity
(S1ay(A)S)

112
is the fraction of the wavelet transform which is localized in the region A of phase space.
If S(b,a) = (Y4 |s), then we shall also write ps(A) for the above probability, for
indeed, it measures the concentration of the phase space content (e.g., time—frequency

ps(A) = 6.51)

content) of the signal s in the region A. As a set function, ps(A) has the properties of
a probability measure:

ps(H) =1, ps@) =0, ¥ = empty set,

psJAan = psa),  if Ai[)A; =0, whenever i # . (6.52)
ie ie

J being some index set. Since this holds forall S € $),,, we say that the operators a,, (A)

themselves constitute a positive operator-valued measure, or POV-measure, satisfying

the properties:

a,/,(H) = L//, Cl¢(@) = 0,

ay((Jan=> ay(an.  if A;[)A; =0, whenever i # j, (6.53)
iel ie
where the sum on the right-hand side of (6.53) has to be understood in the weak sense,
i.e., in the sense of (6.52).
It is instructive to see how ps(A) changes if the set A gets transformed under the
action of the group G .. Since, for any (bg, ap) € G,

(U(bo, ap)¥v.a | Vi) 2oax) = (Wb,a | U(bo, @0)* Vi ar) 2R, dx) s (6.54)

using the group properties (6.9) and the definition of the reproducing kernel in (6.26),
we find that it satisfies the following covariance property:

' b/ — b() a
Kl//(b0+a0ba aoa;bﬁa):KI//(b7a; 7a_)7 (655)
0
i.e.,
Ky ((bo. ag)(b, a); b',a") = Ky (b, a; (b, ap)"' (b, a")). (6.56)

Let (by, ap) A denote the translate of the set A by (by, ap):
(bo, ap)A = {(bo + aob, apa) € H| (b, a) € A}.

Then, taking note of the action (6.35) of the left regular representation of G ¢ on wavelet
transforms and exploiting the invariance of the measure d i, we easily find that

(Uy (b, a)S | ay (AU (b, a)S") = (S |ay((b, a)~'A)S), S, 8" €9y,

i.e., we have the operator identity
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I
Uy (b, a)ay,(A)Uy (b, a)* = ay((b, a)A). (6.57)
This is a group covariance condition satisfied by the localization operators ay (A),
and is generally known as an imprimitivity relation (see, e.g., [Ali00], for a more
detailed discussion). For the probability measure pg(A), this condition implies the
transformation property
ps((b, aA)A) = py,p.ay1s(D),  or,  p((b,a)A) = pyep.a1s(A). (6.58)
Physically, this relation means that the fraction of the signal s, localized in the trans-
formed set (b, a)A, is the same as the fraction of the transformed signal U (b, a)~'s
localized in the original set A.

I

6.2 Phase space analysis

‘We turn our attention to a different way of understanding the wavelet transform, namely,
as a function on a phase space (in a sense to be made clear in the sequel). First let us
restrict the representation U (b, a) of the full affine group (see (6.14)) to the connected
affine group G, characterized by a > 0. We immediately see that this representation
is no longer irreducible for this smaller group. Indeed, consider the two subspaces

9. R) ={(feL’R.de) | f(§)=0, V& <0},
9 R ={fecL*R.d&) | f(€)=0, VE >0}, (6.59)

of the carrier space Lz(@, d&) of the representation U (b, a).From (6.14) itis evident that
vectors in any one of these subspaces are mapped to vectors in the same subspace under
the action of the operators U (b, a), when we only consider elements (b, a) € G;f. This
means that each one of these subspaces carries a unitary representation of this smaller
group and, as before, we can show that both these representations, which we denote by
(7+ (b, a) and U (b, a), respectively, are irreducible but unitarily inequivalent. In fact,
these are the only two nontrivial, unitary irreducible representations of G;. Moreover,
the Hilbert space LZ(I@, dé&) is the orthogonal direct sum of these two subspaces:

LR, d&) =9, (R) & H_(R). (6.60)

In other words, we have here a complete decomposition of the representation U (b, a)
of the connected affine group G and we write

Ub,a) = U (b,a)® U_(b, a). (6.61)

In the inverse Fourier domain, the representation U (b, a) similarly breaks up (because
of the unitarity of the Fourier transform) into two irreducible representations, U..(b, a)
and U_(b, a), on the two subspaces
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H1(R) = {f € LX(R,dx) | f(§) =0, Y& <0},

H-R)=(f € LR, dx) | f(§)=0, V& >0}, (6.62)
of L*(R, dx), respectively. These spaces are known as Hardy spaces [55,207,208].
Elements of $(R) (respectively, $_(R)) extend to functions analytic in the upper

(respectively, lower) complex half-plane, and accordingly they are called upper (re-
spectively, lower) analytic signals [Lyn82,Pap77].

6.2.1 Holomorphic wavelet transforms

It is an interesting fact that, for appropriate choices of a mother wavelets, the wavelet
transforms of signals in the spaces $.(IR) can (up to a factor) become holomorphic
functions. We study this property in some detail in this section. For any v > 0, consider
the mother wavelet 1// € 53+(]R)

P = [ % et or o< <on

0, otherwise,

ICY? =1, (6.63)

I'(v + 1) being the usual Gamma function. The wavelets for this vector have the form

ba 7T+ 1)

e T, where z =b +ia, (6.64)

and the reproducing kernel is

2’ w41 (aa)'t:

Ky(b,a;b',d") = (Ypal Ypa) = - . 6.65
y(b,aib,a)= YpalVp.a) PRy (6.65)
Computing the wavelet transform of a signal s € 9 (R),
2!) % oo
S(b, =A¢,A=4'1+5/d ). 6.66
(b,a) = (Yvals) |:71F(U+1):| a | §&7 > s(8) (6.66)

This, apart from the factor a'tz is a holomorphic function of z = b + ia. Indeed,
writing this function as

)=

2V - y
— —(1+3)
F@ = [n v+ 1)} “ 5, a)

= / dé €5 5 5¢E), z=b+ia, (6.67)
0

we have,
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00 2 00 2
|Fz)|* = ‘ / dE§5 558 | = ‘ / dE £ e §(§)
0 0

o0
< 512 f dg €' ¢7%9 by the Cauchy—Schwarz inequality
0

_ISIPT(w +2)
- (2a)*t+V

Thus, the convergence of the integral representing F(z) is uniform in any bounded
open set containing z and differentiation with respect to it, under the integral sign, is
permissible, implying that F is holomorphic in z, on the complex, upper half plane
which we identify with H; = R x R% (where, R% = (0, 00)). We shall call F(z) a
holomorphic wavelet transform. Furthermore, since

db d
// — |S<b,a>|2=/f diny(2.7) | F(2)|2,
H, 4 H,

where we have introduced the measure,

. Qa)
du,(z,2) = “To+ D) db da, (6.68)

the set of all holomorphic wavelet transforms constitutes a closed subspace of the
Hilbert space L>(H_du,) of functions supported on the upper half plane. We denote
this subspace by $);, and note that it is also a reproducing kernel Hilbert space, with
reproducing kernel

Cwv+2) 1

Khol 2, Z ) - i2+v (Z _ z/)24,‘} . (669)
One has indeed
/f du,(z,7) Ky (z, 7) F(2)
H
2” 1 F(7
v+1 2 da dh (_Z )
l2+v H, Z’)2+v
= F(2).

The vectors nz, z € H, with
n=(z2) = Kpy (2, 2), (6.70)

which are the holomorphic wavelets, are again overcomplete in $), , and satisfy the
resolution of the identity:

// dpy(z,2) Inz)(nz| =1, (= identity operator of 9 ). (6.71)
HL,
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There is also the holomorphic representation of G on )., unitarily equivalent to
U4 (b, a). Denoting this by U, (b, a), we easily compute its action:

UL, (b, a)F)z) =a tD F (?) (6.72)

The appearance of the holomorphic Hilbert spaces of wavelet transforms is remark-
able in many ways. First of all, their existence is related to a geometrical property of
the half plane H ., which is a differential manifold with a complex Kdhler structure.
This means, from a physical point of view, that it has all the properties of being a phase
space of a classical mechanical system and, additionally, that this phase space can be
given a complex structure (consistent with its geometry). In particular, it has a metric
and a preferred differential two-form, which gives rise to the invariant measure d . and
using which classical mechanical quantities, such as Poisson brackets, may be defined.
We will not go into the details of this here, but only point out the existence of a potential
function in this context. Consider the function,

®(z,7) = —log[—(z — 2)°]. (6.73)

This function is called a Kdhler potential for the space H and it generates all the
interesting quantities characterizing its geometry, such as the invariant two-form and
the invariant measure. Indeed, we immediately verify that

$2—p

+H e@z) _ ! KV (2. 7). 6.74
e O (2,7 (6.74)
Next we define

_ 1 9%d(z, 7 _ dbAnda
Qz,2) = < % dznd7 = ————, (6.75)
i 0z0Z a?

which is the invariant two-form (under the action of G;). This gives the invariant

measure d p of the group and furthermore,
e” D) ®CD Q = 4(—1)" (2a)" db A da, (6.76)

from which follows the measure with respect to which the holomorphic functions F(z)
are square integrable and form a Hilbert space. (Recall that if # and v are two vectors in a
vector space V, thenu A v isthe antisymmetric tensor product, u AV =u @ v — v ® u.
The differentials, dz, da, etc., are considered as being elements in the dual of the tan-
gent space of the manifold —in this case G — at each point.) It ought to be emphasized
here that $);; contains all holomorphic functions in L*(H,, dpu,). Note also that, in
view of (6.67), any such function can be obtained by computing the Fourier transform of
a function f(§) =& 3 (&) and then analytically continuing it to the upper half plane,
where ¥'is a signal in the Fourier domain, with support in (0, co). Additionally, it ought
to be noted that, for each v > 0, we get a family of holomorphic wavelet transforms,
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so that depending on the value of v, the same signal s can be represented by different
holomorphic functions on phase space.

Matrix analysis of phase space

We have said earlier that the variables (b, a) parametrizing the space H ,, and in terms of
which the wavelet transform is written, should be identified as phase space variables. In
this section, we proceed to elaborate on this. To begin, let us determine the Lie algebra
of the group G:ff. This group has two subgroups, formed by matrices of the type

e 0 1 ¢
(e',0) = and (1,1) = , teR,
0 1 0 1

and a general element of the group can be obtained by multiplying two such matrices.
Consider now the following two matrices X, X», which generate the Lie algebra g,
of this group:

d 10 d 0 1
X1=E(€,0)|t:0= 0 o) Xz:a(l,t){,:()z 0 o) 6.77)

and satisfy the commutation relation,
[X1, Xo] = X1 X0 — X0 X = Xo. (6.78)

Exponentiating these matrices we get,

eloga)Xi a 0 , X — bb . (6.79)
0 1 0 1

The Lie algebra of the group is the two-dimensional vector space spanned by X; and
X, and equipped with the commutation relation (6.78). A general element in the Lie
algebra can be written as,

x2

X!
X =x'X,+x*X, =
0 O

>, xx? e R (6.80)

Any group element can be obtained by exponentiating a suitable element of this Lie
algebra. This is made clear if we write

(exl X,—T(e)f‘—l)) (a b)
(b,a) =e*X = * = ) (6.81)
0 1 0 1

and note the inverse map from the group to the algebra:

bl
X=10g(b,a)=x]X1+x2X2, xl=10ga, x? = ki

1 (6.82)
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Since every X € g, is mapped to an element (b, a) € G; by the exponential map
(6.81), we identify the domain of this map with the full real plane and use ¥ = (x!, x?) €
IR? as the coordinates for the elements of the Lie algebra.

A group has a natural action on its Lie algebra, called the adjoint action. For (b, a) €
G this action, which we denote by Ad4), is defined by
x' —bx' 4 axz)

(6.83)

Adp.oyX = (b,a)X(b,a)™' = ( ) .

The matrix of this transformation, computed in the basis {X;, X5}, and acting on the

1
N X .
vectors X = ( 2) e R%is
X

M, a) = (—119 2) (6.84)

As a vector space, the Lie algebra has a dual space, which we denote by g;. On it the
adjoint action of G;f induces, by duality, the coadjoint action, denoted Ad?b_a). To com-
pute this action we take the dual basis {X*!, X*?2}in g5 and write a general element
initas X* =y X*! 4+, X*2. We identify X* with the vector y = ') ¢ R2. On

V2
such vectors, the coadjoint action of the group is given (by definition) by the transposed
inverse of the matrix M (b, a). We write

-1
M (b, a) = [M(b,a)’l]T = ((1) baafl ) (6.85)

The determinants of these transformations are related as
det[Adg )] = a = det[Ad, 17" (6.86)

Explicitly, a point y € R? transforms under the coadjoint action as,

-1
7 =M a)y = (yl *ha y2>, (6.87)
a 'y
and for fixed % € R?, its orbit under G is the set:
05 =1{y = M*'(b.a)yo | (b,a) € Gy} C R (6.88)

Such an orbit is called a coadjoint orbit of the group G . Orbits of different points
either coincide entirely or are disjoint. In this way, the entire dual space g’; becomes
the union over disjoint coadjoint orbits. Indeed, we easily establish the following orbit
structure:
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(1) The orbit of the vector <(1)>,

2

.. . 0 . .
(i1) The orbit of the vector < ) with the same matrices,

O*:{f=<y1>eR2|)/2<O}:R><R*. (6.90)
V2

iii e orbits of vectors [ , one for each o € R. Such orbits are singletons, * ,
(iii) The orbits of 0 fi h R. Such orbi ingl 0

and we denote them by O.
(iv) It is obvious that

O* UOF Uyer OF = R%. (6.91)

We note also that each of the two orbits (i) and (ii) is homeomorphic to the group
itself. Consider the first one of these, 0% = H, = R x R% . As a manifold, this space
has a symplectic structure, i.e., there exists a preferred nondegenerate, antisymmetric,
closed differential two-form on it, which is invariant under the coadjoint action. Indeed,
it is trivially verified that the two-form

dyi Ndys

Q) = (6.92)

V2
satisfies this condition. This also gives the invariant measure on this phase space, in
these coordinates. We look upon OO as an abstract differential manifold, with (y, y2)
representing a particular choice of coordinates. In this context, we study two other
possible choices of coordinates and see how the two-form (6.92) appears in these new
coordinates.
As the first of these coordinate transformations, we write

—1
pea=1)=(" "), (6.93)
p Y2

whichmaps R x R onto itself. Under the coadjoint action of the group element (b, a),
these coordinates transform as (g, p) — (¢’, p’) with,

¢ =aq+b, p'=ap
The invariant two-form is simply

Q1) =dqg Ndp, (6.94)
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giving also the invariant Liouville measure in these coordinates. We call these coordi-
nates the canonical or Darboux coordinates of the phase space 0% , in view of the form,
familiar from classical Hamiltonian mechanics, assumed by the two-form €2. This also
allows us to identify the variables ¢ and p as position and momentum, respectively. We
also immediately recognize the coadjoint action as inducing canonical transformations
on phase space.

As the second coordinate transformation, we choose

—1
)7'—>§=($1)=(y2_7f1>, (6.95)
& 12)

which again maps R x R onto itself. Under the coadjoint action, these coordinates
change in the manner:

£l =aki+b, & =ab, (6.96)
with the invariant two-form now being
d§i nd&

S
The invariant measure arising from this should be compared to the left invariant measure,

dp, of the group G (see (6.11)). Indeed, if we identify &, & with group parameters,
then the transformation (6.96) is just the left multiplication in the group: (&}, &) =

QE) = (6.97)

(b, a)(, &). It is because of the possibility of coordinatizing the orbit 07 in this
particular way, that we may legitimately look upon the group elements themselves as
phase space variables and the wavelet transform as a transform on phase space.

Similar considerations apply to the other nontrivial orbit O*. We shall see in the
next chapter that the two-dimensional wavelet transform can also be analyzed in a
completely analogous manner. Before concluding this section, we should point out one
crucial fact about the orbit structure of G The composition rule (6.6) equips this
group with the structure of a semidirect product, R x R?_, in which the subgroup R
has an action on the subgroup R, in this case by simple multiplication. This action
induces an action (again by multiplication, x > ax, for x € Randa e R%), on the
dual space R (which we naturally identify with R). Under this action the dual space
splits up into three orbits, the open half-spaces R*, R* and the singleton {0}. The
first two orbits are open and free, in the sense that they are both homeomorphic to the
subgroup RY itself and the map identifying the subgroup with the orbit is continuous
and open. Furthermore, the union of the two open free orbits is dense in R. The fact
that the orbits O are open and free, is what leads to the representations U (b, a) being
square integrable (see, for example, [Ali00] for a detailed discussion of this point).
Geometrically, the coadjoint orbits OF (of the whole group ijf) are the cotangent
bundles of the orbits R’ (of the subgroup R ).
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6.3

6.3.1

The case of Gabor wavelets

For the sake of completeness and comparison, we briefly look at the case of Gabor
wavelets, or short-time Fourier transforms, for they too can be understood in group
theoretical and phase space terms which are similar to those of the standard wavelets
considered above. The one difference here is that the phase space of signals is not
the entire group in question (the Weyl-Heisenberg group) and square integrability of
the representation, giving rise to the Gabor wavelets, has also to be understood in the
light of this fact. Another remarkable difference here is that for building Gabor type
wavelets, any vector in the Hilbert space of signals can be used as a mother wavelet —
the admissibility condition is trivial.

The Gabor transform was introduced in (1.3). It was obtained by taking a window
function ¢ € L*(R, dx), translating by b (in time) and modulating it in frequency 1/a,
to obtain the Gabor wavelets or gaborettes. It had the form:

Ypa(x) = Py (x = b).

The Gabor transform of a signal s is then defined in the same way as the wavelet
transform:

Sb,a) = (Ypa | s) = f dx e DY (x — D) $(x). (6.98)

R

It is a remarkable fact that the Gabor transform, and the 1-D continuous wavelet trans-

form are built on exactly the same pattern (and this similarity persists in higher dimen-

sions). Both are based on transformation groups of signals in L(R, dx), the action of

the group being implemented by unitary operators, s — U (b, a)s:

« for the Gabor transform, the group is the Weyl-Heisenberg group Gy, acting as in
(1.3);

« for the continuous wavelet transform it is the ax + b or affine group, acting as in
(1.4),

and in fact the translation parts are identical in the two cases.

Group theoretical analysis

In order to understand the Gabor transform group theoretically, let us first rewrite
the gaborettes by adopting a slightly different notation and also introducing an addi-
tional phase variable. We write ¢ for » and p for 1/a and denote the phase variable
by 0:

Yo.g.p(x) = € ePETD y(x — ), 6 cR. (6.99)

The gaborettes would then correspond to setting 6 = — pg /2. Writing
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w@.q,p = U(97 q, P)w’ (6100)

an easy computation shows that U (0, ¢, p) defines a unitary operator on the space of
signals. Computing the effect of two such operators in succession, on a vector ¥ yields
the composition rule,

U1, q1, p1) U(0r, q2, p2) = U(01 + 02 +E((q1, p1): (g2, P2)), q1 + g2, p1+ p2),
(6.101)

where,

1
£W(q1, 1) (q2, p2)) = E(quz - P2q1), (6.102)

which in fact defines the multiplication rule between elements of the Weyl-Heisenberg
group Gyy. The function &€ is called a multiplier. The Weyl-Heisenberg group is a
three-parameter group, homeomorphic to R?. An arbitrary element g of G is of the
form

g=@,9,.p), 0eR, (q,p) cR?

and the multiplication law in the group is

8182 = (61 + 0, +&((q1, P1); (g2, P2)s q1 +q2, p1+ p2). (6.103)

The multiplier £ equips the group with the structure of a central extension, of the
group of translations of R?, corresponding to phase space translations (i.e., trans-
lations ¢ and modulations p). This just means that the subgroup consisting of the
elements ® = {g = (6,0,0) | 0 € R}, is the center of the group Gy, i.e., these el-
ements commute with every element g in the group, g(6,0,0) = (6,0, 0)g, and it
is the introduction of & which extends the commutative group R?, with elements
(¢, p), into the noncommutative Weyl-Heisenberg group. The Weyl-Heisenberg group
is unimodular, the measure diu = dO dg dp being invariant under both the left action,
0, g, p) = (b, g0, po)(0, q, p),and the rightaction, (0, g, p) > (0, g, p)(o, g0, Po)-

As with the affine group, the Weyl-Heisenberg group also has a matrix realization.
It is given by the 4 x 4 matrices

1 %ZTa) 0
- - 0 —1
@,q,p)=10 I, ¢, w= , (6.104)
. 1 0
0o of 1
with

- q - 0 1 0
6eR, ¢= eR? 0= , L= .
p 0 0 1

Also, as for the affine group, we can compute the generators of the Lie algebra
of G, by considering the one-parameter subgroups of elements of the type, g;(t) =
(t,0,0), g2(¢t) = (0,1,0)and g3(¢) = (0, 0, t), with 7 ranging through R. Computing
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_d
Xi= Egi(f)L:O,

we obtain the three elements which generate the Lie algebra, gwy:

0" 1 —1el 0 lel 0
Xo = ) o xi=( X, =(?%" , (6.105)
O o0 O e O e

where
0 1 0 0
0= 0 , e = 0 s €y = 1 s €3 = 0 s
0 0 0 1

and O is the 3 x 3 zero matrix. The matrices X; satisfy the commutation relations
[Xo, X1] = [Xo, X2] =0, [X1, X2] = Xo. (6.106)
A general element of gwy can be written as

X =x"Xo+ x' X, + x%X5, xLx? P eR;

the commutation relations (6.106) then define a Lie bracket, [X, Y] = XY — Y X, be-
tween any two elements X, ¥ € gwy. Next, noting that for any X € gwy, (X)? is the
null matrix (which, in group theoretical terms, is stated by saying that the group G, is
nilpotent), we see that

X =0%x ) =L+ X € Gy (6.107)

Thus, the group and the Lie algebra can be given the same parametrization.

In order to make the connection with gaborettes, we need to find unitary irreducible
representations of Gy, on the Hilbert space of signals, L*(R, dx). That is, we need
to find a set of unitary operators, U (0, ¢, p), for all (0, q, p) € G, which realize a
group homomorphism, are stable under inverse taking and map the identity element
(0,0, 0) of the group to the identity operator on L*(R, dx). But this is already done
by the operators defined in (6.100), so that U (6, ¢, p) realize a unitary representation
of the group. The fact that it is also irreducible can be proved in much the same way
in which we proved irreducibility for the representation of the affine group in Section
6.1.1. More generally, it can be shown that any (nondegenerate) unitary irreducible
representation of Gy, is characterized by a real number A # 0 and may be realized on
the Hilbert space L?(R, dx) by the operators U*(8, g, p):

(U0, q, p)s)(x) = ™ ™D 5(x — q), ¢ € L*(R, dx). (6.108)

Two representations U*(0, ¢, p) and U* (0, ¢, p) are unitarily inequivalent if A # A,
For the construction of gaborettes we shall mostly work with the representation for
which A = 1 and denote it simply by U instead of U'. (The other representations will
be used in our discussion of holomorphic Gabor transforms below.)
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A general element (6, g, p) in G, can be factorized as

0.q.p)=10.q.p)0,0,0).

Thus, the quotient space G,/ © (where the phase is factored out) is identifiable with IR?.
It is this space which plays the role of a phase space for the Weyl-Heisenberg group.
We parametrize an element in G,/® by (¢, p) € R? and since for a fixed element
(6o, 90, po) € Gy We again have the factorization

1
(60, g0, P0)©, g, p) = (00, g + g0, p + po)(Oo + E(poq — P4o), 0, 0),

the action of the group on the quotient space is simply given by (¢, p) — (¢ + qo.,
p + po)- The invariant measure under this action is just the Lebesgue measure dg dp.
For any ¥ € L*(R, dx), let us define the vectors

Vo = U(—%,q, P, (g p) € Gu/O. (6.109)

These are just gaborettes, expressed in the parameters ¢, p. The corresponding Gabor
transform of a signal s is

o0

S(q.p) = (Ygp|s) = / dx e P Y (x — q) s(x). (6.110)

—00

Once again, computing the total energy of the transform,

E(S) = // dq dp |1S(q, p)I* =27 lyII* s, (6.111)
R2

which should be compared to (6.19). From this there follows the resolution of the
identity (exactly as in the derivation of (6.20))

1
277”¢||2 ‘/‘/1;2 dq dp |¢q,p><¢q,p| = I» (6112)

and the reconstruction formula (see (6.21)),

1
sx) = ——— // dqg dp S(q, p)¥,.,(x), foralmost all x. (6.113)
2l S P2 P

In the physical literature, gaborettes, and indeed also wavelets, are referred to as co-
herent states, of their respective groups [Kla85, Ali00, 6]. Note, however, that unlike
the wavelets v, ,, which were defined for all elements (b, a) of the affine group, the
gaborettes v, , are only defined for points in the quotient space G/ ®. Moreover, the
two (equivalent) conditions (6.111) and (6.112) imply that the representation U (0, g, p)
is square integrable with respect to this space:

// dq dp |<U<—@,q,p>w|w>|2 < 00, Yy € 9. (6.114)
Gwi/© 2

Again, one ought to emphasize here that the above admissibility condition is satisfied
by all vectors ¥ in the signal space, but that it is defined with respect to a quotient
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space. Indeed, it also follows from the above that, for any vector v in the Hilbert space
of signals,

_//_/G dq dp do (U, q, pyy|¥)I* = oo,

so that there is no vector which is admissible with respect to the entire group. We shall
return to the subject of building wavelet transforms on general quotient spaces in the
next chapter (see Section 7.1.5).

To complete this cycle of properties, we could again verify that the space £ of
all Gabor transforms, corresponding to a particular window function v, is a closed
subspace of L?(Gyy, dg dp), which is also a Hilbert space with a reproducing kernel:

Ky(q.p: q'.p) = (Wgp | g p)- (6.115)

1
2|y 2

This relation is the exact analog of (6.26). The complete decomposition of the space
L*(Gyy /®,dq dp), of all Gabor transforms, could be worked out in the manner of
(6.41), with very little change in the derivation.

Holomorphic Gabor wavelets
It is possible to construct spaces of holomorphic Gabor transforms and associated
holomorphic gaborettes, in much the same way as we constructed holomorphic wavelet
transforms in Section 6.2.1. We show below the existence of one such space and later
we shall indicate how others may be obtained. However, in order to do so, it is first
necessary to modify somewhat the definition of the Gabor transform. We proceed by
first choosing the window function

1 2

Yx)=(r) e 7, lyl? = 1. (6.116)

Next, we define the modified gaborettes,

_a—q)? i
2 2

Vo) = (U0, g, p)y)(x) = (1) 75 P e Vaop (6.117)

and use them to define the modified Gabor transform of a signal s:

5. p) = Wogp | 5) =% S(q, p). (6.118)

Then S obviously satisfies the finiteness of energy condition and moreover, the modified

=e

gaborettes also satisfy the resolution of the identity. Thus, signal reconstruction is
possible using these modified gaborettes as well. Introducing the complex variable
7 =¢q —ip, itis easy to verify that

— L 00
S(q. p) = / dx e 3 o5 5(x) = S(2). (6.119)

o0

Writing
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2
e 4
V2
we see that F(z) is an entire analytic function of z. These functions constitute the
holomorphic Hilbert space o = Lz(C, dv(z, 7)), where dv is the measure

2 dg d
vz 7y =7 L,
2w

This Hilbert space is also a reproducing kernel Hilbert space, with the kernel given by

S() = F(2), (6.120)

Kpoi(z.Z) = €7 . (6.121)

We call the v 4. ) holomorphic gaborettes and the functions F(z) holomorphic Ga-
bor transforms. Other spaces of holomorphic Gabor transforms can now be similarly
constructed by replacing the window function (6.116) by a Gaussian with standard
deviation A~', A > 0 and using the representation (6.108) of the Weyl-Heisenberg
group.

Consider the window function

)»2 4l 2242
w(x)=|: } e, wlP=1, >0, (6.122)

i
and define the generalized gaborettes

2P2a—q?
2

2,
Vi0.q.p(X) = (U*(0, q, pIY)(x) = [ i| Pt P (6.123)

Ea
where U* is the unitary representation of the Weyl-Heisenberg group defined in (6.108).
It can then be verified that the resolution of the identity

A
P /[ dq dp [Yo.q.p) (Vo.q.ml =1, (6.124)
T R2
holds. The generalized Gabor transform is now
S, p) = Woanls),  seLXGw/O,dgdp), (6.125)

which, by virtue of (6.124), enjoys the finiteness of energy condition
~ 2
SI> = = |Is|%.

N — lIsl

Introducing the complex variable

Z=«/Xq—ii,

N

(6.123) may be rewritten as:

a2 z2

1
227 2 2 -
Y0.q.p)(X) = Y0.5(x) = [;} e~ o T AW (6.126)

The generalized Gabor transform now becomes
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1

~ ~ 2277 Mz2 222 o0 2
S, p) =3 = [—} e f dx e 3D (), (6.127)
T —0o0
so that
2 2 M2~ A2 o A
F(z) = [Tni| e S =eF / dx e 1V g(x)

is the analytic Gabor transform and it then follows that

// dq dp |S(q, p)I* = / dvi(z,2) IF(2)I,
Gwi/© C

where we have introduced the measure
_ A P
dvi(z,2) = z— e ? dqdp.
21

Thus, F is a vector in a Hilbert space of entire analytic functions, which we denote
by 9}, and note that this space of holomorphic Gabor transforms is a subspace of
L*(C, dv;). The Hilbert space $}., has the reproducing kernel

Klyz7)=e7, (6.128)
so that, for any F € 9},
/ dvi(z,7) KLy(2, Z)F(Z) = F(2).

C

Finally, the complex plane C is also a Kéhler manifold, with potential function

=/

zz
B(z.7) = =,
(z,2) >
and invariant two-form
_ 1 9°®(z,2 _
Qz,2) =~ y dz ANdz =dq Ndp,
0z 07

so that, once again, we verify the relations (see (6.74)—(6.76))
Kio(2,.7) = %7,

and

e M@ Q = e_# dg Ndp,

from which follows the measure dv.

Thus, group theoretically, the analysis of Gabor wavelets using the Weyl-Heisenberg
group runs entirely parallel to the analysis of the 1-D CWT using the affine group, except
for the following two differences. First, here every vector in L*(R, dx) is admissible
(the group theoretical reason being that G, is a unimodular group). Second, the square
integrability of the representation U (0, ¢, p) is not on the entire Weyl-Heisenberg



245

6.3.2

6.3 The case of Gabor wavelets

group Gy, itself, but on the quotient G,/ ® of the group by its center ®. However
here, as with the affine group, it is the square integrability of the representation in
question which leads to the finiteness of the energy of the Gabor transform and enables
us to reconstruct the signal from its transform.

Phase space considerations

Itis instructive to carry out a phase space analysis of the Weyl-Heisenberg group, for it
sheds light on both the differences and the similarities between it and the affine group.
In particular, it will clearly emerge why the phase space over which the Gabor transform
is built is two-dimensional, although the group itself is a three-dimensional manifold.
Let (0, ¢, p) € Gy and X € gy. We compute the adjoint action of the group on the
Lie algebra, using (6.107) to get

!

20 =x° —I—p)c1 —qxz,
/

x=xl
/

x2 :xz,

where

X = Ad(g,q’p)X = XO/XO —{—xl/Xl —f—xz/Xz
=(0,q, p) [x°Xo +x'X; +x*X51 (0,4, p)".

1

Representing X by the vector in R3 with components x° , x! | x2, the adjoint action is

given by the matrix

I p —q
M@,q.p)=10 1 0 |. (6.129)
0 0 1

Note that there is no dependence of M on the phase 6. The adjoint action on the dual
vectors y is effected by the matrices M %@, g, p), which are the transposed inverses of
the matrices M (8, ¢, p). Writing ' = M*@, q, p)y, we get the dual transformation
equations

Y' = v,
' =-pw+n,
Y2 =qyo+ .

Thus, the orbits of vectors under the coadjoint action fall into two categories:
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-

(i) The orbits of vectors of <g> eR3 0= (8), one for each A # 0:

Oy={y= (2) | X e R%, (6.130)

which are planes orthogonal to the yy-axis.

. . 0 > . . -
(i1) The orbits of vectors 5 . € R?. These orbits are singletons consisting of the

0} .
vector (X) itself. We denote them by (Q’Xk and note that together they form a set

of Lebesgue measure zero in R,

Clearly, the union of all the orbits is the entire dual space, gy, of the Lie algebra,
now identified with R3. The nontrivial orbits O;, A # 0, can each be identified with
the quotient space Gy,/®, since under the coadjoint action the phase subgroup ®
(consisting of elements of the type (6, 0, 0)) is stable. These are the (two-dimensional)
phase spaces of the problem and from the general theory of group representations it is
known that each unitary irreducible representation of G is associated to one such orbit.
As stated earlier, these representations U*(6, ¢, p) can be realized as in (6.108). The
invariant two form under the coadjoint action on the orbits O is just dy; A dy» and for
A =1, this action is simple: y; +— ¥ — p, ¥2 +— ¥» + ¢. The preceding discussion
makes clear the mathematical sense in which the space of parameters of the Gabor
transform S(g, p) is to be thought of as a phase space. The space of parameters is a
coadjoint orbit of the group, which has the structure of a classical mechanical phase
space.
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The last chapter has already familiarized us with the use of group theoretical methods
for the construction and analysis of wavelets and gaborettes. We aim in this chapter to
first indicate the general applicability of these techniques and then to look at the case of
the two-dimensional continuous transform, using the SIM(2) group. Later, we look at
general matrix groups of the type that can be used for constructing other types of wavelet
transforms in two dimensions. We shall be led, in this manner, to studying a class of
semidirect product type groups, certain coadjoint orbits of which are isomorphic to the
group itself. In all these cases, the common features of such a matrix-group analysis
will be: (a) the group will refer to a set of possible symmetry transformations which the
signal may undergo; (b) the space over which the signals are defined (as L>-functions)
is intrinsic to the group; (c) the parameters in terms of which the wavelet transform
is expressed are the parameters of the group itself, i.e., symmetry parameters of the
signal, and (d) these parameter spaces, which arise as coadjoint orbits of the group, are
also identifiable with phase spaces of signals.

Referring back to the 2-D wavelet transform introduced in Chapter 2, we shall see
that this transform is again related to a square integrable representation of a matrix
group. The coadjoint orbit of this group (there is only one nontrivial orbit in this case)
will again allow us to carry out a phase space analysis. As in the 1-D case, square
integrability will enable us to obtain a resolution of the identity, lead to finiteness of the
total energy of the wavelet transform and yield a reconstruction formula for the signal.
In order to put the discussion in the context of a more general framework, we begin
with a word about the choice of an appropriate group for building wavelet transforms
and the general rationale for appealing to group theory in the first place.

7.1

247

A group-adapted wavelet analysis

As mentioned earlier, a group-theoretical approach enables one to exploit mathemat-
ically the symmetries underlying the particular geometry which the signal space may
have. If symmetries exist, it is natural to try to build these into the wavelet transform
itself. This generally implies finding a continuous wavelet transform by exploiting a
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representation of the group on some Hilbert space, the key ingredient required for such
a construction being square integrability of the representation. Assume that the class of
finite energy signals under consideration can be realized as functions on a manifold Y,
ie.,s e L2(Y,dup) = $. This manifold could in fact be the space of some parameters
(e.g., frequency, time, position, etc.) of the signal. As examples, ¥ could be space R”,
the 2-sphere S?, space—time R x R or R x R?, and so on. Assume that we measure
the signals with the help of a probe 1 : s — n[s]. Usually such probes are taken to be
linear functionals, representing the action of a measuring apparatus, a reference frame,
etc. Mathematically, the measurement of the signal is given usually by some sort of
an overlap integral that is, in the present case, an inner product s — (V¥ | s), with ¥
representing the probe. Note that, if we were to restrict the signals to smooth functions
on Y, measurements could also be represented by distributions of some type.

Some generalities

Suppose there is a group G of symmetries of the signal, which acts as a set of transforma-
tions of the manifold Y. This means that any element g € G, representing a specific sym-
metry operation on the parameter space (e.g., rotation of the signal through some angle,
translation by some amount, etc.), induces a transformation of ¥ : y +— g[y]. Succes-
sive transformations of this kind can be composed: g[g’[y]] = gg’[y] and the composite
transformation gg’ is again an element of G. To each transformation, y’ = g[y], there
exists an inverse transformation, y = g~'[y’], g~' € G and in addition the identity
transformation e for which e[y] = y, forall y € Y is also a member of the group G. We
assume further that this action is transitive, i.e., for any pair y, y’ € Y, there is at least
one g € G such that g[y] = y’. It should be noticed, however, that the transformation
group G acting on Y is in general not unique, its choice may depend on the problem at
hand. In the case of the 1-D CWT, for instance, we could choose between the full affine
group G (a # 0) and its connected subgroup G:ﬁ (a > 0). However, when talking
about wavelets, the groups that we consider will always contain a dilation as a sym-
metry of the signal. Furthermore, in all the cases that will concern us here, the group
action will be realized through matrices acting on a vector space into which Y can be
embedded. Recall, this means that the set of matrices constituting this group is closed
under multiplication, inverse taking and that the identity matrix is also a member of
this set. The action of the group on Y induces an action on the signal space and there
are two possible ways in which this could happen.
(1) Action on the signals themselves. This is the active point of view: s > s,, in which
one measures the transformed signal, which we denote by s,, with the fixed probe 7.
(2) Action on the probes. This is the passive point of view: n + n,, in which one
measures the fixed signal s with the transformed probe 7,.
Now, if the manifold Y is globally G-invariant, consistency requires that the two
points of view be equivalent,
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Nelse.l =nlsl, Vg € G. (7.1)

If now signals are taken to be vectors s in the Hilbert space $) = LZ(Y, dv), where
dv is some convenient measure, one naturally identifies probes with linear functionals
on $), that is, n[s] = (n|s), for some fixed vector n € §). Next, if one imposes that
the action of G be linear, one ends up with a linear representation of G in §), s, =
U(g)s, ng = U(g)n. This means that to each g € G one associates an operator U(g) on
$), and the mapping g — U(g) is a group homomorphism (see (6.9)). The consistency
condition (7.1) now requires that the U(g) be unitary operators, i.e., one has a unitary
representation of G on the space §) of signals:

(U(g)s|U(g)s"y =(s|s), VgeG,s,s'eH = U '=U" (71.2)
Being a representation of G, the operators U (g) must also satisfy

UgNU(g) =U(gig2),  Ug H=U(®™,
U(e) = I (= identity operator of L%(Y, dv)). (7.3)

for all g;, g, in G and where e denotes the unit element of G (i.e., ge = eg = g, V g).
As an additional requirement, the representation U(g) will be assumed to be irre-
ducible. Technically this means that for any nonzero vector ¥ € §), the set of vectors
U(g)Y¥, g € G, spanthe Hilbert space. (At times a weaker condition, e.g., the existence
of just one such nonzero vector ¥ may be sufficient.) Irreducibility also means that §)
is a minimal space for realizing the symmetries unitarily.

As a measure space, the group G has generally two invariant measures defined on it,
a left Haar measure, d v, invariant under g — gog, for fixed go € G and a right Haar
measure, d i, invariant under g — ggo.

di(gog) = du(g) , dir-(ggo) = du(g), g€q.

The existence of these measures is a general property of all topological groups; for
the affine group these were explicitly written down as dju = db db/a” and du, =
db da/a (see (6.11) and the discussion following). The two invariant measures on
G are equivalent, but generally not equal. In particular, for all wavelet related groups,
which include dilations, the two Haar measures are different. We shall usually work with
the left Haar measure, although everything we do could just as well be done using the
right Haar measure. The space L?(G, du) is usually taken to be the Hilbert space of all
wavelet transforms and it will turn out that finding wavelet transforms of signals implies
mapping the signal space L?(Y, dv)isometrically into a (closed) subspace of L?(G, d ).

Given this setting, one may derive a wavelet analysis on Y, adapted to the symmetry
group G, in which the wavelet transform of a signal s would be an associated function
S, defined on the group (the group being identified with a phase space for the signal) or
some other phase space related to the group. In case the group itself can be identified
with a phase space (as was the situation with the affine group or as it will be for the 2-D
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wavelet transform discussed below), the obvious choice of the function S is to write it
as S(g) = (U(g)n|s). Two questions immediately arise: first, does the transform S(g)
have finite energy and second, is it possible to reconstruct the signal s uniquely from
its transform S?

Square integrability of representations

The first question posed above can be reformulated as follows. If the total energy of
the transform S is identified with the square of its L2-norm:

E(S)=|SI? =/G du(g) 1S)I,

then of course, we want || S|| < co. In fact we require that the mapping s — S be (up
to a constant) an isometry. Thus, the original question about the finiteness of energy
becomes: isit possibleto find iy € §) suchthat || S| is finite forall s or thatthe map s > S
be a multiple of the isometry? It will turn out that a positive answer to this question
will also guarantee the possibility of reconstructing the signal from its transform, i.e.,
a positive answer to the second question.

Interestingly enough, from a mathematical point of view, in order to obtain finiteness
of energy for all transforms S, it is enough to require this of the transform of the probe
Y only. Thus, we require the existence of a nonzero vector ¢ € §) such that

1) :/ du(@) U@V |¥)? < oo. (7.4)
G

In case such a vector exists, we call it an admissible vector or, in signal analytic

language, a generalized mother wavelet. The representation U(g) is then said to be

square integrable. Square integrability is a property of both the representation U(g)

and of the group G itself. Not all groups have square integrable representations and the

same group may have representations which are square integrable as well as other ones
which are not. From the general theory of square integrable group representations (see,

e.g., [Ali00] for a detailed account) one knows the following:

+ The existence of one admissible vector guarantees the existence of a dense set of such
vectors. In particular, if ¢ is admissible, then so also are all the vectors U ()Y, g € G.
Let us denote the set of all admissible vectors by .A. Then there exists an operator C,
in general unbounded, on the Hilbert space §) such that it is self-adjoint, has positive
spectrum and such that its domain is precisely the set of all admissible vectors:

cy=CYIP <0 & YedA (7.5)

Moreover, C~! also exists as a densely defined positive (spectrum) operator. As in the
1-D wavelet case (6.17), we call C the Duflo—Moore operator of the representation.
« If the group is nonunimodular (i.e., the left and right Haar measures are different)
then C is an unbounded operator and A is a proper subset of §). If G is unimodular,
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then C = AI, A > 0, and A coincides with the entire Hilbert space ) (every vector
is an admissible vector).

* For any two admissible vectors ¥, v and arbitrary vectors s, s' € ), the following
orthogonality relation holds:

/G du(@) (U [s") (U@ |s) = (CY [CY') (s"|s). (7.6)

Note that (6.37) is just a special case of this relation, when G is the affine group.
Proceeding in the same way by which we arrived at (6.38) from (6.37), we derive from
(7.6) the resolution of the identity,

1
©vici Jo ¢ v =1 77
(Cy | Cy) /G w(g) U@y ) (U(@)v] 77

provided (Cyr | Cy') # 0. Taking ¥ = v’ in the above gives,

1
— / du(g) [Ye) (el = 1. (7.8)
CW G

Construction of generalized wavelet transforms

Given the existence of a square integrable representation U(g) of the group G, on
the signal space $) = L2(Y, dv), (generalized) wavelets and wavelet transforms can be
constructed by exploiting the orthogonality relation (7.6), in much the same way as was
done for the affine group in the previous chapter. We start by taking a mother wavelet yy €
$) and defining generalized wavelets as the vectors 7, = U(g)y € §), g € G. In the
physical literature, the vectors v, are called coherent states of the representation U (g).
Our convention will be to call these vectors generalized wavelets only when the group
contains some sort of a dilation transformation on the space Y and the group space itself
can be identified with a phase space. Otherwise we shall use the term coherent state. The
question of when the group also has the structure of a phase space will be analyzed later.
Using the generalized wavelets v,, the (generalized) wavelet transform of the signal
s € $) is defined to be the function S(g) = (¥, | s) on G. Since the group G is derived
by analyzing symmetry transformations of signals, its elements g are defined in terms of
these very symmetry parameters (e.g., rotation angle, translation distance, zoom factor,
etc.) and hence the wavelet transform also becomes a function of these parameters.

Computing now the expectation value of both sides of (7.8) with respect to s € $)
yields

1S1226.470) = / dp ISP = ¢y IslI3, (7.9)
G

implying that the map Wy, : § — L*(G, d ), given by

(Wys)(g) = c;, " (W | s), (7.10)
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is a linear isometry. Similarly, acting on a signal s with the operators appearing on both
sides of (7.7), we derive the general reconstruction formula

1
. — S(g)v.. 7.11
s (CWICW’>/G n(g) SV, (7.11)

Again, it ought to be emphasized here that the wavelet transform S(g), appearing in
this expression, is computed using the wavelets ,, while the reconstruction is done
using the different set y,. Of course, the formula is valid also if ¢ = . The above
discussion again illustrates how in the general situation, as in the case of the affine
group discussed in the last chapter, it is the square integrability of the representation
which leads to the finiteness of the energy of the transform, on the one hand, and to the
reconstruction formula, on the other.

The orthogonality relation (7.6) acquires a more transparent physical meaning if we
express it in terms of wavelet transforms. If Sy, (g) is the wavelet transform of the signal
s, with respect to the mother wavelet ¥ and S/, (g) the transform of s’ with respect to
', then (7.6) can be rewritten as,

fG du(g) Sy.(8) Sy(g) = (Cy | CY) (s'|s). (7.12)

In other words, wavelet transforms of orthogonal signals are always orthogonal, inde-
pendent of the mother wavelets chosen to represent them, while wavelet transforms of
arbitrary signals, when computed with respect to a mother wavelet v, are all orthogonal
to their transforms computed with respect to v/, if C is orthogonal to C/'.

Reproducing kernels, partial isometries and localization operators

Let ¥ be an admissible vector and let Wy, [L2(Y,dv)] = £y be the range of the isometry
W,. This means that §),, is a closed Hilbert subspace of L?*(G, dp), consisting of all
wavelet transforms S(g) associated to the mother wavelet /. Let P, be the projection
operator onto )y, i.e., IP’l/, LZ(G, dp) = $Hy. If ¥ and W' are two admissible vectors,
chosen so that (Cyr | Cy’) = 0, then from (7.6) we infer that the corresponding spaces
of wavelet transforms, ), and §),-, are orthogonal. However, unlike in the case of the
affine group (see Theorem 6.1.1), this fact cannot in general be used to obtain a com-
plete decomposition of L>(G, d ) into orthogonal subspaces of wavelet transforms —
generally the space L?(G, d i) contains more than just wavelet transforms. An interest-
ing feature, connecting the spaces of wavelet transforms §),, corresponding to different
mother wavelets ¥, now emerges. All these spaces of transforms sit inside L*(G, d )
and the same signal s can be mapped into different transform spaces, by choosing dif-
ferent mother wavelets. It is natural to ask whether it is possible to interpolate between
these spaces of transforms, for that would allow us to take the transform of a signal
with respect to one mother wavelet and re-express it as a transform with respect to a
different mother wavelet. The following discussion, in particular Theorem 7.1.1, will
show exactly how this can be done.
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Partial isometries
For two arbitrary mother wavelets v, ¥, define the function

Kyy:GxG—C,  Kyy(g.g)=I(cycy) " * (W) (7.13)

This function has the easily verifiable properties,

Kl/f,lﬂ/(gv g/) = Kl/f’,w(g/’ g) 5

/ du(g"”) Ky y(g,8") Kyry(g", &) = Ky.y(g. g, (7.14)
G

the first following from the definition of K y- in (7.13) and the second from the
resolution of the identity in (7.8). Next let us define an integral operator Vy -, with
Ky 4 (g, g') as its kernel:

(Vw,w/F)(g)=_/ du(g) Ky,y (g, 8) F(g), F e L*(G,dw). (7.15)
G

We show below that Ky, = K,y is the integral kernel of the projection operator P,
and hence defines a reproducing kernel of the type seen in the last chapter (see (6.28)—
(6.30)), while the operator V-, for different yr, Y, is a partial isometry on L*(G,du).
This means that the range of V,;, - is the space §) -, of wavelet transforms corresponding
to the mother wavelet v/, while its kernel is the orthogonal complement, =, of the
space of transforms §),. Between ), and §), the operator interpolates as a linear
isometry.

Theorem 7.1.1. The operator Vy, y is a partial isometry on L*(G, d ), which maps
the subspace $)y, isometrically onto )y, and has the properties

Vo Vo = Vg, Viw =Vyy, (7.16)
Vo =Py, VyyVp =Py, Vi, Vyy =Py (7.17)

Proof . The two relations in (7.16) follow from (7.14). For any F € L*(G, d), it can
be shown that

Py F)(8) =fG du(g) Ky(g.8) F(g), (7.18)

in exactly the same way as (6.33) was proved for the affine group. This establishes the
first of the relations in (7.17). Also,

/G du(g") Ky.y(g.8") F(g) = (cy cy)™ (Y | /G du(g") ¥y F(g))
= <Wg |S>’

where

s =(cy cy) / du(g) Yy F(g) € L*(Y, dv).
G
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Thus, Vy, 4 F is the wavelet transform of s with respect to the mother wavelet v,
implying that the range of V, y- is contained in the subspace §),, C L*(G,du). To see
that it actually coincides with §), let F be an arbitrary element of §),,. Then there
exists a signal s € L2(Y, dv) for which F(g) = (Vg |s). But, by (7.8),

1
Wels) = /G () (W | WV, | 5)

= / du(g") Ky.y (g, 8VF'(g) = (Vyy F)g),
G
where we have written
e\ 172
F'(g) = (—‘”) ARE
C]/,f

Thus every vector in $)y, is also in the range of Vi, .
On the other hand, using (7.14) and (7.18),

/G du(e) Ky.y(2, ) F(g)
= // du(g) du(g") Ky 4 (g, 8" Ky (8", g') F(g')
GJG
B /a du(g") Ky y(g, g") Py F)g"),

implying that, for any vector F € Sﬁi,,
Vyy F =0.

Thus ﬁi, is contained in the kernel of V, . Finally, if F' € )/, so that F'(g) =

(¥} | 5), for some signal vector s € L*(Y, dv), and ”F/HZLZ(G,d;L) =cy ”SHZLZ(Y,dv)’ then

(Vo F)() = (cy cy)™ fG di(g) (e | W) (Wl | s)

N2
= (c‘” ) (e ls). by (78).
Cy

But the function F'(g) = (i, | s) is the wavelet transform of s with respect to the mother
wavelet ¥r. Hence,

2 Cy’ 2 2 2
” Vl//,l/f’F ”LZ(G,d,u) = Cy a ”S ||L2(Y,dv) = Cy ||S ”LZ(Y,dU) - ” F ”Lz(G,du)'
Thus, Vy , maps £y isometrically onto §),, and its kernel coincides with Sﬁi,. O

This theorem is useful for it shows, first of all, that the various transforms that can
be obtained for the same signal but using different mother wavelets, are in a sense
equivalent. Second, all these transforms have the same energy content as well as the
same information content. From a theoretical point of view, therefore, it does not matter
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which mother wavelet is used. However, for practical or computational reasons, it may
be preferable to use mother wavelets having specific properties.

Left regular representation and localization operators

We had started out by choosing an irreducible representation U(g) of the group G,
on the space of signals L%(Y, dv). Assuming U to be square integrable and taking
different admissible vectors (or mother wavelets) 1, we defined generalized wavelets
g, using which we were able to map the signal space isometrically into subspaces ), of
signal transforms. The isometric mapping Wy, was defined (see (7.10)) by (Wy s)(g) =
c; 172 (¥4 | s). Asaconsequence of this isometry, the unitary operators U (g) are mapped
to certain unitary operators on $),, and it is interesting to obtain these image operators.
Since, for arbitrary s € L*(Y, dv) and fixed gy € G,

(WyU(20)5)(8) = ¢, > (W, | U(g0)s) = ¢, (U(g0)*U()¥r | 5)

—1)2 - —1/2

=, P (U 'V |5) =, (Y1, |9),
we obtain, Wy, U (go)Wl; I = Uy (go) (the inverse of Wy, being computed on its range),
where, for any S € §y,

Uy (g0)S)(&) = S(g5 '), g€G, (7.19)

which ought to be compared with (6.35). Being the isometric image of a unitary ir-
reducible representation, the representation given by these operators, on )y, is also
unitary and irreducible. In other words, U(g) and Uy, (g) are equivalent representations
of the group G, however, expressed on different Hilbert spaces. What is important to
note here is that the right-hand side of (7.19) is independent of . In other words,
one obtains the same form for the transformed operators Uy, (g) on all the subspaces
Hy C LZ(G, d ), irrespective of the mother wavelet chosen. Using this fact let us define
the operators Uy(g), g € G, on the whole of L2(G , d ), adopting this same form:

(U(@)F)(g) = F(g™'g), g.8 €G, FelLXG,dp). (7.20)
Since

WMWW=LWMWW®D@W

=K;mugﬂF@—%m2=nﬂﬁ

the last step following from the invariance of the measure du, the operators U,(g) are
unitary on L?(G, du). Also, clearly, the map g — Uy,(g) is a group homomorphism.
Thus, we have obtained a unitary representation of G in terms of these operators,
called the left regular representation. The situation is exactly what we also had in the
case of the affine group (see (6.34) and the discussion leading up to and following it).
The left regular representation is not in general irreducible, and indeed, (7.19) shows
that, restricted to each one of the subspaces §), C L?*(G, dp), it admits the irreducible
subrepresentation Uy (g). Another way to express this fact is to write
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Wy U(g) = Ur(e)Wy = Uy (). (7.21)

Summarizing, the role of the representation U(g) on the signal space is played by the
left regular representation U,(g) on the spaces of wavelet transforms.

The construction of localization operators on the group space G follows the same
pattern as laid out for the affine group in Section 6.1.3. Let ¥ € L?(Y, dv) be an admis-
sible vector, K (g, g’) the corresponding reproducing kernel and A C G a measurable
set (with respect to the Haar measure dut). Associated to A, we define the integral
kernel,

ay(g, ¢ = / du(g") Ky(g, 8") Ky(g". ), (7.22)
A

and the resulting operator a,(A) on L*(G,dp),

(ay (A)F)(g) =/G du(g)) ay(g, ¢) F(g), F e L*(G,dw). (7.23)

From (7.18) and the definition of ay, (A), it follows that

(Flay(A)F) =/A du(g) [Py F)(g)l%, (7.24)

which shows that the operator is bounded, self-adjoint and has positive spectrum. In
particular, for S € )y,

(S lay(A)S) = / du(g) 1S@).
A

Thus, the quantity
(S1ay(A)S)
Isiz
represents the fraction of the wavelet transform of s (where S(g) = (¥, | s)) which is
localized in the region A. This also motivates the term localization operator for ay (A).

ps(A) = (7.25)

Additionally, these operators have the measure theoretical properties as those obtained
for the localization operators of the affine group (see (6.53)):

aw(G) = P,/I, a,/,(QJ) = O,

ay((Jan = ay(a).  if A;[)A; =0, whenever i # j. (7.26)
ieJ ieJ
where, again, the sum in (7.26) is to be understood in the sense of scalar products.
These relations also imply that pg(A) is a probability measure.
Finally, the localization operators satisfy the imprimitivity or covariance condition,

Ui(g) ay () Up(9)" = ay(gA), (7.27)

where g A is the shifted set,
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gA={gg' €G|g €A}

The above covariance relation can be derived in the same way as (6.57) and again leads
to the corresponding relation,

Ps(8A) = pu,g)-15(D), (7.28)

for the probability measure ps(A). We interpret this relation in the same way as in the
case of the affine group namely, that the probability of localization in the transformed
set is the same as the probability of localization of the transformed signal in the original
set.

Wavelet transforms on general quotient spaces

The group theoretical analysis outlined above was intended to underscore the fact that,
using purely symmetry arguments, one can arrive at a general wavelet transform, which
then displays all the basic properties of the standard 1-D wavelet transform. However,
the power of this general group theoretical analysis lies in its applicability to a vast
number of other symmetry groups, thus opening up the possibility of constructing ex-
tremely general classes of wavelet transforms. Many of these turn out to be of enormous
practical value, as well. It is in this light that we will undertake in Section 7.2 a general
analysis of the 2-D wavelet transform.

Building the generalized wavelet transform, defined in (7.10), depended on the as-
sumption that the underlying group representation U (g) was square integrable — in the
sense that there existed a vector i satisfying the admissibility condition (7.4). Further-
more, since we generally wish to identify the space of signal variables with the structure
of a physical phase space, the group G itself would have to possess such a structure,
if wavelet transforms are to be defined as functions over it. However, already in the
case of the Gabor transform, we saw that these conditions were not fulfilled in the strict
sense. Indeed in that case admissibility was only defined with respect to a quotient
space of the group (see (6.114) and the discussion following it); it was this quotient
space which had the structure of a phase space and on which the Gabor transform was
defined. Let us briefly indicate here how this sort of a construction can be put against
a more general setting.

As a first case, consider the situation where the analyzing wavelet ¥ has a nontrivial
isotropy subgroup Hy; C G, up to a phase. This means that i satisfies the condition

Uh)y = e My, h e Hy, (7.29)

where «(h) is a (real) phase factor, generally depending on /. (In the physical literature,
this is the setting for the construction of Gilmore—Perelomov type of coherent states
[191,192,Per86,312].) Clearly now, the integrand in (7.4) does not depend on g, but
only on the coset gHy € G/Hy, so that the finiteness of the integral would force the
subgroup Hy, to be compact. Failing that, we assume that the quotient space X = G/Hy,
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carries an invariant measure v. (Recall that elements of the quotient space X are the
cosets gHy , g € G, and they transform under the action of an element gy of the
group in the manner, g Hy, — gogH,.) We impose the weaker admissibility condition
[191,192,312],

/XdV(X) (U@VIP)? <o, Voeh (x=gHy), (7.30)

on ¥. The integrand in (7.30) manifestly does not depend on individual elements g € G,
only on their cosets modulo Hy,, x = gHy; € G/Hy, and the condition (7.30) makes
sense. This condition means that the representation U is square integrable on the coset
space X = G/Hy or, asitis called, square integrable modulo the subgroup H, . Notice
that the latter need no longer be compact. In order to define wavelets, it is necessary to
go back to the group. We do this using the notion of a section. Thisisamapo : X — G,
chosen so that if o(x) = g then x = gHy,. In these terms, the admissibility condition
(7.30) may be rewritten in the slightly different, but completely equivalent form:

cx(¥, @) = / dv(x) (U@ ))Y1$)I* < 00, V¢ €9, (7.31)
X

where o is an arbitrary section o : X — G. Indeed, since two different sections o and
o’ are related as 0'(x) = o (x)h(x), where h(x) € Hy, it is obvious that the integrand
does not depend on the choice of the section. Correspondingly, the wavelet vectors are
written as V) = U(o(x))¥, x € X, which emphasizes that the proper index set is
X = G/Hy and not G.

Under the condition (7.30) or (7.31), the whole construction may be performed
exactly as before [Ali00,6]. In particular, the map Wy :  — L*(X,dv) given by
(Wys)(x) = c;/z(wa(xﬂs) is an isometry, where cxy = cx(y, ¥); in other words, one
has a resolution of the identity

! /X Av() W) Vool = 1. (7.32)

From this follows, as before, that the range of W, is a closed subspace ), of
L%*(X, dv), the corresponding projection Py =W, le is an integral operator with
(reproducing) kernel K (x’, x) = c;(l (Vo) ¥ox)), the familiar reconstruction formula
holds, etc.

Coming back to the subject of this book, it is true that the continuous wavelet trans-
form, both in one and two dimensions, are examples of wavelet transforms living directly
on the associated group, Gf;f) and SIM(2), respectively (see below). However, we have
also seen in Section 6.3 that the Gabor transform is an example of a construction modulo
a subgroup, in this case the phase subgroup ® of the Weyl-Heisenberg group G;. In
the same way, in dimensions higher than 2, the CWT with respect to an axisymmetric
wavelet leads to wavelet transforms defined on a quotient of the above type (see Section
9.1). Physically, this means that while the total set of signal symmetries may be large,
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because of the needs of the problem at hand, the wavelet transform is defined over a
smaller set of parameters. Moreover, it is this quotient space which turns out to be the
relevant phase space of the problem.

Actually, one can go a step further, and extend the whole construction to the case of
an arbitrary coset space X = G/H, where H is not the stability subspace of any vector
Y in the sense of (7.29). The main difference is that (i) the validity of the admissibility
condition (7.31) may depend on the choice of the section o; and (ii) when the condition
holds, it reads

0< / dv(x) (U@ IB)1> = (4| As¢), Yo € 9, (7.33)
X

where A, is a bounded positive invertible operator, sometimes called the resolution
operator. Equivalently, the resolution of the identity (7.32) becomes

cx' /XdV(X) Vo) (Vo = Ao (7.34)

Note that A;l may be unbounded in general. In the case where it is bounded, the system
of wavelets {{(y), x € X} is called a (continuous) frame. (The unbounded case yields
a far reaching generalization of the notion of a frame discussed in Section 2.4.1.)
However, this extension of the theory of wavelets will not concern us in this book, with
the sole exception of wavelets on the 2-sphere, discussed at length in Section 9.2.

7.2

7.21

The 2-D continuous wavelet transform

Group theoretically, we expect the 2-D continuous wavelet transform to arise from a
group which should be an appropriate generalization of the affine group. This indeed is
the case, and we are led to it by a relatively straightforward analysis of the symmetries
which might be attributed to a two-dimensional signal. It turns out that the group in
question, the 2-D similitude group, is a generalization of the affine group and in fact
contains it as a subgroup.

The similitude group and 2-D wavelets

We begin with a model of a two-dimensional image. For our purposes, a 2-D image will
be a finite energy signal s € L?(R?, d*X), as discussed in Section 2.1.1. The operations
we want to apply to s are translations in the image plane (l; € R?), global dilations
(zooming in and out by a > 0) and rotations around the origin (6 € [0, 2)). Together
these transformations constitute a four-parameter group, called the similitude group of
the plane and denoted by SIM(2). The action on the plane is

X =(b,a,0)5 =aryy +b, (7.35)

where rp is the 2 x 2 rotation matrix,
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ry = (cos@ —sm@) . (7.36)

sin@  cos®

Our convention is to take a quantity such as X to be a column vector, the corresponding
row vector being X 7. A convenient representation of the joint transformation (b, a, 6)
is in the form of 3 x 3 matrices

(E,a,mz(%rf ’f) 0" = (0,0). (737)

Matrix multiplication then replicates the composition of successive transformations
and thus we derive the group law,

(b,a,0)b,d,0) = (b+arh',aa,0 +6)
e= (6, 1,0), (unit element)
(b,a,0)"" = (—a"'r_yb,a"", —0).

From this, we deduce the following.

» The set of rotations (0, 1, 6), 0 € [0, 2r), is a subgroup of SIM(2) and so also is
the set of dilations (0, a, 0), a > 0. Moreover, these two subgroups commute, i.e.,
0, 1,0)0,a,0)=(0,a, 0)0,1,0) = (0, a,0).

* The set of all translations (l;, 1, 0), be R2, is also a subgroup. Moreover, it has the
structure of an invariant subgroup in the following sense: if (1;, a, ) € SIM(2) is
arbitrary and (50, 1, 0) any element of the translation subgroup, then

(b, a,0)(bo, 1,0)(b, a,0)" = (argby, 1,0),

which again is an element of the same subgroup.
Thus, the similitude group SIM(2) has the structure of a semidirect product:

SIM(2) = R? x (R} x SO(2))

where R? is the subgroup of translations, R} that of dilations, and SO(2) of rotations.
Topologically, we can identify R? with C, the complex plane and R x SO(2) with
C*, the complex plane with the origin removed. Thus we may write

SIM(2) = C x C*,

and denoting a group element by (z, w), where z € C and w € C*, the group compo-
sition law is, very simply,

(z1, w1)(z2, w2) = (21 + w122, WIW2).

In particular, if we only consider elements (z, w) for which z = b 4 ic, withc¢ = 0, and
w = ae'’, with & = 0, then these elements clearly constitute a subgroup, which is just
the affine group of the line. Thus, G, C SIM(2), meaning that the similitude group
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is a generalization of the affine group, as indicated earlier. In fact, we may consider
SIM(2) as being a complexification of G .

Let us compute next the left (invariant) Haar measure on SIM(2). If (50, ap, Bp) 1s a
fixed element of the group and (b,a,0) arbitrary, then writing

(b'.d',0') = (bo., ao. 6o)(b. a,0) = (by + aora,b, aoa. 6y + 0),

and noting that det [rg,] = 1, we get

&b =al d*b,  dd =apda,  d6' =db.

Thus, the measure

du(b, a,b) = a% d*b da do, (7.38)

is invariant under left transformations. Similarly, the right Haar measure can be com-
puted to be

- 1 .-
dp,(b,a,0) = — d*b da db,
a

and thus like the affine group, the SIM(2) group is also nonunimodular.

Since b, a, 6 represent parameters in terms of which we want to analyze the signals
s € L*(R?, d?%), we shall identify the Hilbert space L>(SIM(2), d ) with the space of
all finite energy 2-D wavelet transforms. It will turn out that SIM(2) ~ R? x R} x §!
again has the structure of a phase space (S' being the unit circle). We shall later analyze
the orbits of SIM(2) under the coadjoint action and we shall see that there is only one
nontrivial orbit, which topologically is isomorphic to the group itself. Correspondingly,
there is only one nontrivial unitary irreducible representation of SIM(2). This represen-
tation, which is a straightforward realization of the action (7.35) on the space of signals
L2(R?, d*%), is given by the operators U(b, a, §) (see (2.13)):

[U(E, a. e)s] D =a's@ ' roF—b), beR%a>00<6<2r. (139

The fact that these operators define a unitary representation is straightforward to verify.
In the space L*(IR?, d*k) of Fourier-transformed signals s, this representation acquires
the form (see (2.14))

[17(13, a. 9]?] &) = a e "* Sar_ok). (7.40)

This representation is also square integrable, with an admissibility condition on mother
wavelets, see (2.16), which is analogous to (6.15). Indeed we have the result:

Theorem 7.2.1. The family of operators U (1;, a, 0) defines a unitary irreducible rep-
resentation of SIM(2) in the Hilbert space L*(R?, d*X), which is unique up to unitary
equivalence. This representation is square integrable, and a vector ¥ € L*(R?, d*X)
is admissible if, and only if, it verifies the condition:
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¢y = ) f k@ (7.41)

Proof . That U is a representation of SIM(2) results from explicit computation; its
unitarity is obvious and its irreducibility follows from Proposition 2.1.2. As for the
square integrability, it is proved by a direct calculation, using the Fourier-transformed
realization U (see above),

~ o - 2 ad
= [ @6 a0 in] @55
SIM(2) a

2 .
/ dzb/ / d@/ 42k P G ar_ &) UK
]R2 RZ
x / A2k e Yar_o (k) Y(K).
]RZ

Integrating first over b (the permutation of integrals is allowed by Fubini’s theorem)
yields a factor (277)28(k — k') and, therefore,

o0 da 2 N — N 2 o 2
1)) = @ny’ f o / de / &k |Parob| [P .
o aJo
From this, we get, exactly as in the proof of Proposition 2.2.1,

L) =cy IYII%

with ¢y, given by (7.41), which proves the statement. O

Introducing the Duflo-Moore operator c , in the Fourier transformed space:

v =ICYIP,
we obtain,

—~—~ > 20 ~ -

(CY)(k) = m Y (k), (7.42)

which should be compared to (6.16). Thus every function v € L*(R?, d*X), such that
its Fourier transform lies in the domain of C (i.e., satisfies (7.41)), is an admissible
vector and can be used to build wavelets. Following our established practice, we shall
call such vectors mother wavelets.

Choosing a mother wavelet {7, we define the 2-D wavelets as:

Vhao(¥) = [U(E, a, 9)1&] (xX) = 1/f <—r o(x — b)) (7.43)
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and the 2-D continuous wavelet transform as the inner product of the signal s with the
wavelet v , ,:

Sb. a, 8) = (Y5,415). (7.44)

which s a function on SIM(2) (see (2.18)—(2.20)). All the general properties of wavelets,
as outlined in Section 7.1 and in particular the relations (7.6)—(7.11) and (7.21)—(7.27),
follow in a straightforward manner. Some of these were worked out in detail in Section
2.2. Specific examples of 2-D wavelets with special symmetry properties have also
been worked out in Chapter 2. For the sake of illustration, we display here the general
resolution of the identity and reconstruction formula for signals. Following (7.7) we
may write,

;/m/m/m/hdbdb d—adQ 4 2 =1 (7.45)
wcoicey Lo o ot Vi Waael =1 '

(b1, by being the components of the vector l;), provided,

VR

Cy | Cy') = 2n)? d*k 2L
Ccylcy)=@en’ | e

£0

From this we obtain the reconstruction formula for a signal,

1 /W/W/w/2ﬂ da . /
STCvIcy) dby dby — d6 Sy (b, a.0)Y; . (7.46)
(Cl/f | Cd’/> —00d —0J0 JO ! 2 a3 v b.a.0

where SW(Z;, a,0) = (Y5, |5) is the wavelet transform of s in terms of the mother
wavelet 1. '

One ought to comment here on the freedom that one has in designing the 2-D wavelet
transform. On the one hand, one may ignore the rotation variable 6, for instance, if
directions are irrelevant. This is achieved by choosing an isotropic or rotation invariant
wavelet, ¥ (r5(X)) = ¥ (X). Equivalently, one may consider as transformations of the
plane only translations and dilations, with the corresponding group R? x R} In this
case, however, the representation structure is much more complicated, since every
subspace of the form L2(C, d’k) is invariant under the action of the operators U (l;, a,n),
where C is a cone with apex at the origin in the %-plane. More interesting is the
opposite move. If, besides the similitude operations, one considers also certain types
of deformations, one gets a larger group, namely, the group obtained by replacing in
(7.37) the matrix arg € R} x SO(2) by an arbitrary nonsingular 2 x 2 real matrix. This
group is much more complicated and so also is its representation structure. In fact, it is
unlikely that any of its representations would be of much use for our purposes. Thus,
the similitude group SIM(2) seems to occupy a privileged position in the construction,
although later, in Section 7.4, we shall study a second group in which the spatial rotations
ry are replaced by hyperbolic rotations.
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The group as the primary object

We started out by defining a two-dimensional image as a function on R? and then
obtained the group SIM(2) by considering a set of transformations on R? (see (7.35)),
which would lead to the physically desirable transformations (2.7)—(2.9) on the signal
space. It is possible to reverse the argument, i.e., to start with the group SIM(2) as the
primary object and then to obtain the space IR?, over which the images are to be defined,
as intrinsic to the group and on which it has the natural action given by (7.35). To see
this, note first that the set of matrices in SIM(2),

arg 6
, a>0, 6¢€l0,2mn),
constitute the subgroup H of rotations and dilations and since,

- , (7.47)

the set of matrices

A A

. , y e R7,

0" 1
is identifiable with the quotient space SIM(2)/H. Acting on such a matrix from the
left, by an element of SIM(2), we see that,

arg b L y arg argy +b

- - -

0" 1 0" 1 0r 1

I, an&—l—lg ary 6

-

0" 1 0r 1

implying the transformation ¥ > aryy + b on R2. Thus, the action of SIM(2) on the
quotient space SIM(2)/H is the same as its action (7.35) on R?. The situation here
is the same as that encountered in the case of the affine group (see (6.10) and the
discussion following). One can just as well adopt the point of view that the group is the
basic geometrical object, from which signals, their transformation properties and their
representations in various spaces of functions, all follow as mathematical consequences.

Decomposition theory of 2-D wavelet transforms

As in the case of the affine group, we would like to identify the space L2(SIM(2), d 1)
with the set of all finite energy 2-D wavelet transforms. In order to do this, we have to
be able to decompose any vector S € L?(SIM(2), d) into a sum (possibly infinite) of
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wavelet transforms of appropriate signals with respect to appropriate mother wavelets.
For the affine group this was achieved in (6.41) and we would like to do the same in
the 2-D case.

Since the Duflo-Moore operator C has an inverse, we can choose an orthonormal
basis, {¢,}°° |, in the signal space L?(R?, d>X), such that each ¢, is in the domain of
C~!. Thus, the vectors v, = C~'¢, are admissible. We recall next that the orthogonality
condition (7.12) implies that all wavelet transforms are elements of L>(SIM(2), d ).
Specifically, if Sn(l;, a, 0) denotes the wavelet transform of a signal s with respect to
the mother wavelet v, and S,’n(l;, a, 0) that of a signal s” with respect to the mother

wavelet v, then
f dp(b, a.) Sy(b.a.0) S,(b.a.0) =8, (s|5). (7.48)
SIM(2)

Foreachn =1,2,..., 0o, denoting by $),, the space of all wavelet transforms with
respect to the mother wavelet v,,, we infer from the above equation that these spaces are
mutually orthogonal. Furthermore, &° ,§),, € L*(SIM(2), d 1), and since the group
has only one irreducible unitary representation, one can in fact show that

9y, = LA(SIM(2), dp), (7.49)
n=1
where >~ denotes (unitary) equivalence. (A general discussion of such decompositions,
and related results, may be found in [Ali00].) Thus, we have justified the expansion

S=Es.  §eLXSIMQ).duw), (7.50)

of an arbitrary element of L>(SIM(2), dj1) in terms of wavelet transforms. Note that,
in the above, S,l(l;, a,f) = (U(E, a,0)y, | s), for some signal vector s € L*(R?, d?X),
where in general, s is different for different n. Note also that the sum in (7.50) holds
in the sense of the L2-norm, so that, although the functions S,,(l;, a, 0) are continuous
in all variables, we only have § (l;, a, )= Zil S,,(l;, a, 0) almost everywhere (with
respect to d ).

We know, from the general theory outlined in Section 7.1.4, that each one of the
subspaces §)y, is a reproducing kernel Hilbert space. Let

Ky, (b,a,0; b',d', 0"y = (Ub,a,0), | UWD, d, 6,
be the reproducing kernel for §),,. Then, given S € L?(SIM(2), d ), the component
S, appearing in (7.50) can be computed using (7.18):

Su(b.a,0) = / dut'.a' 0" Ky, (b, a,0: b'.a',0") SB. a0, (7.51)
SIM(2)

and, writing Sn(l;, a,f)= (U(l;, a, 0)y, | s), the signal vector s may be computed using
(7.46):
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s:/ dub, a,0) Su(b, a,0) ¥;, o (7.52)
SIM(2)

If we introduce the basic wavelet transforms,
Sun(b.a,0) = (U, a, 0, | b)), ¢n=Ctm, nom=12,... 00, (1.53)

then, by (7.48) and the orthonormality of the ¢,, these functions are seen to satisfy
/ dp(b, a,0) Sun(b, a,0) Si(b,a,0) = . Sy (7.54)
SIM(2)

Hence, any S € L>(SIM(2), d ) has the orthogonal decomposition

S(E,Cl, 0) = Z Cnm Snm(l;9 a, 9), (755)
n,m=1
with
Com = f (B, . 0) Sy @, 0) SGB. a, 0), (7.56)
SIM(2)
and

NEE= / du(b, a,0)|S(b, a,0)* = |Com]*
SIM(2) Z Z

n=0 m=—o00

A concrete example
Finally, we give a concrete example of the decomposition (7.50), in terms of mother
wavelets built out of the well-known trigonometric functions and Laguerre polynomials.
In the Fourier-transformed signal space LZ(I@Z, d2k), we choose the basis vectors

~ TN —-12 ¢ imo
Gum (k) = oozl e > La(o) ™",

n=0,1,2,...,00, m=0,£1,£2,...,+00, (7.57)
where g, ¥ are the polar coordinates of k and the L, (o) are the Laguerre polynomials:

n Nk
Ln@):Z(Z) (lj) .

k=1

These satisfy the orthogonality relations,
oo
/ Ly (o) Ly(0) e ? dQ = Smn»
0

implying that the EEM are orthonormal,

(Zp\nm Iak@) = 8k Sme- (758)
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The fact that they form a basis of L2(R2, d2k), follows from well-known properties of
Laguerre polynomials and trigonometric functions. Moreover, it is clear that the vectors
wnm = Cil(pnm, where

D (®) = _2@ B ()
T
1

@)
n=0,1,2,...,00, m=0,=%1,+£2,...,+o0, (7.59)

"7 ™% Ly(o) e,

are also elements of the Hilbert space L2(R2,d%k) and hence legitimate mother
wavelets.

Using the mother wavelets Yums We can construct the spaces )y, of wavelet
transforms Sy (b, a, 0) = (U(b, a, 0)Yum |5), 5 € LAR?, d*k). The total space of
all transforms would then decompose as:

L*SIMQ). dw) =~ B $H,.-

n=0 m=—o00

Decomposition into orthogonal angular channels
We saw, at the end of Section 6.1.2, how a 1-D wavelet transform can be analyzed into
wavelet transforms in orthogonal channels. Here we carry out a similar decomposition of
a2-D wavelet transform into orthogonal angular channels, again following a suggestion
in [105]. We use the mother wavelets {ﬁnm defined above. Let IZ be an arbitrary mother
wavelet in the Fourier domain. We may then write,

VE) =D dpnVun®) =Y an(o) €™, (7.60)
n=1 m=1 m=1
where
1 s o o~ -~
(@) = —— Y @m0 € L@, tun = G | C). (7.61)
2m)2 3

The sum in (7.60) may be looked upon as a decomposition of the mother wavelet into
angular channels. Next, writing

V() = an(o) €™, (7.62)

we easily see that 1??,,1 is a vector which is in the domain of the Duflo-Moore operator C
and hence it can be used as a mother wavelet. If S, (b, a, 6) is the 2-D wavelet transform
of a signal 5 € L2(R?, d*k), then it is straightforward to verify that

Syb.a,0)= Su(b.a.0),  Sub.a.0)= (Ub.a,0)Vu|73). (7.63)
m=1
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It is clear that, for m # n, the wavelet transforms S, and S, are orthogonal functions
in L?(SIM(2), d ), while the mother wavelets 1//;,,, and Jn are themselves orthogonal
vectors in L2(R2, d%k). Thus we call (7.63) a decomposition of the wavelet transform
Sy (I; , a, 0) into orthogonal angular channels, the transform Sm(l; , a, 0) being the com-
ponent along the m-th channel.

7.3

7.3.1

2-D wavelets on phase space

In Section 2.3.2 we pointed out how the 2-D wavelet transform could also be looked
upon as a function on a physical phase space. Here we take up this point again and
give a more exhaustive mathematical treatment of it. The SIM(2) group has only one
nontrivial coadjoint orbit and hence only one phase space. Moreover, this phase space
is topologically homeomorphic to the group itself, meaning that wavelet transforms
may also be viewed upon as transforms built on this phase space. In order to analyze
these features, it will first be necessary to study the matrix structure of the generators
of the various transformations constituting the group.

Lie algebra and orbits

The four basic sets of operations of dilation, rotation and the two translations, each
constitute one-parameter subgroups of SIM(2). More precisely, these subgroups are
generated by group elements of the type

(b,a,0)=(0,¢,0), t eR,
or  (b,a,0)=0,1,1), t € [0, 27),
or (b,a,0)=(et, 1,0, teR, i=1.2,

where

) () )

constitute one-parameter subgroups. A general element of SIM(2) can be written as a
product of elements of these subgroups:

> 5 5 - (b
(b,a,0) = (e1h1, 1,0) (e202,1,0) (0,1,0) (0,a,0), where b=< ').

Generically, writing elements in any one of these subgroups as g(¢) and computing the
derivative at the identity:

d (1)
aps ’
dt =0

as was done for the affine group in (6.77), we obtain the four 3 x 3 matrices
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1 00 0 -1 0
D=0 1 0}, J=|1 0 0],
0 0 0 0O 0 O
0 0 1 0 0 0
P=10 0 0], Php=10 0 1]. (7.64)
0 0 O 0 0 0

Here D is the generator of dilations, ¢'? = (6, ', 0), J that of rotations, ¢’/ = (6, 1,0),
and P, P, those of translations, ¢'"" = (te;, 1,0), i = 1, 2. The four generators satisfy
the commutation relations

[D,J]=0, [D,Pl=PF, i=1,2,
[J’P1]=P21 [J’P2]=_P1’
[P1, P] =0,

and together they generate the Lie algebra of SIM(2) which, in this case, is a four-
dimensional real vector space. We denote this Lie algebra by sim(2) and its dual space
by sim(2)*.

A general element of the Lie algebra sim(2) has the form

L -0 B
X@ B =AD+0J+BP +BP=0 r» B[, (7.65)
0 0 0

with 0, A, B1, B> € R and

. = (B
a—<9>, ﬂ_(ﬁz). (7.66)

Corresponding to a 2-vector v, consider again, as in (2.52), the 2 x 2 matrix §(v),

5(7) = (”1 _”2>, 5= <”1>. (7.67)
1% V1 1%

Then, for any two vectors v and w,
s(0)s(w) = s(w)s(V), s(0)w = s(W)v. (7.68)

Using s, the general Lie algebra element (7.65) may be rewritten as

X@, f) = (5%”) g) . (7.69)

Exponentiating the matrix X (a, ,g ) yields the group element
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g F(s(@)f

0 1

g = eX@P , (7.70)

wherenow 0 < 0 < 27 and the 2 x 2 matrix F(s(a))is defined as the sum of an infinite
series:
s@) [s@]* [s@)]
@ ) + @ +....

F(s(a) =1, + TRIEY 1

(7.71)

We shall see below that every group element can be so obtained, by exponentiating an
appropriate Lie algebra element.
It will be useful for the sequel to express the operator F(s(a)) in a somewhat different
form. Let us define a function, sinch, of a real variable u as
sinh u

sinch u = , sinch 0 = 1. (7.72)
u

This is a positive, infinitely differentiable function and so also is the related function
uo u
F(u) = e2 sinch (5). (7.73)

This latter function has the Taylor expansion

F(u) = e? sinch (%) LN (7.74)
= e2 sinch () = — 4+ —+—+.... .

W= e Smely 273 Ty

For u # 0, we may also write

F(u) = e2 sinch (%) —u e = 1). (175)

Using the function F we now define the 2 x 2 matrix valued function
A A A A2 A3
e2 sinch 3 :F(A)=H2+§+?+I+”" F(Oy) =1, (7.76)

for any 2 x 2 real matrix A and where O, and I, are, respectively, the 2 x 2 null and
identity matrices. If detA # 0, then

A A
F(A) = e2 sinch (5) = A"[e? — 1], (7.77)

and if, det[e? — I,] # 0, we shall also write

[STES

A= AL A .
FA)y = —— @ [e" — ] (7.78)

Hence, for |a| # 0,
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- 1 A6 e*cosfd —1 —e*sinf
F(s = —
(5(@)) A2+ 02 <—0 A) < e*sinf e’ cosf — 1)

5(d) s(a
= e 2 sinch (%) , (7.79)
and
1 cosf) —e* sinf A —0
P _
[F(s@)™ ~ 2(cosh A — cos 0) ( —sin@ cosf — e‘*) (9 A )
- ¢ - (7.80)
sinch (%‘”)
Going back to (7.70), we rewrite it as
5(0()
.z et ry e 2 sinch (5(“)>
g = X@H — o p , (7.81)
or 1

and writing (1;, 0, a) in the form given in (7.37), we find the relations
r=loga, B =[F@@) b, (7.82)

between the group parameters and those of the Lie algebra. This also shows that L any
group element (b 6, a) can be written as the exponential of some element X (a, ,3) in
the Lie algebra.

The group SIM(2) acts on its Lie algebra sim(2) via the adjoint action:

Ad .0 X @, B) = (b,a.0) X@,B) (b,a.0)”' = X'@, )
s@) —s(b)i +arop
=1 . , (7.83)
0" 0

(in computing the above, we have made use of the fact that rys(@)r_g = s(a).) Writing
X'(a, B) = X(a', B'), we get the transformation rules for the components:

a
B = —s(b)a +arf, (7.84)
so that the matrix M (E, 0, a) of the adjoint action in the {D, J, P;, P,} basis becomes
~ I, O, o R P
M(b,a,0) = . , - | =Mb,a,0)| 5 |]. (7.85)
—s(B) arg B p

The adjoint action induces an action on the dual sim(2)* of the Lie algebra, which
we now proceed to determine. Let {D*, J*, P, P;'} denote the elements of the basis in
sim(2)* which is dual to the basis {D, J, Py, P,} of sim(2). We write a general element
X* € sim(2)* as
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X*=aiD*"+a3J" + B P + B P, af, a5, B1. B € R. (7.86)

We also set

~ af . B _ a*

at = , B = and y=| _ |, (7.87)
o B; B*

so that that the dual pairing between X and X* is given by
(X*; X)=a*-a+ p*-B. (7.88)

The matrix of the coadjoint action of a group element (5, a, ) on sim(2)*, in the
above basis, denoted M*(b, a, 0), is the transposed inverse of the matrix (7.85) of the
adjoint action:

. . L a'sh)’
Mi(b,a,0) = [M((b,a,0)" " = 2 ¢ 5,(1 ), (7.89)
O, a'rg
Writing
. &*/ . . &*
v=| . | =M®aby=Mbao| |, (7.90)
ﬁ*/ ﬂ*
we obtain the transformation rules for the components of the dual vectors X*:
a* =a* +a ' res(b)" B,
B =a"'rf, 1B =a”"IB"I. (7.91)
Since orbits under the coadjoint action are the sets
0" = (M*(b.a,0)7 | (b,a,6) € SIMQ)), (7.92)

for fixed vectors y, € R*, it is easy to see that there are exactly two types of orbits.
(i) Trivial orbits: these are degenerate orbits, which are single point sets {y}, obtained
by choosing

*
o

Y
)

= af, o5 € R
0

>4
|

0

The isotropy subgroup of any such point yy, i.e., the subgroup which leaves it
invariant, is of course the entire group SIM(2).

(i1) The open free orbit: this is the only nontrivial orbit of SIM(2) and is obtained by
choosing
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o = ; (7.93)

0

or by taking for y; any other vector such that at least one of its last two components
is nonvanishing. This is the only orbit which concerns us here and we denote it by
O*. Note that in this case the isotropy subgroup of y (i.e., the subgroup of SIM(2)
elements for which this vector is a fixed point) is just the trivial subgroup consisting
of the identity element of SIM(2). This also means that topologically, the orbit is
homeomorphic to the group space itself (the map, (b, a, 6) > 7 = M*(b, a, 6)7,
from the group to the orbit, is open and free).

The coadjoint orbit O* as a phase space

Since the orbit O* is homeomorphic to the group SIM(2) itself, wavelet transforms
S (l_;, a, 6) may be considered as being transforms defined on this space. In other words,
the parameters b, a, 6 interms of which the signal is being analyzed, can be looked upon
as phase space parameters. This is completely in line with the situation encountered
earlier, for 1-D wavelets and Gabor transforms.

In order to understand better, the structure of the coadjoint orbit O* as a physical
phase space, let us first note that points on the orbit are obtained from (7.91) upon setting

- = . > . ) . 1
a* = 0 and taking for 8* the two dimensional unit vector e; = 0 (see (7.93)). Thus

a generic point y € O* is given as

- (_)2>’< 1 03 Ip [; o 6
r=\|_.1]=- = M*(b, a, 6) :
B* 4 Iy €1 (]
10
o3 = (O 1) y 03 Vg =Tty 03. (794)

Explicitly, with the group element (1; , a, 0) written as in (7.37), we find for the general
phase space point y € O,

af by cosB + bysin6
o3 1 | —b18in€ + b cos6

7= S . (7.95)
Bi a cos 6

B sin 0
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The above relations can be solved to express the group parameters (5 ,a,0)in terms of
the phase space variables a*, 8*:

7 = % 1 -1 ﬂ;

b=aryoza”, a=—=, 0 = tan —= . (7.96)
1B Bi

This also reflects the fact that the orbit O* is topologically homeomorphic to the group

space, and moreover, from the form of (7.95) one infers that, geometrically, O* is also

the cotangent bundle of R? (2-D plane with the origin removed), i.e.,

O* ~ SIM(2) ~ R* x R? = T*R2. (7.97)
Indeed, consider the point

1 cos 6
p* = — eRZ.
sin @

Differentiating with respect to a and 8, we get the two tangent vectors at E *:

. 1 cos o . 1 —sind
s =—— , tg = —
sin a cos b

We may thus take, as basis for the tangent space at E* the columns of the matrix,

1 cosf —sinf
T=-

a \ sinf coséh

The columns of the transposed matrix:

. 1 cos . 1 sin @
t: = — ) t; = — )
a \ —sin# a \ cos#b

then form a basis for the cotangent (i.e., dual of the tangent) space at ,5 *. An arbitrary
element of this dual space has, therefore, the form

. . by cosO + by sin6
&*:bll:—szl‘;:— , bi,byeR.
@\ —p,sinf + by cosh

Thus, we shall interpret B *1in (7.95) as representing a point in the manifold R2 and &*
as a vector in its cotangent space at this point. Physically, one calls the @* configuration
space vectors , while the B* are momentum vectors.

Coadjoint orbits carry natural invariant measures under the group action (see, for
example, [Kir76]). Using the transformation rules (7.91) under the coadjoint action, it
is straightforward to compute the invariant measure on O*. Expressed in terms of the
a*, B, itis
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d*a* d*f*  daf dos dB} dp;
P2 R
(In the physical literature, this would be called the Liouville measure for this phase
space.)
If we express the position vector E *in polar coordinates (p = |,§ *|, ), the coadjoint-
invariant measure (7.98) transforms to

dQua*, f*) =

(7.98)

dp

dQa*, p,0) = d*a* — de. (7.99)
P

In these coordinates it is easy to verify that the differential 2-form
- 1
w@”, p,0)=—daj Ndp +dao A db, (7.100)
Jol

is invariant under the coadjoint action. Moreover, the coordinate transformations on
phase space,

at = —at, 0= —, 0 +— —0, (7.101)
0

leave this 2-form invariant, meaning that they constitute a canonical transformation of
the phase space. (We might point out that the 2-form (7.100) is just the well-known
Kirillov—Kostant—Souriau symplectic structure [Kir76], carried by coadjoint orbits.)

On the other hand, if we parametrize O* by means of the group parameters (l; ,a,0)
using (7.96), the coadjoint action (7.91) transforms to group multiplication from the
left. In other words, the coadjoint action Adﬁ,o, corresponding to the group element
g = (l;o, ap, Hy) transforms the point in O* represented by (l;, a, 0) as follows:

(b.a,0) > (b',a',0") = (b, ag. 60)(b, a, 0) = (bo + aoreb, apa, 6y +6), (7.102)

and thus the invariant measure (7.98) on O*, changes to precisely the left Haar measure
d in (7.38) under this transformation [compare (2.51)]:

- - 1 -
dQ2b,a,0)=dub,a,d) = — d*b da de. (7.103)
a

There is yet another parametrization of the points of the orbit O*, which in a sense
is more natural than either the (a*, E *) or the (l;, a, 0) parametrizations. This other
parametrization is given in terms of the so-called Darboux coordinates, which we
denote by (g, p) and which are related to the other two sets of coordinates as

i R cos 6 1 [ cosO
P2
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The transformation properties of these coordinates under the coadjoint action are
also easily obtained. Once again, if (g, p /) is the transform of (g, p) under Adgn,

8o = (l;o, ao, 0p), then

-

G =bo+ao oo 4> p =ay" re p. (7.105)
One can verify that the differential 2-form,
w(q, p) = dqi ANdpy +dgx ANdp, (7.106)

is invariant under the above coadjoint action and hence the corresponding Liouville
measure on O*

dQ(g, p) =d*q d’p = dq, dg, dp; dpa, (7.107)

is also invariant under this action. It is not hard to see that (7.106) and (7.107) are
precisely the transforms of the 2-form (7.100) and the measure (7.103), respectively,
under the coordinate change (7.104).

This last choice of coordinates, and in particular the differential form (7.106) makes
evident the phase space structure of the coadjoint orbit O*. The components of g refer
to the position of the system on the configuration space R?, while at each such point
the vector p € R2 denotes its canonical momentum. On the other hand, the fact that the
group parameters (l_; , a, 0) can also be used as coordinates for the orbit O*, shows that
the group itself can be identified with the phase space as well. In this case, b denotes
a point in configuration space and (a~!, @) are the polar coordinates of a momentum
vector.

74

The affine Poincaré group

While the SIM(2) group is the most natural generalization of the affine group for
building 2-D wavelets, it is by no means the only group which could be used. As a
matter of fact, any group of the type G = R? x H, where H is a group consisting of
2 x 2 matrices, which acting on R? generates an open free orbit, can be used to build
wavelets. In other words, if the group H is such that for some fixed 2-vector X, the set,

Oz ={y=h"x |heH},

is an open set in R? and for all ¥ # 0, hx = ¥ if and only if h is the identity matrix,
then such a group G has square integrable representations and hence can be used to
build wavelets. As an example, we briefly look at the affine Poincaré group. This group,
which we denote by Py, is a semidirect product of the above type. It differs from the
SIM(2) group in that the spatial rotations ry are replaced by hyperbolic rotations Ay:
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cosh?¢ sinh ¢
= . 7.1
v ( sinh? cosh? ) (7.108)

The set of matrices {Ay | 9 € R} (note thatdet Ay = 1 and A;' = A _p) constitutes
a group, denoted SOy(1, 1). (In physics, this is the group of relativistic transformations
of a space—time having only one spatial dimension.) In dealing with this group, we
shall use the physicists’ convention of writing the components of a vector X as

- X0
X = N X0, XGR,
X

and use the Minkowski inner product between two such vectors:

=Lz / e Y] 1 0
(X5 X') = xoxy — xx' =X "gx’, g:(o _1), g=0L. (7.109)

Duality between R? and R? will also be defined using this inner product. If X’ =
AypX, then (¥ ; X) = (¥'; ¥’), so that hyperbolas x7 — x*
themselves by SOy(1, 1).

= const are mapped into

Group structure and representations

A general element of P, has the matrix representation,

N aAﬂ b N bo
(b,a,9)=1| _ , a>0, 0eR, b= e R?, (7.110)
0 1 b

giving the group the structure of the semidirect product,

Pt = R? x (R} x SO(1, 1)).
Topologically, P ~ R? x C, where C is any one of the four open cones:
cl=(x e R*|x} > x*, x> 0},
Cl={F eR?|x} <x*, #x0>0}. (7.111)
The set of elements of the type (5, 1,0), l; € R2, is a commutative subgroup of Py
and so also is the set of elements, (0, a, #), a >0, 9 € R.

The affine Poincaré group is nonunimodular; the left and right Haar measures can

be computed in exactly the same way that we computed them for the similitude group
in Section 7.2.1. This time the two measures are

- 1 - - 1 -
dub,a,9) = — d’bdadd, and du.(b,a, )=~ d°bdadv, (7.112)
a a
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which look exactly the same as those for the SIM(2) group (to be expected, since
the group SOq(1, 1) is unimodular). The group P, acts on the plane in the manner,
yi>alhyy + b and therefore, we can again look for its representations in the signal
space L?(R?, d?X). As already noted, the situation here is largely similar to that of
the similitude group. The signal symmetries again include translations and dilations;
however, we have hyperbolic rotations now and not rigid rotations of space. Such signal
symmetries could be expected in problems involving the detection of extremely fast
moving objects (such as occurs, for example, in high energy physical experiments).
Unlike the rotations ry, the action of A actually has the effect of deforming the shapes
of objects the disc, xg + x? < r?, is transformed into the interior of the rotated ellipse,
xo + x2 + tanh(29) xoXo < sech(29) r2. Thus, ifi images are scanned using instruments
which distort them in this manner, a group such as this could be more appropriate for
their analysis than the similitude group.

The natural unitary representation of P, on the signal space L*(R?, d*X), which
reflects its action y = aAyy + b on IR?, is carried by the unitary operators U (l;, a,v):

[Ub, a, )s](F) = a ' s(a™ ' Ay(X — b)), (7.113)

an expression which should be compared to that for the similitude group in (2.13). The
unitarity of these operators is straightforward to prove; however, in contrast with the
operators (2.13), the operators U (l; ,a, ¥) do not carry an irreducible representation of
Page- For isolating the irreducible sectors, it is best to work in the Fourier domain. In
order to do this, it will be convenient to adopt the physicists’ convention for defining
the Fourier transform, using the Minkowski inner product. Accordingly, we define
F 1 LA(R?, d%%) — LAR?, d?k),

(Fo)®) = 50) = — f %% 60 g7, s e LR, d%F),
277,' R2
(F5)k) = s(X) = % / Pk e R D5, Fe LAR?, d%). (7.114)
]RZ

Using this Fourier transform, and the matrix identity, gAyg = A_y, the U (I;, a, ) are
seen to transform into the operators U (b, a, ©) on L>(IR?, d?k):

[U(b a. ﬁ)s] ®) = a E D San_yk). (7.115)

LetC be any one of the four open cones defined in (7.111). A quick computation shows
thatifk e C, then also aA_glz € C.From the nature of the operator l7(l; a,¥)in(7.115)
we see that if s has support inside this cone, then so also does the transformed function
U(b, a, 9)s. Thus, the Hilbert space L2(C, d2k), which is a subspace of LA(R2, d2k),
carries a subrepresentation of 17 (l; ,a, V), 1.e., restricted to this subspace the operators
U (5 , a, ¥) again define a unitary representation of P,g. This representation can also be
shown to be irreducible (see, for example, [Ali00] for a detailed proof of such results).
Also, we have the obvious Hilbert space decomposition,
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LXR?, d%k) = LX(CL, d*) ® LAC", d*) & LA(CY, d*k) @ L*(C*. d*k),

and using a self-evident notation for the restrictions of U (l;, a, 1) to these four sub-
spaces, we may write

Ub,a,9)=Ulb,a,9)® U (b, a,9)@ Utb,a,9)@ U b, a, ). (7.116)

This shows that the representation l? (I;, a, ¥) is a direct sum of four irreducible rep-
resentations, carried by four orthogonal subspaces of Lz(]l/iz, d2£). Each one of these
subspaces consists of signals whose supports are contained in a cone. Returning to the
inverse Fourier domain, the signal space decomposes as:

LR % =95l 00l 0o,

where, for example, ﬁi consists of all functions in L>(R?, d*>X) whose Fourier trans-
forms have supports contained in Ci. Correspondingly, the representation decomposes
as

Ub,a,9)=Ulb,a,) @ U (b,a. ) ®ULb.a,9) S U (b, a,v). (7.117)

Let us generically represent any one of these subrepresentations by U (I; ,a, ) and in
the Fourier domain by Ue(b, a, ¥). This latter representation acts on the Hilbert space
L?(C, d*k) of all square integrable functions supported in the cone C.

7.4.2 Affine Poincaré wavelets

The representation ﬁc (l;, a, ¥) is known to be square integrable [Ali00]. Indeed, if we
compute the integral

() = / du(b, a, 9) {Ue(b,a, ) | ¥,
73aIT
for some fp\ e L*(C, dz%), we easily find
1) = @) [§]2 / d—z%m%nz (7.118)
B ¢ |k — K ' '

From this follows the admissibility condition for an affine Poincaré wavelet: a vec-
tor ¥ € L2(C, d*k) is admissible if and only if it satisfies the integrability condition
1 (1///\) < 00, i.e., if and only if it is in the domain of the unbounded operator C (the
Duflo-Moore operator), where

—~ > 2T —~ >
(CY)(k) = W V)(k). (7.119)
Setting ¢ = ||C 1//; 1%, we may also write down the resolution of the identity

1 - - —_~ _~ A~ bnd -~
C_A d/"L(b7 a, 19) Iw[;’a,ﬁ><1//l;‘a’z9| = 17 1//5,“,19 = Uc(bv a, 0)‘#7 (7120)

VY J P

or, more generally,
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1
(Cy' | CY)
for two admissible vectors @ , x/ﬁ\/ such that (6 1/#\/ | C I/ﬂ\ ) # 0. These equations should
be compared to (7.41), (7.42), and (7.45).

We can now go ahead and define the affine Poincaré wavelet transform of an arbitrary
signal 5 € L*(C, d*k) by the quantity

/ du(b, a, 9) 15, )05, 1 =1, (7.121)
Paff o

Shoa,9) = (Y, 15) =a / d*% e D G A_yk) 5(E). (7.122)
c

All the analysis carried out for the 2-D wavelet transform (obtained using the similitude
group), including the phase space considerations, can again be repeated in the present
case. In particular, any two-dimensional signal can be decomposed using affine Poincaré
wavelets. If the signal §'is, for example, the quantum mechanical wave function of a fast-
moving elementary particle (in a space—time of one time and one spatial dimension),
the analyzing parameters, b, a,and ¥ could represent its position (in space—time), its
mass and its rapidity.
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Minimal uncertainty and Wigner transforms

This chapter is devoted to a brief examination of two topics. The first concerns a certain
minimality property of gaborettes and how it generalizes to wavelets in one and two
dimensions. The second is an analysis of the Wigner transform, as an alternative to
the wavelet transform. This latter transform is extensively used in certain physical
computations and in the analysis of radar signals. Notice that neither of these topics is a
prerequisite for the study of the more general wavelets described in Chapters 9 and 10.

Phase space distributions and minimal uncertainty gaborettes

The generalized gaborettes defined in (6.123), which give rise to holomorphic Gabor
transforms, have a well-known minimal uncertainty property, related to localization in
phase space. In (7.23) we had introduced the localization operators ay, (A). As discussed
in Chapter 7, these operators can be used to measure the proportion of the signal
transform § which is concentrated in the (phase space) region A. Consider the case of
Gabor wavelets and let y, , € L*(R, dx)be the family of gaborettes defined in (6.109),
using the window function 1. These vectors satisfy the resolution of the identity (6.112).
Assuming the normalization ||y/||> = 1/27, we see that the operators

(1¢(A) ZA dq dp hﬁq,p)(lﬁq,pl’

give rise to the probability measure
(slay(A)s) 1
[l 2z |Is|I?

ps(A) =

/ dq dp |S(q,p)I% 8.1)
A

for any signal s € L%(R, dx) with Gabor transform S. In Section 6.3 it was noted
that the Gabor transform S(g, p) is a time—frequency transform, with g being the time
and p the frequency parameter. On the other hand, if the signal s = s(g) is given as a
function over time, then its Fourier transform, s = 5(p) is a function over frequency.
However, as is well known, the density distribution in time, |s(¢g)|*/|ls||?, gives no
information on the frequency content of the signal, while the frequency distribution,
[5(p)|?/ls|%, gives no information on the variation of the signal with time. The phase
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space density, |S(q,p) |2, does however, carry information on both time and frequency,
but this information is not expected to be sharp, i.e., we do not expect |s(g)|* to be the
marginal density of |S(g, p)|? in time or [5(p)| to be its marginal in frequency. Indeed,
computing these marginal densities, we find

Sl<q>=/ dp |S(q,p>|2=/ dx x,(x) [s(0)|?,

$2(p) =/ dq 1S(q, p)* =/ dx X,(&) [S®), (8.2)
where
Xg(¥) =27 [y (x —q@)I* and ¥,(&) =27 W(E - p)P, (8.3)

are the shifted weight functions in time and frequency, respectively, generated by the
window . Thus, the marginal density S;(g) appears as a weighted average, at each
point, over the sharp density |s(x)|? in time, while S,(p) appears as a similarly weighted
average over the sharp density [s(£)|* in frequency. It is in this sense that we should
think of |S(g, p)|?> as being an averaged phase space density, the variables ¢ and p
representing averages of their “sharp” values, computed with respect to the probability
densities 277 [y (x)|* and 27r|1’/;(§ )|?, respectively. It then becomes pertinent to ask for
what choice of window function, this averaging would be optimal, i.e., entail a minimum
of unsharpness, foritis clear from (8.2) and (8.3) that there is no L>-function  for which
S1(q) = |s(g)|* and S»(p) = [5(p)|*>. Consider the standard deviations of the (sharp)
time and frequency variables, measured with respect to the probability distributions
27|y (x)|? and 27 |1Z(§)|2, respectively:

o0 oo 2 %
oy = |:27'[/ dx x|y () — (ZJT/ dx x|1//(x)|2> :| ;

00 00 2 %
oy = [2n f dg £y @) - (2n / dg él¢($)|2> } : (8.4)

It is well known, from the theory of Fourier transforms, that their product satisfies the
inequality oy .05 > % and that equality is attained when v/ (x) is a Gaussian as in (6.116)
(or one of the other modified gaborettes v/ 4. ), constructed using such a Gaussian).
Hence the choice of a Gaussian for the window function i would, in the light of the
present analysis, lead to a Gabor transform S(g, p) which measures the variables ¢ and
p with optimal accuracy.

In order to put the above discussion in operator terms and to make the connection
with group theory again, let us assume that the chosen window function 1 satisfies the
symmetry property | (x)|> = | (—x)|?, almost everywhere. A fairly straightforward
computation (see, for example, [5] for details) then leads to the following interesting
average values:
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(s|Qs) -

_/d .y p 1P
pERTER p=| drsa.pyp=

2m|ls|1*

§=Adm@pm= (8.5)

where Q and P are (unbounded) self-adjoint operators, defined by the integral relations

0= [ dadpalv, sl P= [ dgdp plin 0l 5.6)

By (8.1), the phase space probability distribution pg has the density

p(q, p) = 1S(q. p)I?

1
2z |Is|I?

and hence it follows from (8.5) that the operator Q (respectively, P) gives the mean
value of the phase space position parameter g (respectively, momentum parameter
p), computed using the probability distribution determined by the Gabor transform
S(g, p) of the signal 5. Indeed, for an arbitrary signal vector s, having Gabor transform
S corresponding to the window ¥, we get

(s|Qs) = /Rz dq dp q15(q, p)I*, (s|Ps) = /RQ dq dp p|S(q, p)I*. (8.7)

It is remarkable that the values of the two integrals in (8.7) depend only on the signal
vector and not on the window . To see this, we note that the actions of these operators
on the Hilbert space L*(R, dx) are easily calculated. One obtains,

i d

(Qs)(x) = x5(x), (Ps)(x) = —=——s(x), (8.8)
Adx

on vectors s taken from appropriate domains. Thus, for A~' = A, Q and P are the

well-known position and momentum operators of quantum mechanics, satisfying the
commutation relations,

[0, Pl= QP — PQ = lx 1. (8.9)

but now appearing explicitly as measures of average phase space position and momen-
tum localization. This shows that Q and P are independent of the window function 1,
although their expressions in (8.6) appear in terms of it. Once again, this brings out
a point we noted earlier: although the Gabor transform (like the wavelet transform)
depends on the window, intrinsic quantities, such as mean values of the parameters of
the transform, turn out to be independent of its choice. It is also possible to rewrite the
unitary operators U” in (6.108), realizing an irreducible representation of the Weyl—
Heisenberg group, in terms of the operators Q and P [Ali00]. We get

U8, q, p) = e*0+re=—aP), (8.10)

This means that Q, P (together with the identity operator /) also constitute a Hilbert
space representation of the generators (6.106) of the Lie algebra of the Weyl-Heisenberg

group.
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Given any self-adjoint operator A on a Hilbert space §), we define its mean value (A)
in the state (i.e., normalized vector) ¢ € §) by (A) = (A)y = (¢|A¢) and its standard
deviation AA (in the state ¢) by AA = AyA = /(A?) — (A)?. In standard quantum
mechanical lore, it well-known [Coh89,Got66], that given two self-adjoint operators A
and B, the product of their standard deviations obeys the uncertainty relation

AA.AB}%H[A,B]), [A, B] = AB — BA. 8.11)

The state ¢ is said to have minimum uncertainty if equality holds in (8.11), which
happens if and only if

(A—=(A)¢ = —ir,(B — (B))¢, (8.12)

for some A, > 0. By (8.9), for the operators Q and P, the uncertainty relation (8.11)
assumes the form:

1
AQAP> . (8.13)

which in this case is exactly the same relation as (8.4). Thus, minimal uncertainty is
attained for vectors of the type:

2

1
)\. 3 . q )\zx—qz
(P(_x) = |:_i| el)\(X—g)P e (_2 ! , (814)
T

for fixed A # 0 and ¢, p € R. Of course, these vectors are precisely the generalized
gaborettes defined in (6.123), which minimize the product of the standard deviations
(8.4) and which give rise to holomorphic Gabor transforms. Thus, referring to our
previous discussion, for a signal vector s, the absolute square of its Gabor transform
|S(g, p)|* can be interpreted as giving a sort of “unsharp” joint probability distribution
of the position (which now appears as the spectrum of the operator Q) and momentum
(the spectrum of P) variables, the uncertainty relation (8.13) forbidding the existence
of a sharp joint distribution. However, since the uncertainty is the smallest when the
window is a vector of the type (8.13), the corresponding Gabor transform is in a sense
optimal. In the following section, we shall use the ideas developed here to construct
minimal uncertainty wavelets. We shall proceed group theoretically and isolate two
generators of the corresponding representation and use their commutation relation to
compute and minimize the uncertainty.

8.2

Minimal uncertainty wavelets

‘We turn our attention now to determining minimal uncertainty wavelets in one and two
dimensions. As we know, the relevant groups are G;;;) and SIM(2) and we have to work
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with the representations of their Lie algebras on the Hilbert spaces of irreducible rep-
resentations [24,116]. Consider first the one-dimensional case. We know from Section
6.2.2 that the Lie algebra of Gg}) is two-dimensional. The two matrix generators 0 of thls
algebra, X| and X, computed in (6 77) are represented on the Hilbert space 53+(R)
of the irreducible representation U+(b a) (see (6.59)—(6.61)) by the generators D and
ﬁ, of dilation and translation, respectively. They act on Hilbert space vectors in the
manner

~ & ~_ —
(Ds)E)=—i ([ +¥—S] ), (P$)E) =& 5(5), (8.15)
wheres € 5 +(]1§) are chosen from the appropriate domains of the unbounded operators.
(Note, this is the “momentum space representation” of these operators.) The operators

D and P satisfy the commutation relations (see (6.78))
[D, P]=iP. (8.16)

The minimal uncertainty vectors in this case are found to be [246,Pau85,305] the 1-D
Cauchy wavelets, namely, f/?m(é y=£&Me 5, for & > 0 (m > 0)and 0, otherwise. Note
that these are also the wavelets which lead to holomorphic wavelet transforms.

A similar analysis applies for 2-D wavelets. The Lie algebra is now four-dimensional.
The four generators, denoted by P;, P, for translations, D for dilations and J for
rotations, may be derived explicitly from the transformation (7.35), or its action (2.13)
on signals or its equivalent (2.14) in %—space. (Note that we are using the same notation
as for the corresponding matrix generators of the Lie algebra (see (7.64)).) Among
these four operators, there are four nonzero commutators, namely

[D, Pl=iPy; [J,Pl=—iP;; [D, Pl=iPy; [J,P]l=iP, (8.17)

but the first two transform into the last two under a rotation by 7/2. More gener-
ally, defining P, = P; cos y + P,siny, we replace both pairs of commutators by the
relations:

[D, Py]zlP ;[ Py+71/2]—_ Vo (818)

and we look for wavelets which are minimal with respect to this pair. Thus, minimality
has to be defined with respect to a fixed direction €, and it is impossible to do it for two
directions at the same time, for instance, for all four relations (8.17) simultaneously
[116]. For fixing ideas, we consider the uncertainty relations for the first pair in (8.17),
corresponding to y = 0:

1 1
AD.AP, 2 §|<Pl)|§ AJ.AP, 2 S[(Pr)]. (8.19)

[\

Then, according to (8.12), a vector 1//; saturates these inequalities iff it satisfies the
following system of equations
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(D + i3 PP (k) = (D) + iri (P )Y (K)

Tk A, da > 0). 8.20
J + i PYU®) = () +ida(Pypd) 270 (8.20)

This system of partial differential equations may be solved, in polar coordinates k=
(p, ¢), imposing successively five conditions: (i) Integrability of the system requires
M=l =A>0. (11) 27 -periodicity in ¢ implies that (P;) = O and (J) = m € Z. (iii)
Square integrability, 1// € L?, implies that the support of w is restricted to a convex
cone in the right half-plane. (iv) Admissibility of 1// implies A(P;) > 1. (v) Finally,
imposing the condition that {ﬁ(lz) be real implies that (J) = (D) = 0.

The result is that a real wavelet 1’/7 is minimal with respect to the first pair of the
commutation relations (8.17) iff it vanishes outside some convex cone C in the half-
plane k, > 0 and is exponentially decreasing inside:

clk|€ e (>0, A>0), keC,
0, otherwise.

Yk = (8.21)

v(k) = cx k) kI e (e >0, &> 0), (8.22)

where , is the characteristic function of C, or a smoothened version thereof.

More generally, if one chooses the commutation relations in (8.18), one obtains a
similar result, rotated by y, that is, a wavelet supported in a convex cone C,, with axis
in the direction e,,, and exponentially decreasing inside.

We may now impose some degree of regularity (vanishing moments) at the boundary
of the cone, by taking an appropriate linear superposition of such minimal wavelets 1/#\ .
Thus we obtain finally:

VoK) = ¢ x. (k) F(k) e, (> 0) (8.23)

where F (12) is a polynomial in k., k,, vanishing at the boundaries of the cone C,
including the origin. Clearly a Cauchy wavelet is of this type but, of course, one uses
in practice a narrow support cone C, in order to obtain good directional selectivity, as
discussed in Section 3.3.4.

Other minimal wavelets may be obtained if one includes commutators with elements
of the enveloping algebra, i.e., polynomials in the generators. For instance, if one
requires the wavelet to be rotation invariant, one may start from the commutator between
D and the Laplacian —A = P} + P}. Then one finds a whole family of minimal
isotropic wavelets, among them all powers of the Laplacian, A", acting on a Gaussian,
i.e., the wavelets (3.7) [22]. For n = 2, this gives the 2-D isotropic Mexican hat (3.6)
[116]. There exist more general solutions of the minimizing equations, but most of
them are not square integrable.

We ought to emphasize at this point, that the property of minimality for wavelets is
a mathematical one, and it is not clear whether it implies an operational meaning in the
same way as was discussed for gaborettes. Cauchy wavelets are linear combinations of
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minimal wavelets, but they are not the most efficient conical wavelets for directional
analysis. This is not new: in 1-D too, the Cauchy—Paul wavelet ( [Pau85]) is minimal,
but many others are as least as useful in practice, for instance the derivatives of the
Gaussian or the Morlet wavelet.

As a last remark, it may be interesting to note that a concept closely related to
minimality has been developed by Simoncelli et al. [341] under the name of jointly
shiftable filters. First, shiftable filters are the natural generalization of steerable filters
to other variables than rotations, such as translation or scaling. Then a filter is jointly
shiftable in two variables simultaneously if and only if the corresponding operations
commute (i.e., “are independent”). Thus strict joint shiftability is impossible for position
and spatial frequency; only approximately shiftable filters exist and the optimal ones,
that is, those that minimize the “joint aliasing”, are the same as our minimal wavelets.

8.3

Wigner functions

In Chapter 1, we mentioned the Wigner—Ville transform as an example of a signal
transform which is quadratic (or generally, sesquilinear) in the signal vector(s). We now
take a closer look at this transform. Wigner functions have long been used in signal
analysis as phase space transforms of, generally, a pair of signal vectors. The original
transform, due to Wigner [373], was introduced as a phase space quasi-probability
density for computations in atomic physics. We begin by introducing the cross-Wigner
function, W*(\r, ¢|q, p), of two signal vectors ¥, ¢ € L*(R, dx):

A e X\ —irx X
W (W, ¢lq, p) = o / dx Y(q — 5)e """ olg + 3), A >0, (8.24)
T JRrR 2 2

adopting a somewhat different notational convention than used in (1.5). The phase
space here is R?, with the variables ¢ and p identified either as time and frequency
or position and momentum. The superscript A will eventually be identified with the
parameter labeling the representation of the Weyl-Heisenberg group (see (6.108)). The
form of the expression for the cross-Wigner function makes it plausible to look upon
it as a mapping of the rank-one operator p = |¢) (| to a function of the phase space
variables ¢, p. (Recall that the operator p acts on an arbitrary vector x € L*(R, dx) by
px = (¥|x) ¢.) Indeed, the integral on the right-hand side of (8.24) can be manipulated
to be brought into the form

W'y, dlg, p) = WH(plq. p)

= |, dd'av e Mar'=rd) Ty[e MOV =P o, (8.25)
R

where Q and P are the operators defined in (8.8), and “Tr” denotes the trace of an
operator:
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o0

Trp =) (delogi),
i=k
{1 );2, being an orthonormal basis of L*(R, dx).
A fairly straightforward computation also shows that the unitary operator appearing
within the square brackets on the right-hand side of (8.25) is none other than the
representation operator of the Weyl-Heisenberg group, appearing in (6.108). Indeed,

MOPID = U0, q. p).

and hence
)‘ [ / / / Ik
W(plg, p) = > / / dq' dp' ™ =P Tr[U0, ¢, p')*pl, (8.26)
]RZ

which clarifies the relationship of the superscript A, in the definition of the Wigner func-
tion, to representations of the Weyl-Heisenberg group. Let us introduce the symplectic
Fourier transform, f of a function f € L*(R?, dg dp):

~ )\, . ’ ’ ,
f(q, p) _ E // dq/ dp/ et)»(qp -pq") f(q/, p )’
]RZ
with inverse,
A o
f(q, p) = Z //2 dq/ dp/ el)»(qp rq’) f(q/, p/)'
R

Clearly, the symplectic Fourier transform is a Hilbert space isometry. Then (assuming
for the moment that W*(p|q, p) is an L>-function), we may write

Tr[U*(0, g, p)*p]l = W*(plq, p). (8.27)

Comparing with (6.125), we see that the symplectic Fourier transform of the cross-
Wigner function W*(ir, s|q, p) is just the generalized Gabor transform of the signal s,
computed using the window :

S(q, p) = W', slq, p). (8.28)

However, it ought to be emphasized that, while the Gabor transform g(q, p)isan L%-
transform, on phase space, of the signal s, the cross-Wigner function W*(, s|q, p) is
to be looked upon as an L2-transform, on the same phase space, but of the rank-one
operator p = |s){y|.

The original Wigner function [373] was defined with ¢ = ¢ and p = | )(y|. For
this case, we shall use the simpler notation W*(r|q, p), and call it the Wigner function
for the wave function ¥ (or more accurately, for the operator p). This function has a
number of well-known properties, which make it resemble a probability distribution.
However, as is clear from its definition, for a general v, its Wigner function W*(y|q, p)
is not positive for all ¢, p. In fact, it is only when ¢ is a Gaussian of the type in (6.122),
that W*(v/|q, p) is everywhere positive. It is for this reason that the Wigner function
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is also called a quasi-probability distribution. Nevertheless, it is still possible to think
of it as a phase space transform, which in a certain sense, is the signature of the signal
vector. A few properties of the Wigner function W*(s|q, p) of a signal vector s are now
in order.

(i) Reality: The Wigner function is real-valued,

Wh(slg, p) = W(slq, p). (8.29)

This is not generally true of the cross-Wigner function, for which one has the
hermiticity condition,

WA, ¢lg. p) = W9, ¥lg, p). (8.30)

(i1) Trace condition:

.//Rz dgq dp W(slq, p) = Trp = |is|I? p = |s){sl. (8.31)

This condition is reminiscent of the fact that for a probability distribution, the total
probability equals one (as would be the case when ||s]|> = 1).
(iii)) Marginality:

/ dp W*(slq. p) = Is(@)*, / dg W*(slq. p) = [5(p)I*. (8.32)
R R

If we think of |s(g)|* as giving the distribution of the signal in time (or position) and
[5(¢)|? its distribution in frequency (or momentum), then the above relations make
W*(s|g, p) formally look like a joint time—frequency (or position-momentum)
distribution. Again, the fact that this “joint distribution” is not everywhere positive
is a reflection of the uncertainty relations (8.13).

(iv) Covariance: An important property, which the Wigner function inherits from the
Weyl-Heisenberg group, is reflected in the covariance relation:

WHU*(0, g0, po)slq. p) = W(slg = qo, p — po)- (8.33)

Identifying the phase space variables with coordinates on a coadjoint orbit of the
Weyl-Heisenberg group, the transformation ¢ — g — g9, p — p — po is the
coadjoint action discussed in Section 6.3.2. Thus, the above relation expresses
symmetry under the natural phase space transformations.

We come now to the problem of reconstructibility. In general it is not possible to
reconstruct the signal s itself from its Wigner function; however, the operator |s) (s| can
be recovered from it. More generally, the operator |¢) (Y| can be reconstructed from
the cross-Wigner function W* (v, ¢|g, p). In order to obtain an inversion formula, we
go back to the general orthogonality relation (7.12) and see that in the present case it
leads to the relation
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A _~ ~
o // dq dp Sy/(q. p) Sy(q, p) = (YY) (s'ls), (8.34)
T R2

where ipr(q, p) is the generalized Gabor transform of the signal s, computed using
the window v’ and §w(q, p) that of s computed using . We note, however, that in
this case, the above relation holds for any four vectors ¥, ', s, and s’. Moreover, we
immediately get from it the resolution of the identity

)\' / /

oo [ da dp Wiy ) Wl = 101 1 (8.39)
T R2

again for arbitrary v, ¥’ € L*(R, dx), and where, of course,

1/f(0,q,p) = U)L(()’ Qv p)w7 110(/()’(],p) - U)L(Os C], P)w/

Let p = |¥)(¢| and consider W*(p lg, p), the symplectic Fourier transform of its cross-
Wigner function. Then, for any ¥’ € L*(R, dx) we have,

A 7\ A ’
[—2 // dg dp W(plq, p)U*(0, q, p)} ¥
T RZ

A

~ // dq dp|w(/0,q,p))(¢(0,qyp)|‘/’> =(ply") ¢
T R2

= py'.

Since v’ is arbitrary in the above expression, we obtain the reconstruction formula,

A ~
p=5- // dq dp W*(plq. p)U*(0, q, p), (8.36)
T ]RZ
with
7 A / roi '—pq’ o
Wk(plq,p)=2— // dq’ dp’ =P W(plq', p').
T RZ

We can exploit the orthogonality relations (8.34) to extend the definition of the cross-
Wigner function to arbitrary Hilbert—-Schmidt operators on L*(R, dx). Recall that these
operators form a Hilbert space with respect to the scalar product (p;]02)> = Tr[p] p2].
Let us denote this Hilbert space by B,(R). It is well-known that finite linear combina-
tions of rank-one operators form a dense set in 5,(IR). Next note that using (8.28) and
the fact that the symplectic Fourier transform is an isometry, we may transform (8.34)
into

)\' Y1757 1 - N 123

> // dq dp W*(p'|lq, p) WH(plq, p) = Tr[p™*pl, (8.37)
RZ

where

p=1s)(¥l, p = 1)yl

The relation (8.37) remains valid if we replace p, p’ by finite linear combinations
of rank-one operators, meaning that the map given by the integral on the right-hand



291

8.4 Wigner functions for the wavelet groups

side of (8.25), associating an operator p € B,(R), taken from this dense set, to the
function W*(pl|q, p), is linear and an isometry (up to a factor of A/27). Using this
fact we can extend the map to a unitary transformation between the Hilbert spaces
B,(R) and L*(R, dg dp). Thus, to any Hilbert—Schmidt operator p, we can associate a
general Wigner function W(p|g, p). However, the explicit expression for this function
is given by the integral in (8.25) only for operators with a well-defined trace. Otherwise,
it has to be obtained as an L>-limit of such functions. Conversely, every function f in
L*(R, dq dp) is the general Wigner function of a unique Hilbert—Schmidt operator. If
f is also L'-integrable, then this operator is given by (see (8.36))

A ~
p=3- // dq dp f(q, p)UXO,q, p), (8.38)
T RZ

where again f is the symplectic Fourier transform of f.If f is not L'-integrable, then
the corresponding Hilbert—Schmidt operator is obtained as a Hilbert space limit (in
B>(R)) of operators obtained using (8.38). The Wigner function of a general Hilbert—
Schmidt operator probably does not have a natural meaning in signal analysis. It is
only Wigner functions of rank-one operators that have been used directly, as signature
functions of signals. In quantum mechanics, however, a Hilbert—Schmidt operator,
which is trace-class and of unit trace, represents a mixed state and its Wigner function
again has the interpretation of a phase space quasi-probability distribution for this state.

We end this section by repeating what we said already in Chapter 1, that the Wigner
function W”(s|q, p) of a signal is in a sense more intrinsic than its Gabor transform,
since the former does not depend on an arbitrarily chosen window. On the other hand, the
reconstruction formula (8.36) only gives back the operator |s) (s|, and not the function s
itself. Still, both are transforms carrying information about the signal in terms of phase
space variables. A second point to be borne in mind is that while the cross-Wigner
function is sesquilinear (see (8.30)), and the Wigner function is quadratic, when looked
upon as a transform on signal vectors, it is in fact linear when looked upon as a transform
on the space of Hilbert—Schmidt operators.

8.4

Wigner functions for the wavelet groups

In view of the fact that the Wigner function has proved itself to be an extremely
useful tool, both in signal analysis and in atomic and quantum optical computa-
tions [63,64,376], it makes sense to look for similar signal transforms related to groups
other than the Weyl-Heisenberg group. In particular, one would like to construct such
transforms for the one- and two-dimensional wavelet groups. These could then pro-
vide one with alternatives to the wavelet transforms discussed in the previous two
chapters. We now proceed to obtain such transforms, with the proviso that these gen-
eralized Wigner functions should also be phase space functions (i.e., functions defined
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on coadjoint orbits of the relevant groups). Also, we would like to preserve as many
of the properties (8.29)—(8.33) as possible. A general procedure for constructing such
functions has been proposed in [7-9,248]. (See also [72—74].) Again, the objective is
to find a one-to-one linear correspondence between Hilbert—Schmidt operators on the
carrier space of an irreducible representation of the group and L?-functions on phase
space. As with wavelet transforms, the square integrability of the group representations,
used in the construction, will turn out to be of crucial importance and as before, the or-
thogonality relations (7.12) will guarantee a reconstructibility condition. We shall keep
the discussion here mainly descriptive, without venturing into too many mathematical
details.

Just as while constructing two- (or higher) dimensional wavelet transforms, we ex-
ploited the symmetry groups of signals, so also for constructing generalized Wigner
transforms we look at semi-direct product groups of a particular type. Suppose that
our signal vectors are elements of Lz(R”, d"x), where for the rest of this discussion
n =1 or 2. Following our discussion in Section 7.1.1, we assume that the allowable
transformation symmetries of our signals are of the following types:

* Translations:

s(X) > s(x + b), beR".
* Dilations:
s(X) = s(ax), a>0.
* Matrix transformations of R":
s(X) — s(hx),

where h is an n x n nonsingular matrix. We shall assume that the set of all such
admissible matrices form a group H and, furthermore, that the following technical
condition is satisfied: there exists a vector ¥ € R” such that the set,

Oy ={y=ah’x|a>0, he H},

is open in R” and y = hy, for any y # 0, is true only when h is the identity matrix.

In this case O; is called an open free orbit. (This condition is satisfied by all the

wavelet groups used in the current literature, including of course, the affine group,

the 2-D wavelets group and the affine Poincaré group, studied in the previous two

chapters.)

Thus, we are assuming that the full symmetry group of allowed transformations
on our signals is G = R" x (R} x H). Elements of this group can be conveniently
represented by the matrices

ah b

gE(Z,a,h)=<6T 1), a>0, heH beR" (8.39)
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ApointX € R" undergoes the transformation X > ahx + b under its action. This group
is nonunimodular and its left invariant (Haar) measure is,

dug(b,a,h) = d"b da duy(h), (8.40)

a"tldeth
where d"b is the Lebesgue measure on R” and d it g (h) the left invariant measure of the
group H. The Hilbert space of signals L?(IR", d"X) then carries a natural unitary repre-
sentation of the group G by unitary operators U (b, a, h), reflecting the transformation
properties of the signals under the group action

1

— _S(@'hT'@ = b)). (8.41)
(a” deth):

[U(B, a, h)s] @) =

In the Fourier space Lz(@", d”lz), the corresponding operators act in the manner
|05, a, 03| (®) = @ dethy? e 5a" 7). (8.42)

The representation U (5 , a, h) is in general not irreducible. However, if O is an open
free orbit in I@”, and L*(O, d”lz) the subspace of Lz(@”, d”lz), consisting of functions
supported on this orbit, then the representation U (l;, a, h), restricted to this subspace, is
irreducible and square-integrable; hence it is appropriate for constructing generalized
wavelet transforms. It can also be shown [69] that all irreducible subrepresentations of
U (l; , a, h) are of this type and that there is only a finite number of them (the connected
affine group, G:{ff, has two, while the SIM(2) group has only one, etc.). Generalized
Wigner functions, which bear a strong resemblance to the ones defined in (8.24) and
(8.26), can also be constructed now using these same irreducible representations. The
phase space on which the Wigner functions are defined is O* = R" x O, which can
be identified with a coadjoint orbit of the group G and is associated to an irreducible
representation. The dimension of the phase space is 2n. The exact construction relies
rather heavily on the properties of the Lie algebra g of G and its dual g*, which we
prefer to omit, displaying and discussing only the final expressions for the two wavelet
groups G and SIM(2). For details, the reader may refer to [7,8,248].

Let X, X5,...,X,, be a (vector space) basis of the Lie algebra and X'*,
X2*, ..., X?"* the dual basis for the vector space g*. The basis elements are (n 4 1) x
(n + 1) matrices and we assume that the last n elements, X1, X,,42, ... , X2, cor-
respond to translations of R" (i.e., they are the generators of the one-parameter
translation subgroups). A general element in the Lie algebra is a linear combination
X = leil x'X; =X - X, in an obvious notation. Similarly, a general element in the
dual is a linear combination, X* = 21221 yiX'* = 7 . X*. The identification of the
coadjoint orbit O* with R" x O C R?" is then done with respect to the basis {X *}2"
and we denote a point in the orbit by a column vector ¥ = (¥, ¥2, ..., ¥2.)" . Let
U(g), g € G, be an irreducible (square-integrable) representation of G on the Hilbert
space §). Denote by C the Duflo-Moore operator defined in (7.5) (see also (6.16) and
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(7.42)) and by X, i the self-adjoint operator which represents X; on the Hilbert space §)
(via the representation U(g)). Also, X will denote a vector operator with components,
X ;- The generalized Wigner function, corresponding to the irreducible representation
U(g) is then explicitly given, for any Hilbert—Schmidt operator p on ), such that the
operator pC~! is of trace class, by the expression

Wil 7)= (2711),1 /A 5 T [ 5750 o7y mGN, (8.43)
No

where Ny is an appropriate subset of R?", depending on certain properties of the Lie
algebra. In the two examples given below, No = R?". The function m(%) is needed to
transform the Haar measure on the group to a measure on the Lie algebra parameters x;,
while the function o () is a density which converts the invariant measure d€2(y) on the
phase space O* to the Lebesgue measure on R?*. The orthogonality relations (7.6) play
a crucial role in the derivation of the above expression for the Wigner function, which
can in fact be extended (by taking limits) to all Hilbert—Schmidt operators on §). In
other words, the generalized Wigner function is again a transform of a Hilbert—Schmidt
operator (on the Hilbert space of signals) to a function on phase space. If p = |¢) (],
we obtain the cross-Wigner function,

- 1 o (¥ )3 |
Wi ¢ly)= 2y /A d3 (C ' | XY () m(3))2, (8.44)

No

provided the vector v is chosen from the domain of the operator C !, implying thereby
an admissibility condition on the operator p. The inversion formula is then,

P / dQuy) | d*'x XTI LW (ol7) [0(F) mEE. (8.45)
0*

- Qa)y No

Wigner functions for the affine group

We take the irreducible representation ﬁ+(b, a) of the connected affine group G;}f,
defined in Section 6.2 (see (6.61)—(6.62)). The Hilbert space of this representation is
54@) of L?-functions supported on the positive real axis (see (6.62)). The open free
orbit is O = R and the phase space is the coadjoint orbit O% = R x R?, identified
in (6.89). This orbit is equipped with the measure (6.92), which is invariant under
the coadjoint action spelled out in (6.87). If (y1, 2) € R x R*, and ¥/, ¢ € 94 (R),
inserting into (8.44) the cross-Wigner function becomes,

o~ 1 00 — 3 —iyix -3
W dln. ) = f dxxv(”e )W ¢(W ) (8.46)

I inch % / “sinch % inch £
)2 0 sinch5 / sinch 5 sinch 5

where (see (7.72)),

sinh u

sinchu =
u
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For the purposes of signal analysis, the parameters y; and y, would be identified
with time and frequency, respectively. The following facts should be noted about this
function.

* W is sesquilinear in a 1’/; and indeed, it is again a transform of the rank-one operator
p = |$}(fl; | to a phase space function. Moreover, the support of this function is
contained entirely in the coadjoint orbit O*.

* Writing W(x’p\ |v1, v2) for the case when a = fb\ , this function is seen to be real, although
in general not everywhere positive, and again, the trace condition is satisfied:

1 e o d)/Q o~ o~ o~
T dyr — W@y, y2) =Tr [p], =¥yl (8.47)
2mr)2 J-o ()
* As anticipated, the covariance condition assumes the form:
W(UL(b, a)P17) = WM (b, a)'7) = W yy — by, aya), (8.48)

with M*(b, a) being the matrix of the coadjoint action of the group on the phase
space, obtained in (6.85)—(6.87).

* The definition of the Wigner function can be extended, using the trace condition, to
all Hilbert—Schmidt operators p, on the Hilbert space of the representation l7+(b, a)
and then, the orthogonality relation

1
(27)?

holds. From this, or using (8.45) it is easy to write down a reconstruction formula for

oo oo d
/ dJ/1/ % W(pily1, v2) Wipaln, v2) = Tr [p p2l, (8.49)
—00 0 2

p, given its Wigner function. (For details, the reader is referred to [7].)

Unlike the original Wigner function (8.24), only one of the two marginality conditions
(8.32) is satisfied in this case. One gets,

1 > dy - ~ 2
T — Wiy v) =¥l (8.50)
2mr): J-o V2

The nonexistence of a simple form for the second marginality condition is related to
the fact that there does not seem to be a “natural” choice of coordinates on the phase
space, in terms of which the condition could be stated.

Wigner functions for the similitude group

To construct Wigner functions for the SIM(2) group, we use its only irreducible
representation U (b, a, §), carried by the Hilbert space L2(R2, d2%) (see (2.13)) or
equivalently, its Fourier-transformed version 17 (1;, a, 0), carried by the Hilbert space
LA(R?, dk) (see (2.14)). The Duflo-Moore operator is the one given in (7.42) and
we adhere to the notation and terminology introduced in Sections 7.3.1 and 7.3.2.
The computation of the cross-Wigner function follows in several steps, which we now
summarize.
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@

(i)

(iii)

(iv)

Taking a v in the domain of C~! and an arbitrary vector ¢ in the Hilbert space we
may write

(€l R D) = T )y 1), (8.51)

where we have set ¥ = («, E)T. (Recall that in the above equation, e indicates an
element of the group SIM(2), while e~X*
space representation.)

Using the explicit form of the representation, the expression for the Duflo-Moore

is a unitary operator giving its Hilbert

operator and equations (7.70) and (7.82), we obtain,

(U y)k) = |k| e IFE@BIE y (o 1y k), (8.52)

Next we note that, if Vis a2 x 2 real matrix of the type in (7.67) and i a 2-vector,
then |Vii| = [detV]? |iil. Thus,

1
)\2 92 2
- } |k| (8.53)

2e*(cosh A — cos0)

|F(s(&)) k| = [

Using this fact to effect a change of variables in the integration involved in the
scalar product, we obtain

o (A +6%) Bk
(UEHC'¢ly) = |:2el(cosh)»—0059):| //Rg d*k |:

es((x)T/Z R —s(a)T/Z .
¢(Siﬂch(5<&>T/2> k) v (SmCh(ﬁ(a)T/Z) )} ®:>9

Inserting the above expression into the formula for the Wigner function in (8.44)
and using the expressions (see [8] for details of derivation),

, coshA —cosf
22462
o(7)=0o@, ) = 1B = (B + (B)?, (8.55)

m(x) = m(@, f) = 2e”

El

leads to

e 1 [ 27 o

e I . T = )\2+192
e—lO( ~Olel(k—,5 )ﬂ |k| |ﬂ*|
coshA — cos ¥

@2 oS @T2
x 1/'(sinch(s(&)T /2)k) ¢(sinch(5(&)7 /2)k>]’

s (row .
@) _(_ﬁ ,\)’ a—(ﬁ). (8.56)
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The integration over ,5 represents a delta measure in k— B *. Using this fact to perform
the k-integration, we obtain finally

A+ 02
cosh A — cos v

os@7 /2 B o—s@" /2 _
x w(sinch(ﬁ(&)r P > ¢<sinch(5(&)7 % )}

This then is the final expression of the cross-Wigner function for SIM(2) at a phase

R 1 o) 2w o . R
W(w’ ¢|a*’ ﬁ*) — E\/ d)\./ dﬂ |:el(0t])»+01219) |ﬂ*|2
—00 0

(8.57)

space point, written in the (a*, E*) coordinates. More compactly, using the matrices
defined in (7.79)—(7.80), we may write

2% 12
A1 / / 426 e Y(eh r_y F(s@)T)~ 1 f*)
27'[ R?

Wy, plat, ) =
x ¢ [detF(s@)")]™" ¢(F(s@)")~'B*). (8.58)

Also, it is straightforward to express this function in terms of the other coordinates
discussed at the end of Section 7.3.2. For example, in the Darboux (or canonical)
coordinates, introduced in (7.104), the cross-Wigner function assumes the form:

2 - -
W ld 5= 2 [[ a5 et 1 G @ )
x ¢ [detF(s(@")) ™ ¢(F (@) ). (8.59)

where we have written p = (p, ¢) in polar coordinates while, as before, & has the
Cartesian coordinates A, .

By its very construction, for each pair of wave functions ¥, ¢, the cross-Wigner
function W is a function on phase space. The exact variables of phase space may however
be chosen to suit our convenience. Moreover, it is clear, that even when ¢ = 1, the
Wigner function may not be an everywhere positive function. The covariance property,
in the present context, can be expressed as

WU (0¥, U(g0)p|7) = W (W, p|M*(g0)"' %), g0 = (a0, b, o). (8.60)
Using (7.85), this can be written more explicitly as
W (U (ao, 69, bo)¥r, Ulao, b0, bo)p | &@*, B*) = Wy, pla”’, B)

& =a* —sby) B, B =aor_g, B*. (8.61)

The orthogonality condition is reflected in the cross-Wigner function through the fol-
lowing relation:

/ dZ&* dZB*

T Vo aila B WY, dal@”, B) = (Y2 1¥1) (91 12). (8:62)
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Although this relation is guaranteed by the very way the Wigner function is constructed,
it is still instructive to demonstrate it directly, as we now proceed to do. Denoting the
left-hand member of (8.62) by (¥, ¢1, V2, ¢) and substituting from (8.58) we get

I(w17¢1’ wz’ ¢2) =/ dz&* dzlg*[ |B*|2/ d2&/ dz& ei&’“(&’f&)
O R

2w R2

X (e r_y F(s@)T) ' B*) 1(F(s@)7)~1 %)
x e* M [detF(s(@)" 17" [detF(s@))"]!

X Ya(e* r_y F(s(@)T)~1 ) ¢n(F(s@)") ' *) } (8.63)

The integral in &* represents a delta measure in &’ — & which allows us to perform the
a’'-integration. Next changing variables, 8* — F(s(a@)”)~'B*, we obtain

1(Y1, o1, Vo, ) = fo & d’p [¢1(5*) P2(B) 1871 ¥

X Yi(e* ry B¥) (e r_y ) ] (8.64)

Noting that A, ¢ are the components of &, we change variables as & > e’ r_y E *to

rewrite the a*-integration. The determinant of this transformation is precisely | B 2 e,
implying that
LY, @1, Y2, h2) = (V2| Y1) (@1l2). (8.65)

as asserted in (8.62).
Finally, we again obtain in this case only one marginality condition for the Wigner
function W (v |a*, B*) (obtained by taking ¢ = v in the cross-Wigner function):

1 / / T 1@ B = P (8.66)
- - - o, = . .
2 JJwe | B*|?
Note also the trace condition,

1 d*a* d*B

o 1T Wy | a*, B =yl (8.67)

8.4.3 The Wigner function and the wavelet transform

As already noted, there is a close connection between the Wigner function and the
wavelet transform arising from a general Lie group. In this section we explicitly demon-
strate this relationship for the SIM(2) group. The starting point is the resolution of the
identity (7.45):

1 - - -
— di(a,0,b) Ua,0,b)|y)(¥|U(a,0,b)" =1, cy = ICYy % (8.68)
Cyr JSIM(Q2)
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Let s be a signal in the Fourier domain, i.e., an element of the Hilbert space L*(R2, axk).
Its wavelet transform, corresponding to the mother wavelet v, is

Sy(b.a,0)= (Y, o5 15) = (Ula.0,b)y | s). (8.69)

Using the group parameters as the phase space variables for the Wigner function (see
(7.96)), we easily deduce

2 _ R
(27T)za R2

(coshA — Cos 19)5
X =
||

W(CY, s|b, a,0) =

Sy(F(s@)p, e, 19)} (8.70)

with; = (cos 6, sin e)T, G = (19, ,\)T and F(s(@)) given, as before, by (7.71). Thus,
the relationship between the wavelet transform and the Wigner function is an integral
transform on the Hilbert space L*(SIM(2), d 1) of all square integrable (with respect to
the Haar measure) functions of the group, and it is then straightforward to check that

f du(E,a,G)lSw(l;,a,G)I2=/ du(b,a,0) \W(C.s | b.a,0). (8.71)
SIM(2) SIM(2)

If the signal s is a Hilbert space vector which is in the domain of the inverse operator
C—!, then taking s = C{r we also obtain

2 o L
W(s|b,a,o9) (2 )2 d}\./ 4o /[2 d2 |: — 2 la-(rg 03b) + eyl
R

(cosh A — cos 79)5

- @l
The above results show that any information about the signal which can be obtained
using the wavelet transform, can also be derived using the Wigner function. The use

Sc-1,(F(s(@))B, ", 19)]. (8.72)

of one rather than the other is therefore more a matter of practical convenience or
computational ease, in any given situation.
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In the previous chapters, we have thoroughly discussed the 2-D CWT and some of
its applications. Then we have made the connection with the group theoretical origins
of the method, thus establishing a general framework, based on the coherent state
formalism. In the present chapter, we will apply the same technique to a number of
different situations involving higher dimensions: wavelets in 3-D space R?, wavelets
in R" (n > 3), and wavelets on the 2-sphere S2. Then, in the next chapter, we will treat
time-dependent wavelets, that is, wavelets on space—time, designed for motion analysis.

In all cases, the technique is the same. First one identifies the manifold on which the
signals are defined and the appropriate group of transformations acting on the latter.
Next one chooses a square integrable representation of that group, possibly modulo
some subgroup. Then one constructs wavelets as admissible vectors and derives the
corresponding wavelet transform.

Three-dimensional wavelets

Some physical phenomena are intrinsically multiscale and three-dimensional. Typical
examples may be found in fluid dynamics, for instance the appearance of coherent
structures in turbulent flows, or the disentangling of a wave train in (mostly underwater)
acoustics, as discussed above. In such cases, a 3-D wavelet analysis is clearly more
adequate and likely to yield a deeper understanding [56]. The same is true for many
problems in astrophysics, such as galaxy/void counting or grouping, or cluster structure
analysis. Hence we will also describe briefly the 3-D CWT, following the general pattern
of the previous section.

Constructing 3-D wavelets

Given a3-Dsignal s € L?(R?, d>X), with finite energy, one may act on it by translation,
dilation and rotation:

0@ = [UBa, 05| B = a Psta™'o7' &~ b), ©.1)
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where b € R3, a > 0 and ¢ € SO3). The 3 x 3 rotation matrix ¢ € SO(3) may
be parametrized, for instance, in terms of three Euler angles. These three opera-
tions generate the 3-D Euclidean group with dilations, i.e., the similitude group of
R3, SIM(3) = R? x (R} x SO(3)). Then (9.1) is a unitary representation of SIM(3)
in L>(R3, d3X), which is irreducible and square integrable, hence it generates a CWT
exactly as before.

Wavelets are taken in L*(R?, d°x) and the admissibility condition is now

&k ~ -
— Y k) < . 9.2)
/R% k|3 v

As in 2-D, a necessary, and almost sufficient, condition for admissibility is the familiar
zero mean condition:

/ d*x ¥ (x) = 0. (9.3)
R3

The two standard wavelets have a 3-D realization.
* The 3-D Mexican hat is given by

Yu(X) = (3 — |AX|?) exp(—L|AX[). (9.4)

where A = diag[e; 71/2, 6,72, 1], €; > 1, €, > 1,is a3 x 3 anisotropy matrix. We
distinguish three cases: (1) If €; # €2 # 1, one has the fully anisotropic 3-D Mexican
hat (the stability subgroup Hy, is trivial); (2) If €; = €, = 1, one has the isotropic,
SO(3)-invariant, 3-D Mexican hat (Hy, = SO(3)); (3)If €; = €, = € # 1, the wavelet
is axisymmetric, i.e., SO(2)-invariant, but not isotropic (Hy = SO(2)). Thus, in this
case, wavelets are coherent states of Gilmore—Perelomov type, whose parameter space
is indeed the quotient SO(3)/SO(2) ~ S§? (see the discussion in Section 7.1.5).

* The 3-D Morlet wavelet is given by
Y(¥) = exp(ik, - ¥) exp(—%lA)?lz) + corr., (9.5)

where A is the same 3 x 3 anisotropy matrix as in the first example. Here again, for
€1=€=¢€# land %,, along the z-axis, the wavelet v is invariant under SO(2) and
we obtain coherent states of Gilmore—Perelomov type.

* A 3-D Cauchy wavelet is defined by a straightforward generalization of the 2-D case,
as follows. Consider the convex simplicial (or pyramidal) cone C(«, 8, y) defined by
the three unit vectors é,, Eﬂ, Ey, the angle between any two of them being smaller
than 7. The dual cone is also simplicial, namely C= C(@, B, 7), where é; = és A &,
is orthogonal to the B-y face, etc. With these notations, given a vector 7] € C and
[, m,n € N*, we define a 3-D Cauchy wavelet in spatial frequency space as:

(9.6)

ez | -e) & -épm K -é e F, ke Cla, B, y),
VS (k) = .
0, otherwise.
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As in the 2-D case, the factors (12 - €)', etc. represent vanishing moments on the faces
of the cone, and thus determine the regularity of the wavelet in Iz—space.

Here too the expression for the 3-D wavelet in position space may be obtained
explicitly:

. 5> 5 o I+m+n
Comyymn  ETARES (vol [€q, €3, &,1)
Yo (X)) = ————I!m!n!.-detA. —— TS Sl 5 3wl
2 (z-e) T (z-ep)"t ! (z-ey)

9.7)

where A is the matrix that transforms the unit vectors e, é,, €3 into the triple ¢,, €3, €,
vol [+, -, -] denotes the volume of the parallelepiped generated by the three vectors, and
we have written Z = X + i7. Note that the direct calculation, following the pattern of
the 2-D case (Section 3.3.4) yields for the numerator in (9.7) the expression (&5 - €,)’
(€5 - €p)" (€5 - €,)", but then one has

Go By =g NGy Gy =0y By Noy =0y 35 =20y, 5 = Ol [0, &5, &y ],
which proves (9.7).

From the expressions (9.6) and (9.7), one may then obtain other 3-D Cauchy wavelets,
for instance, one supported in a circular cone. Take a circular convex cone, aligned on
the positive k,-axis, with total opening angle 26, (0 < 6, < /2). In spherical polar
coordinates k = (|k|, 6, @), the interior of the cone is simply C(6,) = {12 ceR3¥|0 <0,).
Then an axisymmetric 3-D Cauchy wavelet supported in this cone may be defined, for
instance, by

FOE) = |k|(tan? 6, - tan? Q)" e~ klcos? 0 <9 <b,; ©.8)
0, otherwise.
Again m € N defines the number of vanishing moments on the surface of the cone, that
is, the regularity of the wavelet. For 6, very small, this wavelet lives inside a narrow
pencil: it clearly evokes the beam of a searchlight — a vivid illustration of the wavelet
as a directional probe!

If we note that the expression on the right-hand side of (9.8) may be written as
|k|" (tan? 0, k> — k2 + k)™ e~*, we see that all these wavelets are built on the same

model, namely F (l:)m e %, where F (ié) = 0 is the equation of the cone.

The 3-D continuous wavelet transform

Then, given a signal s € L?(R?), its CWT with respect to the admissible wavelet v is
given as

S(b,a,0) = a_3/2/ % Ya o ' (F — b)) s(X). (9.9)
R3

As compared with (2.19), the only differences are in the normalization factors and the
rotation matrices. Since the structure of the formulas is the same as before, so are the
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Fig. 9.1. The 3-D cube and its Fourier transform.

interpretation and the consequences (local filtering, reproducing kernel, reconstruction
formula, etc.). Thus the CWT (9.9) may be interpreted as a mathematical camera with
magnification 1 /a, position b and directional selectivity given, in the axisymmetric case,
by the rotation parameters ¢ = (6, ¢). As for the visualization, the full CWT S (5 ,a, 0)
is a function of seven variables. However, if the wavelet i is chosen axisymmetric,
i.e., SO(2)-invariant, S depends on six variables only, be R3 a>0,and ¢ € §? ~
SO(3)/SO(2), the unit sphere in R>. In this case again, (¢!, ¢) may be interpreted
as polar coordinates in spatial frequency space. This is in fact true in any number
of dimensions. It follows that, here too, there are two natural representations for the
visualization of the WT: the position representation (a, ¢ fixed) and the scale-orientation
(or spatial frequency) representation (l; fixed). Of course, there are many other possible
representations that may be useful.

As an example, we present in Figure 9.1 (the characteristic function of) a 3-D cube
and its Fourier transform (note the occurrence of sinc functions among all three co-
ordinate axes), then in Figure 9.2 the wavelet transform of the cube signal, with a
Morlet wavelet, at four successively finer scales, a = 1, 0.5, 0.25, 0.125. As in 2-D,
the net result, for a sufficiently fine scale, is the contour of the cube. The latter has
become totally transparent, only the edges survive! A similar, slightly more compli-
cated example is that of a cube with a small box removed, see Figure 9.3. Here one
faces the well-known visual ambiguity: depending of the angle of view, the small
cube appears either as removed (concave) or added (convex). As shown in Figure 9.4,
the ambiguity is resolved with the WT, the part that has been removed yields a nega-
tive WT, whereas an added, convex, portion would yield a positive contribution to the
WT. This is true, of course, if one uses a real wavelet (here the 3-D Mexican hat) and
plots the WT itself, not its modulus. We recover exactly the 2-D situation, discussed in
Section 4.1.2.
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Fig. 9.2. Wavelet transform of the 3-D cube at four successively finer scales.

10.

Fig. 9.3. The 3-D cube minus a box and its Fourier transform.
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60} B0

(©) (d)

Fig. 9.4. Wavelet transform of the 3-D cube minus a box at four successively finer scales (a =1,
0.5, 0.25, 0.125).

A practical application of this 3-D CWT is the detection of 3-D objects in a clut-
tered medium. We consider a scene with 3-D objects (targets) immersed in a cluttered
medium, modeled by the signal:

L
s(F) =Y si(¥) +n(@), (9.10)
=1

where 5;(X) denotes the density of the target [, and n(x) the density of the medium.
Since the density of the targets is very different from that of the medium, there will be
a high density gradient at the boundary between the objects and the medium. In this
situation, the wavelet transform S(l; , a, ) may be used for extracting the 3-D objects and
determining their characteristics, position (range and orientation) and spatial frequency.
This is, of course, nothing but a 3-D version of the ATR problem discussed already
in Section 4.2 (see also [16]). In particular, 3-D directional wavelets (e.g. Morlet or
Cauchy) will behave as their 2-D counterparts. If a 3-D image s(X) contains elongated
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objects, a visualization of S(l;, a, ¢) shows “sausage” images for all the objects which
have the same direction as the wavelet, and small spheres at the tips of all the objects
which are misaligned. With an appropriate thresholding, we may filter out all the objects
which are not in the desired direction.

Another domain of application is in computational fluid dynamics. For instance,
the technique has been used in [56] for analyzing two types of simulated 3-D flows:
(1) detection of elongated vortex structures in homogeneous 3-D turbulence, and (ii)
interaction of a shock wave with a 3-D supersonic mixing layer between two parallel
streams. In both situations, the use of scale as a fundamental variable offers distinct
advantages over traditional methods based on sophisticated graphic tools. In the first
case, the selection of structures is based on characteristic scales rather than on vorticity
values. For the shear/shock interaction, the simultaneous detection of main steady flow
features with unsteady multiscale mixing features is a practical way to the study of com-
pressibility controlled mixing phenomena. Clearly this opens interesting perspectives
for wavelet analysis in fluid dynamics.

As a final remark, we may note that the 3-D discrete WT has also been used success-
fully in several applications. One of them is the analysis of the substructure of galaxy
clusters [300]. Another one is the lossless compression of 3-D images produced by
computer tomography or radar scanning [81]. The lossless character of the transform
is based, as in 1-D or 2-D, on the use of an integer WT (see Section 2.5.2.4).

Extension to higher dimensions

From the analysis of the previous section, it should be clear that the extension to higher
dimensions is straightforward — although it has probably an academic interest only
(except perhaps in quantum mechanics, since an N-particle wave function belongs to
LZ(R3N, d’iN)'C’))

Given a finite energy signal s € L>(R", d"x), the transformation group to consider
is again the similitude group, now SIM(n) = R” x (R} x SO(n)). This group has a
(unique) natural unitary irreducible representation in L?(R", d"X), given by

Sh.a.0*) = [U(E, a, Q)s] @) =a"?s(a o7\ — b)), 9.11)

where b € R” is a translation, a > 0 is a global dilation and ¢ € SO(n) is a rotation.
This representation is square integrable, with admissibility condition

"k~ -,
7o VP <co. 9.12)
R"

reducing as usual to the necessary condition fR,, d"X ¥ (X) = 0. The n-D wavelet trans-
form is, as before,

S(b,a,0) = a_”/Z/ d"3 Yra—'o~ (X — b)) s(¥). (9.13)
Rn
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Standard wavelets are the same, namely,
e The n-D Mexican hat:

Yu(X) = (n — |AX[?) exp(—3|AX|).
e The n-D Morlet wavelet:
Yu(X) = exp(ik, - ¥) exp(—1|AZ[*) + corr.

Once again, the anisotropy matrix A = diagle; "2, 6,72, ... e,_17V2, 1], € >
l,ep 2 1,...,€,-1 = 1, leads to various situations, depending on the number of dif-
ferent values taken by the parameters €;. The interesting case is, of course, the ax-
isymmetric or SO(n — 1)-invariant case, where all the €; coincide and €; = € # 1.
Then, the parameter space reduces to R” x R} x §"~! ~ R” x R” and the WT reads
S(l_;, a,t), ¢ € S As before, (a7 !, ¢) may be interpreted as polar coordinates in
spatial frequency space, and thus the n-D CWT yields a phase space representation of
signals. The rest is as before.

Cauchy wavelets also extend to R”, as follows. We start with the n-simplex
C(e1, e, ... ,e,), generated by the unit vectors €1, ¢, ... , &,. Define successively

€f = EQANEN ... NEp_| Ny

e; = 23/\24/\.../\5,,/\21

e; = 51 /\gz/\.../\gn_z/\gn_l.

Then the only nonzero inner products are

21-21 ZZQ'EQZ...Z_},'E” =V01[21,Ez,... ,gn].

Thus, for 7j € C, we define the n-dimensional Cauchy wavelet as

[Tjioik-e5)lie™,  keC@,é, ..., e,

~Con) 7
Ui, o) = , ©.14)
0, otherwise,
and, in position space,
> o - Lh+b+. +l,
C,n = (VOI [elana aen])
W (X) = const — (9.15)
lily..I, l_[;l:] (Z . ej)l]"rl
In these formulas, Iy, l5, ... , I, € N* and the factors (/E e ])’f represent vanishing mo-

ments on the faces of the cone.

Exactly as in three dimensions, one may also construct Cauchy or conical wavelets
adapted to a general cone of equation F (ié) = 0 and, in particular, n-D axisymmetric
wavelets in the case of a circular cone.
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9.2

9.2.1

Wavelets on the 2-sphere and other manifolds

The problem

In most cases of physical interest, experimental data are given on the line (signal pro-
cessing), on the plane (image analysis), or occasionally in R? (e.g., in fluid dynamics).
However, there are situations where data are given on a sphere, for instance, in geo-
physics or astronomy, of course, but also in statistical problems [Fis87], computer
vision or medical imaging (see [216] for precise references). If one is interested only
in very local features, one may forget the curvature and work on the tangent plane with
standard methods, that is, Fourier or time—frequency analysis, in particular the CWT.
However, when global aspects become important (description of plate tectonics on the
Earth, for instance, or structure of the Universe as a whole), curvature can no longer be
ignored, so that one needs a genuine generalization of wavelet analysis to the sphere
(or more general manifolds).

Let us first make that statement precise. We may speak of a genuine spherical CWT
if (i) the signals and the wavelets live on the sphere; (ii) the transform involves (local)
dilations of some kind; and (iii) for small scales, the spherical CWT reduces to the
usual CWT on the (tangent) plane (Euclidean limit).

Several authors have studied this problem, with various techniques, mostly discrete.
For instance:

+ One may extend to S the discrete wavelet scheme based on a multiresolution
analysis, but this approach leads often to numerical difficulties around the poles
[114,197,318].

A different technique is to use the lifting scheme and second generation wavelets,

as described in Chapter 2, Section 2.5.2. An efficient solution has been obtained in
this way by Schroder and Sweldens [336], but this obviously misses the particular
symmetry of the sphere.

* One may exploit the geometry of the sphere, as encoded in the system of spheri-
cal harmonics [Fre97,Fre99,169,294,319], but the resulting analyzing functions are
poorly localized (in fact they do not really resemble wavelets). On the other hand,
this approach leads to good approximation methods for spherical functions; we shall
come back to this problem in Section 9.3.

However, to fully preserve the rotational invariance of the sphere, a continuous approach

is clearly necessary. Here too, several authors have proposed solutions.

* Considering the fact that the sphere does not admit global dilations, since it is compact,
one resorts to a wavelet transform on the tangent bundle of the sphere [116] or, instead,
to a Gabor transform on the sphere itself [355,356].

» The most satisfactory approach is that of Holschneider [225], who produces a CWT
on the sphere that satisfies the three criteria above. However, the role of dilation is
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played by an abstract parameter that satisfies a number of ad hoc assumptions. The

correct Euclidean limit is obtained, but it is essentially put by hand.
As can be seen from this brief description, none of the proposed solutions fully qualifies
for a genuine CWT on S2. It turns out that the general formalism developed in [Ali00,6]
and sketched in Chapter 7 yields an elegant solution to the problem, entirely derived
from group theory, and in particular allows one to derive all the assumptions of [225].
Although the discussion is too technical to be given here in detail, it is interesting
to outline the main ideas, because they lead to significant generalizations. A detailed
treatment may be found in [23,28,29].

The continuous wavelet transform on S>

Affine transformations on the sphere S>

We consider the 2-sphere S2, with polar spherical coordinates { = (@, ¢). As usual,

finite energy signals are taken as square integrable functions on the 2-sphere, s € 'H =

L?(8?,d ), where dju(¢) = du(0, ¢) = sinf df dy is the usual (rotation invariant)

measure on S2. The first step for constructing a CWT on S? is to identify the natural

operations on such signals. These are of two types:

(i) Motions or displacements, given by elements of the rotation group SO(3), which
indeed acts transitively on S2, and S? ~ SO(3)/SO(2).

(i) Dilations, that may be derived in two steps. First, dilations around the North Pole
are obtained by considering usual dilations in the tangent plane and lifting them to
S? by inverse stereographic projection from the South Pole. This gives:

DM (6, @) = (8a, ), with tan%a =a -tan% (9.16)
Then a dilation around any other point ¢ € S? is obtained by moving ¢ to the North
Pole by a rotation o € SO(3), performing a dilation Dle ) as before and going back
by the inverse rotation: Dg) =o! Dle )o. Clearly the dilations act also transitively
on S2.

Next we have to identify a group of affine transformations on S2. First we note that
motions ¢ € SO(3) and dilations by a € R} do nor commute. Also it is impossible to
build a semidirect product from SO(3) and R, and therefore the only extension of
SO(3) by R is their direct product. A way out is to embed the two factors into the
Lorentz group SO,(3, 1), by the so-called Iwasawa decomposition:

S0,(3,1) =SO@3)-A- N, (9.17)

where A ~ SO,(1, 1) ~ R ~ R} is the subgroup of Lorentz boosts in the z-direction
and N ~ C is two-dimensional and abelian (under the stereographic projections, N
corresponds to translations in the tangent plane). The appearance of the Lorentz group
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SO,(3, 1) in this context is not fortuitous, since it is the conformal group of the sphere
S? (and of the plane R? as well).

It turns out that the stability subgroup of the North Pole is the so-called minimal
parabolic subgroup P = M = SO(2)- A - N, where M = SO(2) is the subgroup of
rotations around the z-axis. Thus we get

52 ~ S0,(3, 1)/ P ~ SO(3)/SO(2). 9.18)

This shows that SO,(3,1) acts transitively on S as well. This action may be computed
explicitly using the Iwasawa decomposition (9.17). For a pure dilation by a, the result
is precisely the usual dilation lifted on S? by inverse stereographic projection, given in
(9.16).

Spherical wavelets
The next step towards constructing wavelets (affine coherent states) on S? is to find
a suitable unitary irreducible representation (UIR) of the Lorentz group SO,(3, 1)
acting in the Hilbert space L>(S?, du). Natural candidates are the representations of
the continuous principal series, also called class I representations [Kna96,351]. The
simplest one, that we shall use, is given by the operators:

U 1) =Mg O f(g7'¢), g €S0,3, 1), feL*S*dp), (9.19)

where g = pan by the Iwasawa decomposition and the multiplier A (g, ¢) is a Radon—
Nikodym derivative (or a 1-cocycle), expressing the fact that the measure du is not
invariant under the full group SO,(3, 1):

du(g7'¢)
du(¢)
This representation U of SO, (3, 1) is unitary and irreducible.

Since we are only interested in the action of dilations and motions, we quotient
out the subgroup N. In other words, the parameter space of the spherical wavelets
is X =S0,(3, 1)/N >~ SO(@3) - Rf. Then, introducing a suitable section o : X =
SO,(3, 1)/N — SO,(3, 1), we concentrate on the reduced expression

[Ue(x)f1(0) = Mo (x),)"* f(c(x)'¢), x =(0,a). (9.21)

We choose the natural (Iwasawa) section (g, a) = oa, ¢ € SO(3), a € A. Using the

rAg,0) = , 8 € S0,(3, 1. (9.20)

action (9.16) of dilations, one gets easily
4a?
[(a2 = 1) cos 6 + (a2 + )]

The function A(a, 6) satisfies the so-called cocycle relation (which guarantees that U

Mo (e, a),§) = Ma,b) = ¢ =0, 9). 9.22)

is indeed a representation):

Ma™', 0)Ma, 0,) =21(1,0) = 1. (9.23)
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In addition, from the choice of the section, we have U (o (g, a)) = U(oa) = U(o)U(a),
and therefore the representation (9.21) factorizes as

U(o (0. a)) = R, D,. (9.24)

In this relation, R, = Uy (@), o € SO(3), where U,, is the quasi-regular representation
of SO3) in L*(S%,dw), and D,, a € R}, is an operator of pure dilation, that is,
(Do f) (&) = Ma, 0)'? £(£1/4), With &, = (6,4, ¢). The quasi-regular representation of
SO3), Ug@) )&) = f (0~ '¢), is infinite dimensional and decomposes into the direct
sum of all the familiar (2/ 4+ 1)-dimensional representations, / =0, 1,2, .. ..

Following the general approach of [Ali00,6], we build now a system of spheri-
cal wavelets, realized as coherent states for the Lorentz group, indexed by points of
X =S0,(@3, 1)/N. Since N is not the isotropy subgroup of a particular vector in the
representation Hilbert space, the resulting coherent states are not of the Gilmore—
Perelomov type [Per86] (see Section 7.1.5). First we show that the UIR (9.21) is
indeed square integrable on X, that is, we check that there exists a nonzero vector
Y € L*(S?, dp) such that

/ dv(o, a) {U(o (0. a)¥|¢)> < 00, V¢ € L*(S*, dp),

X

where dv(o, a) = a=* do da, and dp is the invariant (Haar) measure on SO(3).
Proposition 9.2.1 The representation U given in (9.21) is square integrable modulo

the subgroup N and the section o. A nonzero vector W € L*(S?, d ) is admissible
mod(N, o) iff there exists ¢ > 0, independent of |, such that, for alll > 0:

872 K [ da —~
Gr=g7 2 [ S5 mar <c. 9.25)
+1m:71 0

21 a’
Here f(l, m) = (Y/"| f) denotes a Fourier coefficient of f € L*(S?), with Y[" the usual
spherical harmonic, and ¥, = D, = U(o (e, a))y corresponds to a pure dilation.

The proof, as usual, consists in an explicit calculation, using the properties of Fourier
analysis on the sphere.

Thus any admissible v generates a continuous family {y, , = U(o (0, a))¥, (0, a) €
X} of spherical wavelets, but in fact we have more.

Proposition 9.2.2 For any admissible vector  such that f()z” do (0, ) #0 (for
instance, axisymmetric), the family {\/, o, (0, a) € X} is a continuous frame, that is,
there exist constants A > 0 and B < oo such that

Allgl* < / dv(0, a) [(Va,ol#) 1> < Bllgl>, Yo € L*(S*, du). (9.26)
X
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Thus, for most admissible vectors 1/, we get a continuous frame, but not necessarily a
tight frame. We conjecture that the resulting frame is never tight, that is, A £ B.

The spherical wavelet transform
Proposition 9.2.1 yields the basic ingredient for writing the CWT on S2. Given an
admissible vector ¥ € L?(S?, d), our wavelets on the sphere are the functions ¥, 0=
U(o(o,a)¥ = R, Dy = R, ¥r,." Then, the spherical CWT of a signal s € L*(S?) is
defined as

S(0.a) = (Ya,ls)
= /52 d(8) Ya,o(¢) s(§) 9.27)

_ /S () Bl D) 50

This relation gives the spherical CWT as a convolution on the sphere S2: v/,(¢) and
s(¢) are two functions on S, and their convolution v, % s is a function on SO(3). Such
a formulation leads both to mathematical subtleties and to numerical difficulties. The
former will be treated in Section 9.3 (see also Appendix A) and the latter in Section
9.2.5, where we will discuss the numerical implementation of the spherical CWT.

According to the general theory, the admissibility of the wavelet v is sufficient to
guarantee the invertibility of the spherical CWT on its range, that is, we can reconstruct
the signal s(¢) from its wavelet transform S(p, a):

5(0) = / dv(0, @) (0. @) A Y o(£). 9.28)
X

In this relation, A, denotes the resolution operator (7.34), whose action is a multiplica-
tion in Fourier space (as it is the case with most Duflo-Moore operators, for instance,
(7.42)),

A, f(l,m) =G, f,m),

with G; defined in the admissibility condition (9.25). As usual, the integral in (9.28)
is to be taken in the weak sense. Of course, as in the flat case, one may consider more
general reconstruction formulas, with two different wavelets for the analysis and the
synthesis (see (2.31) in Section 2.2).

These formulas gets simpler if the wavelet 1 is axisymmetric, i.e., ¥ () = x (), for,
then, we may exploit the fact that S ~ SO(3)/SO(2). First, since the dilation is purely
radial, ¥, is also axisymmetric and ¥,(¢) = x,(6). Then the action of R, on 1/, has
for sole effect to transport its center from the North Pole ¢, to some point {' = @ &,.

T As the notation Ya,o suggests, all the operations involved in the CWT consist in manipulating the function v,
at a fixed scale a. This is consistent with [Fre97,169] and [35], but not with [29], where the same wavelets were
denoted ¥p,4.
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We can thus characterize R, v, by its center point ¢’, which is independent of a, and
we may write ¥, , = Y, 0.

A more precise way of achieving this is to split ¢ € SO(3) into o = (x, [¢']) with
x € SO(2) and ¢’ € S? . This is formally done through a projection ¢ + ¢’(0) in the
fiber bundle SO(3) — S >~ SO(3)/SO(2), followed by an arbitrary choice of section
¢+ [¢'] in SO(3). The splitting corresponds to decomposing the motion R, of the
wavelet ¥, into an initial rotation of angle x around the North Pole ¢, followed by a
transport to the point ¢’ = o ¢, on the sphere. In other words,

Rova(8) = Ryva(1£'1710)

where R, is a rotation around the North Pole. Accordingly, the spherical wavelet
transform will also be denoted by S(x, ¢’, a). This amounts simply to decomposing the
parameter space SO(3) x R} into a more appropriate form, including “translations”
¢’, dilations a, and “rotations” y, exactly as in the Euclidean case. Of course, when
the wavelet ¥ is axisymmetric, the dependence on x can be dropped and the spherical
wavelet transform will be written simply as S(¢’, a):

8¢ a)= fs2 dp(g) Ya,c (£ (). 9:29)

(A related statement is given in Proposition 9.3.1, in Section 9.3.) In that case, the
parameter space of the spherical CWT reduces to S? x R, withmeasure a > du(¢) da.
Hence, the integral over SO(3) in the reconstruction formula is replaced by an integral
over S%:

du’d
s = [ L w0 4 e, 9.30)

According to the general coherent state formalism, the reconstruction formulas (9.28)
and (9.30) are valid only in the weak sense. In the flat case, however, we have seen in
Section 2.6 that the corresponding formula holds in the strong L? sense. This guarantees
that it can be used for approximating functions on the plane through an approximate
identity. That means, the approximating function is obtained by convolution with a
smoothing kernel, which tends to the identity (§ function) as the parameter goes to 0.
We will show in Section 9.3 that exactly the same situation prevails on the sphere. In
order to prove these results, we will have to switch to an L' formalism (as already
mentioned in [29]), by introducing a modified dilation operator D that preserves the
L' norm of functions. As a consequence, we will have at our disposal two types of
spherical CWT.

An important aspect of the flat space CWT is its covariance property (Proposition
2.2.3). In the present case, an explicit calculation [29] shows that the spherical CWT
(9.27) is covariant under motions on S2, but not covariant under dilations.

+ It is covariant under motions on S2, namely, for any o, € SO(3), the transform of the
rotated signal (o, '¢) is the function S(o, "0, @).
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* But it is not covariant under dilations. Indeed the wavelet transform of the dilated
signal Aa,, £)"/?s(a; '¢)is (U(g)¥|s), with g¢ = a; ' oa, and the latter, while a well-
defined element of SO, (3, 1), is not of the form o (o', a’).

For applications, of course, it is the covariance under motions that is essential, since

it reduces to translation covariance in the Euclidean limit, as we shall see in Section

9.2.3. As for dilations, the negative result reflects the fact that the parameter space

X >~ SO(3) x R of the spherical CWT is not a group.

The condition (9.25), which was derived in [225] in a different way, is necessary and
sufficient for the admissibility of i, but it is somewhat complicated to use in practice,
since it requires the evaluation of nontrivial Fourier coefficients. Instead, there is a
simpler, although only necessary, condition.

Proposition 9.2.3 A function € L*(S?, d ) is admissible only if it satisfies the con-
dition
/ dn(o) - Vo, “’)9 0. ¢=.09). 9.31)
This necessary condition is the exact equivalent of the usual necessary condition for
wavelets in the plane, f d*x Y (X) = 0, and it reduces to the latter in the Euclidean limit
(see Section 9.2.3). The interesting point is that (9.31) is a zero mean condition, as in
the flat case. As such it ensures that the CWT on S? given in (9.27) acts as a local filter.
This is crucial for applications and it is one of the main reasons of the efficiency of the
CWT, and the same holds here.

Using Proposition 9.2.3, it is easy to build explicit wavelets on the sphere, namely
“Difference wavelets”, similar to the ones described for the flat case in Chapter 3,
Section 3.2.2. For that purpose, we notice the following easy result [28].

Proposition 9.2.4 Let ¢ € L*(S?, du). Then

1 D90, ¢) 0, ¢)
E/Sd@) 0s0 _/Szd(olJrcoe

where D, = U(o (e, a)) is again a pure (covariant) dilation.
Given a square integrable (smoothing) function ¢, we define
V50, 9) = $(0, 9) - —D b0, 9) (@ > 1). (9.32)

By Proposition 9.2.4, 1//(“) satisfies the admissibility condition (9.31), that is, it is a
spherical wavelet, and it is fully admissible if ¢ is sufficiently regular at the poles.
The simplest difference wavelet is obtained with the choice ¢4(6, ¢) = exp(— tan> %

which is essentially the inverse stereographic projection of a Gaussian in the tangent
plane. The corresponding spherical wavelet, called the spherical DOG wavelet and
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]

05-

Fig. 9.5. The spherical DOG v wavelet, for @ = 1.25. (Top line) The wavelet at scale a = 0.125
and positioned at the North Pole 6 = 0° (left) and on the equator 6 = 90°, ¢ = 90° (right);

(Bottom) The same at scale a = 0.0625 and position € = 90°, ¢ = 0°. As mentioned in the text,

“at scale a” means the function D, w;“).

denoted wé“) in the sequel, is an axisymmetric wavelet, which is shown in Figure 9.5,
for different values of the scale a and in various positions (6, ¢) on the sphere. Note
that here “i at scale a” means that the function being plotted is D,, i.e., one must
always use the covariant dilation operator D,,. This wavelet yields an efficient detection
of discontinuities on the sphere [28]. Explicit examples of spherical wavelet transforms
based on it will be given in Section 9.2.5.3.

Now, the construction of the scaling function ¢, by inverse stereographic projection
from the tangent plane suggests a general procedure for generating spherical wavelets.
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We will implement it in Section 9.2.4, where we will construct directional wavelets on
the sphere by the same method.

Before going into that, let us discuss the Euclidean limit of our spherical wavelet
transform.

The Euclidean limit

As said above, a good wavelet transform on the sphere should be asymptotically Eu-
clidean, that is, the spherical WT should match the usual CWT in the plane (in this case,
the tangent plane at the North Pole) at small scales or, what amounts to the same, for
large values of the radius of curvature. This statement may be given a precise mathe-
matical meaning, using the technique of group contractions (or deformations). Without
entering into technical details, we sketch the successive steps.

First, we reformulate the theory on a sphere of radius R and let R — oco. Then Sﬁ
becomes the plane R?, the group SO(3) contracts into the Euclidean group of R? and
the Lorentz group SO, (3, 1) into the (semidirect) product G, = R? x SIM(2), where
SIM(2) = R? x (R x SO(2)) is the similitude group of R?, that is, the invariance
group of the Euclidean CWT, discussed in Chapter 7, Section 7.1.2. Notice that the
contraction preserves the minimal parabolic subgroup P = M AN ~ SIM(2), and, in
particular, the subgroup SO(2) of rotations around the z-axis.

The next step is to transfer the contraction process to the relevant homogeneous
spaces. On one hand, the manifolds 5?2 =S0,@3, 1)/ MAN and R? = Gy/M AN, that
carry the respective CWT, are related through contraction. On the other hand, since
the abelian subgroup N is preserved under the contraction, the parameter space X =
SO,(3,1)/N =~ SO(3) x A of the spherical CWT goes into that of the Euclidean CWT,
namely SIM(2) = G;/N. Notice that the former is not a group (and this forces us
to use the general formalism of [Ali00,6], described in Chapter 7), whereas, after
contraction, we get SIM(2), that is, the missing group structure is restored by the
contraction!

In this geometrical context, the Euclidean limit itself can be formulated as a contrac-
tion at the level of group representations. Whereas contractions of Lie algebras and Lie
groups are relatively ancient and well-known [232,331], the extension of the procedure
to group representations is rather recent [272]. A rigorous version has been given by
Dooley [150-152], that was followed in [23,29]. The additional difficulty here is that
the representation space itself varies during the procedure.

Let Hz = L*(S%, dug) be the Hilbert space of square integrable functions on a
sphere of radius R (where dug = R>dp) and H = L*(R?, d*X). The two spaces are
related by the unitary map Ig : Hg — H, given as

2

(I f)(r @) = 2 arctan ——, g0>, (9.33)

4
4R2—|—r2f< 2R
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where (7, ¢) are polar coordinates in the plane. Clearly, the map /Iy just describes the
stereographic projection of the sphere S% onto its tangent plane at the North Pole. The
inverse map, that is, the inverse stereographic projection, reads as

7 S (2R tan % ®), (9.34)

—1 _
(Ig )0, ) = T cosd

(in the case R = 1, this map was given already in (5.1)). Now let U be the usual wavelet
representation (2.13) of SIM(2) in H and Uy the representation (9.21) of SO,(3, 1)
realized in Hg. For each R, we choose the corresponding representation Ug. Then the
precise statement is that the representation U of SIM(2) is a contraction, in the sense of
Dooley [150-152] of the family of representations Uy of SO,(3, 1) as R — oo. This
means that, for every g € SIM(2), the following strong limit holds in H:

Jim [[1xUr (TT&(9)) Iz 'é — Uiz = 0. (9.35)

where Iy : SIM(2) — X is the so-called reduced contraction map (see [29] for details).

This theorem yields the expected result that local wavelet analysis on the sphere
as defined here is equivalent to local wavelet analysis in flat space. Indeed the whole
structure on the sphere S12e goes into the corresponding one in R? as R — oo. Since
Ugr — U, the corresponding matrix elements converge to one another, and so the square
integrability condition (9.25) converges into the corresponding one for the CWT in R?,
namely

/ i | (k)2 e
R’ k|2

Admissible wavelets on S? converge to admissible wavelets on R? (Proposition 9.2.5),
and the necessary condition (9.31) also goes into the usual one in the plane, namely

Jpe d*X Y (X) = 0.

Directional wavelets on the sphere

The general mathematical setting for designing directional wavelets on S? has been
introduced in the previous sections, but the construction and the properties of these
particular spherical wavelets have not been discussed. Yet these wavelets are quite
important in practice, since directional features (roads, streams, geological faults, ... )
abound on the spherical Earth! Thus one really needs the additional degree of freedom
they offer for characterizing signals.

General remarks
Whenever the wavelet 1 is not axisymmetric, the continuous spherical wavelet trans-
form depends on the additional parameter yx, the rotation angle around the North Pole,
thus (9.27) may be rewritten as



318

Higher-dimensional wavelets

S(x. ¢ a) =/ du(@) Ry va([8'171¢) s(2). (9.36)
52

In this formula, there is an arbitrariness in the way the rotation [¢'] of S O(3) is associated
to the point ¢’ on the sphere. The section [-] : > — SO(3) can be depicted as mapping
the sphere to a tangent vector field of unit length defined on it. Intuitively, one would
like this mapping to be smooth to correspond to the idea of direction defined on the
sphere, and the arbitrariness in the choice of the section may be exploited to that effect,
at least locally. When this is the case, we expect that the values of the wavelet transform
correspond to filtering in a given direction x and at a given scale a as in the case of the
2-D wavelet transform in the plane.

Some caution must be exercised, however, when dealing with directions on the sphere.
Indeed, it is a classical result in topology that there exists no differentiable vector field
of constant norm on S2, which means there is no global way of defining directions.
There will always be some singular point where the definition fails. In other words,
one cannot comb a perfectly spherical porcupine! Nevertheless, testing orientations
using directional wavelets is a small-scale operation, that is, a local procedure [24].
Then, around any point on S2, the support of the wavelet at small scale defines a
neighborhood in which the following reasoning holds. This ability to perform local
analysis is definitely one the most important properties of wavelet analysis. We will see
more about this in the examples below.

From now on, we will make use of the classical parametrization of SO(3) in terms
of Euler angles, o = (x, 6, ¢’), which corresponds to the choice of section (6, ¢')
(0,0, ¢’), which in turn defines a direction on the sphere. The singular points are the
North and South Poles: it makes no sense to define cardinal points at the poles!

For this choice of parametrization, we may write

Ryva(Z'17'0) = Yay.t/(§) = Vg4 (0. @), 9.37)
which implies
Vax.009 (0, 9) = Vax000, ¢ — ¢). (9.38)

Therefore, (9.36) becomes a convolution in ¢ which, by means of the convolution
theorem, takes the form

b4 21
S(x, 0, ¢ a)= / Va,x.000, 9 —¢)s0, @) sind do dy (9.39)
0 0
=21 Y M / Vay.000)k] 56)[k] sin6 do, (9.40)
k=—o00 0

T This statement is valid for S2, but not in the case of the circle S! and the higher dimensional spheres $3 and S7.
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where, for any function / on the sphere, ﬁ(@)[k] denotes its Fourier coefficient with
respect to the longitudinal coordinate ¢:

2
h(0)[k] =/ do h(8, ) e kv, (9.41)
0

In the discretization method of Section 9.2.5, the relations (9.39)—(9.40) will give us a
tool for reducing the computational time of the spherical CWT. Indeed, they will allow
us to use the fast Fourier transform (FFT).

Estimating the angular selectivity of a wavelet
Given a wavelet ¥, it is very important in practice to know how well it will discriminate
between two close directions. In other words, we would like to quantify the angular
resolving power (ARP) of a spherical wavelet (see Section 3.4.1). A tempting definition
is simply to look at the correlation between v and its rotated version:

Ky () = W) =172 ) WYY IR )

<w|w >0 |m|<I
=1V ) 0 D WY R Y )
1>0 |m|<I
=172 Y wlye ™ v y)
1>0 |m|<I
= (I Y 1 m)e
mez [>|m]|
— Zametmx
meZz

As a function of yx, this expression reduces to a Fourier series where the coefficients are
the same as in the spherical harmonic expansion of 1. If the wavelet is highly sensitive
to changes in the orientation, K, should be peaked around x = 0. As we shall see later,
the problem with this definition is that it does not depend on the scaling parameter a.
This is not a problem for wavelets in R2, but is rather counterintuitive on the sphere,
because we know that a direction cannot be defined at large scales. This motivates the
study of a more general indicator. Let us then introduce the following operator-valued
function:

Ry.o(x) = /52 dp(@) [Wa,x.e)(Wax.cl, (9.42)

where we choose again for [-] the Euler angles section. A good candidate for the ARP
would then be the mean value:

(WulRw a(X)Wa) )

9.43
(Valtha) 049

(Ry.a(X))y, =
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This time the inspection of (Ry ,(x))y, for different values of a should reveal a lack of
angular precision at large scales. This is precisely what is observed in the case of the
spherical Morlet wavelet, as shown later in Figure 9.8.

Designing directional spherical wavelets

We have not yet addressed the problem of constructing good directional wavelets on S2.
We will show now that this job is very naturally handled in our framework. First of all,
we recall that the very definition of a direction on S? forces us to work at small scales. As
is well known, the geometry of S? at small scales, or for large radii of the sphere, is closer
and closer to that of R?. As discussed in Section 9.2.3, the spherical wavelet transform
respects one’s intuition by nicely approximating the Euclidean wavelet transform at
small scales (the Euclidean limit property). We may remark that the notation used in
(9.37) is consistent with it: roughly speaking, as the radius of the sphere goes to infinity,
Va0 (§) goes to ¥, , 5(X), where b € R? is the translation parameter. Moreover, it is
a simple application of the Euclidean limit that small-scale Euclidean wavelets can be
mapped to the sphere and yield small-scale admissible spherical wavelets. These can
then be dilated to larger scales using the spherical dilation. This is neatly summarized
by the following result, where we repeat for convenience the definition (5.1) of the
inverse stereographic projection, namely, in polar coordinates,

0
U0, 9) = 5 ftanz, ). (9.44)

1 4 cos
Proposition 9.2.5 The inverse stereographic projection (9.44) is a unitary map 17" :
L*(R?, dX) — L*(S?,sin6 df dg) between the respective Hilbert spaces. Moreover,
if ¥ € L%(R?) is an admissible 2-D Euclidean wavelet, then the function I ™" is an
admissible spherical wavelet.

This results tells us that we can construct a spherical wavelet starting from any Euclidean
wavelet. Now what does this tell us about directional wavelets? Since directional sen-
sitivity is a local or small-scale attribute, it should intuitively survive this process. Yet
there is more than intuition in this result. The stereographic projection and both spher-
ical and Euclidean dilations are conformal mappings. Thus Proposition 9.2.5 defines a
conformal application that, by definition, preserves angles. The directional sensitivity
of the Euclidean wavelet is thus transported to the spherical wavelet.

A natural candidate for building a directional spherical wavelet is to start with the
(truncated) Euclidean Morlet or Gabor wavelet (3.19):

Vo(®) = elloF g (9.45)
Using Proposition 9.2.5, we find the following spherical wavelet:
eiko tan % cos (¢07¢)67% tan? %

Y0, ) = Py ) (9.46)
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Fig. 9.6. Real part of the spherical Morlet wavelet (9.46) at scale (a) a = 0.03 and (b) a = 0.3
(from [35]).
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Fig. 9.7. Real part of the spherical Morlet wavelet (9.46) at scale @ = 0.03 and centered at
(/3,7/3): (@) @ = 0and (b) 0’ = /2 (from [35]).

This function is represented in Figures 9.6 and 9.7 for various values of the scale and
rotation parameters. An example illustrating the directional sensitivity of this wavelet
will be presented in Section 9.2.5.3 below (Figure 9.14), where we will compare it with
that of the spherical DOG wavelet function.

Of course, a spherical wavelet analysis should always be performed at small scales
(see Section 9.2.5.2). As a confirmation, we show in Figure 9.8 the ARP (9.43) of
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Fig. 9.8. Angular resolving power (9.43) of the spherical Morlet wavelet (9.46) for various values of
the scale parameter: a = 0.03 (plain), @ = 0.1 (dotted), a = 0.3 (dashed-dotted) and a = 1
(dashed).

the spherical Morlet wavelet for different values of the scale parameter. One clearly
notices that, as the scale gets bigger, angles that are far apart become more and more
correlated.

Representation of object surfaces
The spherical wavelets just described are the basis of a novel representation of object
surfaces [89] — a longstanding problem in computer graphics. The idea is the following.
The surface of a 3-D (star-shaped) object is treated as a function on the 2-sphere (a
human head is a good example, with a lot of neurophysiological interest). In a first
step, the coarse structure of the surface is described by a truncated expansion of that
function into spherical harmonics. Thus we get a band-limited function:

L
£0,00=)" 3" F,mY"®,9),

1=0 |m|<!

(9.47)

for some small value of L (the authors choose L = 5). The justification is that the
small / terms in the Fourier expansion are low-frequency components, which are well
represented by functions supported on the whole sphere, such as spherical harmonics.
Then the remainder f..s = f — f., which represents the fine structure of the surface, is
described by well-localized spherical wavelets, in particular, spherical Morlet wavelets,
with the help of an appropriate optimization procedure. The crucial step here is to
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treat the low- and high-frequency components separately. We will see in Section 9.3
a mathematically precise version of this procedure. Namely, in the L' formalism, the
reconstruction formula for the spherical CWT is based on precisely the same idea,
with the scale variable a as the relevant parameter to distinguish between low and high
frequencies (Theorems 9.3.8 and 9.3.9, which yield indeed approximation schemes for
functions on the sphere).

The same technique may be used also [90] to define smoothing on S? by a spherical
Gaussian kernel, obtained again by inverse stereographical projection from a plane
Gaussian (essentially our function ¢ of Section 9.2.2.3). Actually this Gaussian is
nothing but a heat kernel, which generates a diffusion process on S2. This approach
opens interesting new perspectives in object deformation (“morphing”), along the lines
of the work of Sweldens et al. on digital geometry processing [242].

Implementation of the spherical wavelet transform

The spherical CWT (9.27) is given as a convolution over the sphere S%. This cre-
ates numerical difficulties, for no really fast algorithm exists today. In particular, it
is difficult to find an appropriate discretization of the sphere. Several methods have
been proposed in the literature, mostly based on Fourier and spherical harmonics tech-
niques [Moh97,154,169,216,274], but none of them is fully satisfactory. A possible
exception is the method introduced by Wandelt and Gérski [367] and based on the use
of the FFT. Interestingly enough, this approach was motivated by the analysis of cosmic
microwave background (CMB) data, that we have mentioned in Section 5.1.2 — and
for which spherical wavelets have been proposed! The new algorithm presented here,
however, seems to answer the question rather well [35].

For a practical implementation of the spherical CWT, the first step is that of dis-
cretization. This means finding a suitable grid in the parameter space, so as to allow a
fast calculation and a good approximation of the continuous theory. As we shall see,
the key to the algorithm presented below is to use an FFT in the (periodic) longitude
angle ¢. Actually we also need some sort of criterion on the grid density for controlling
aliasing problems, as indicated already in [13]. More precisely, we have to specify the
scale interval in which the spherical wavelet transform makes sense. A possible answer
will be suggested in Section 9.2.5.2. Then several examples will be discussed, both
academic and real-life.

Discretization and algorithm
Following an approach similar to that in [Win95], the first step is to discretize the
integral (9.39) on a regular spherical grid M x N,

2
g:{w,:%r,¢p=§p>|0<t<M—1,0<p<N—1}, (9.48)

by a weighted sum (x and a are fixed throughout)
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S(x, 6, @p,a)=S[x,t', p',al (9.49)
= Y Vayslt.p— plsit. plu, (9.50)
0<1<M—1
0< p<N—1
where:

* sz, pl = s(6;, ¢p);
¢ wa,x,t’[t’ P — P/] = 1//a,x,0,r,0(91a (pp—p’);
* the index of ¢ is extended to Z by angular periodicity with the rule ¢, n = @p;
« w, = (27%/MN) sin @, are the weights suggested in [Win95] for the discretization
of the Lebesgue measure on the particular grid G.
Evaluating the sums in (9.50) requires M N additions and multiplications for each
(t', p'), that is, M?>N? operations altogether.
However, an easy simplification can be obtained for the longitudinal coordinates by
the use of a Fourier series and the Plancherel formula. Indeed, denoting by

hlt.kl= > hlt. p] exp(—ikp%”), 9.51)

0<p<N—1

the longitudinal Fourier coefficients of a given discrete function %, we obtain

Six.t.plal=2r Y w, Fix.t. p a1l (9.52)
0<t<M—1
with
o — 2
Flx.t'platl= Y ayrlt. k15[t k] explikp'=). (9.53)
0<k<N—1 N

The quantity F may be computed with the inverse fast Fourier transform (IFFT), which
leads to a reduction of the computational time from O(M?N?) to O(M?N log N). On
a grid G of 256 x 256, the gain is a factor of 46.

Notice that other discretization techniques than a plain Riemann sum, as used in
(9.50), would be beneficial only if one imposes additional regularity conditions on
the signal s. Furthermore, other weights w, could be chosen to achieve a better ap-
proximation of (9.49). An example of a different choice, both for the weights and for
the discretization technique, is that of a band-limited spherical function, as considered
in [216] and [367], that is, a function f(@, ¢) whose expansion in spherical harmonics
has only finitely many nonzero terms, f(l, m)=0,VIl> L.

One can also ask whether a better algorithm could be designed on another type of grid.
For instance, what is the use in the continuous case of an icosahedral grid, as introduced
in [336,337] (see Figure 9.9) for the starting point of a lifting procedure? The great
advantage of such a grid (or one built on a fullerene type of grid) is its better isotropy. The
point is that the usual spherical coordinates necessarily introduce a preferred direction,
the polar axis, and this is at the origin of the various tentatives reported in the literature
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Fig. 9.9. The geodesic sphere construction, starting with the icosahedron on the left (subdivision
level 0) and the next two subdivision levels (from [336]).

of designing an equidistribution of points on the sphere [113,169,330]. The last paper,
in particular, contains many references to related works, from pure mathematics to
physics (electrostatics).

Numerical criterion for the scale range

The discretization of the continuous spherical wavelet transform gives rise to a sampling
problem. Since the grid G is fixed, if we contract or dilate our wavelet too much, we
obtain a function which is very different from the original . In other words, aliasing
occurs and the wavelet is not numerically admissible. This problem has been noted also
in the flat space CWT (see Section 4.1.1), but only an empirical criterion was given [13].

We have seen in Proposition 9.2.3 that a function v € L?(S?, d 1) is admissible only
if it satisfies the zero mean condition (9.31). Approximating the integral by its Riemann
sum, we get the quantity

AC/7)
Cly] = ———— w(, @p). (9.54)
1@\;;4—1 1 4+ cos 6, P
I<psN-1

Because of the discretization, even if i verifies (9.31), it is not necessarily true that
C[v] vanishes. However, we may suppose that this quantity is very close to zero when
Y is sampled sufficiently, that is, if the grid G is fine enough.

Nevertheless, it is difficult to give a quantitative meaning to the value of C[v/]. How
small is “very close to zero”? Here is a possible solution to this problem. Since the
spherical measure p and the function 1 + cos 6 are positive, it is clear that

Clyl < Clliyll (9.55)
for any ¥ € L*(S?, du). So we can define a numerical normalized admissibility by

5 Cly]
C = SO
v Cllyl]

a quantity always contained in the interval [-1,1].

(9.56)

We can now give a precise definition of numerical admissibility.
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Definition 9.2.6 A spherical wavelet of L*(S?,du) is numerically admissible with
threshold p% or p% - admissible, if the numerical normalized admissibility (9.56) is
smaller than (100 — p)/100 in absolute value:
100 - p

100

Civ 1l < 9.57)
As an example, we present in Figure 9.10 the behavior of the dilated spherical DOG
wavelet, D, 1//((3“) (¢ = 1.25), as a function of a > 0, discretized on a 128 x 128 grid
(notice that, in the flat case, @ = 1.6 is the value for which the DOG wavelet is almost
indistinguishable from the Mexican hat).

According to this plot, the wavelet D, éa) 15 99 % - admissible on the scale interval
a €[0.072,24.71]. The lower limit is due to the fact that, for small a, D,y is not
sampled enough. The upper limit comes from the subsampling of the area far from
the North Pole which, according to the spherical dilation, gets more and more con-
tracted. Figure 9.11 presents three typical behaviors of D, discretized on a 22 point
6 sampling. For a = 0.5, the sampling is correct. For a = 0.05, that is, below the lower
admissibility bound, subsampling occurs, so that negative parts of D,y are completely
missed. Clearly, this discretized wavelet is no longer admissible. Exactly the same ef-
fect was observed long ago in the flat case [13]. The third case, with a = 3.5, thus

0.6 -

04

0.2

Num. Norm. Admiss.
o
T

log a

Fig. 9.10. C[D,y*'] as a function of loga for & = 1.25 (from [35]).
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Fig. 9.11. Three typical behaviors of D, 1//((]"‘) discretized on a 22 x 22 grid G. (a) For a = 0.5, the

sampling is correct; (b) for a = 0.05, subsampling occurs, negative parts of D, Y are completely

missed; (c) subsampling on the negative parts of D, Y for a = 3.5. Notice the minimum at § = 0
(from [35]).

beyond the upper bound, is less intuitive. Here the subsampling takes place for large
values of 9, that is, close to the South Pole, but the result is the same; the discretized
wavelet does not have a zero mean, it is not admissible. In addition, the curve presents
a minimum at 6 = 0. This somewhat unexpected effect is in fact due to the cocycle,
as is the dependence of the height on a. Indeed, if one performs the same calculation
without the cocycle, all curves show a maximum at 6 = 0, with the same height. Here
again we see that curvature, which requires the presence of the cocycle, has a nontrivial
effect.

As a further illustration of this behavior, it is instructive to consider the function
¢ identically equal to 1. In the flat case, this function has a vanishing WT, by the
admissibility condition fR2 d*x Y (X) = 0 on the wavelet, but it is not square integrable
and thus cannot be reconstructed. In the present case, however, the situation is different.
The function « is square integrable, since the sphere S is compact, but its WT does not
vanish, because of the presence of the cocycle. Indeed, the function ¢ is invariant under
rotation, but not under dilation:
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(Da)(0, ¢) = Ma, ) # 1, (9.58)
and, therefore,
I(0,a) = (Ry Doty = (Y|Dat) = I(a)

— [ an©) 7@ a0 20 9.59)

Thus, for fixed a, the WT I (a) of the unit function is constant, and essentially negligible
for a <« 1. Significant values appear only for ¢ > 2, and these scales are irrelevant for
the analysis of signals such as contours. This behavior has been checked numerically
[35], with the familiar DOG wavelet 1//?”, discretized on a 128 x 128 grid. Because of
the discretization, however, the function /(o, a) = 1(0, a) does depend on a, but very
little, and its value remains extremely small. As a matter of fact, for a < 0.1, the WT
of ¢ is numerically negligible over the whole sphere, and may be taken as zero to a
very good approximation. As a consequence, the spherical CWT does have the familiar
local filtering effect, provided small scales are considered. This will be confirmed by
the examples below. Once again, we see that the CWT is useful only as a local analysis.

Examples of spherical wavelet transforms
As a first example, we analyze in Figure 9.12 an academic picture, namely, (the char-
acteristic function of) a spherical triangle on 2, with one of the corners sitting at the
North Pole. The triangle is given by 0° < 6 < 70°, 0° < ¢ < 90° and is discretized
on a 128 x 128 grid in (0, ¢). We use again the spherical Gaussian wavelet wéa),
for o = 1.25, discretized on the same grid. According to the admissibility analysis
presented above (Figure 9.10), the wavelet is 95 % - admissible on the scale interval
a € [0.033,29.27]. Thus we can evaluate the spherical CWT of this picture for various
scales in the allowed range, and we have chosen four successive scales from a = 0.5
to a = 0.035. Figure 9.12 shows that the spherical WT behaves here exactly as, in the
flat case, the WT of the characteristic function of a square, as shown in Figure 4.1, in
Section 4.1.1. For large a, the WT sees only the object as a whole, thus allowing us
to determine its position on the sphere. When a decreases, increasingly finer details
appear; in this simple case, eventually only the contour remains, and it is perfectly seen
at a = 0.035. The transform vanishes in the interior of the triangle, as it should, only
the “walls” remain, with a negative value (black) just outside, a zero-crossing right
on the boundary and a sharp positive maximum (white) just inside. In addition, each
corner gives a neat peak, which is positive, since the corner is convex [13]. Notice that
the three corners are alike, so that indeed the poles play no special rdle in our spherical
WT, contrary to what occurs often in the classical spherical analysis based on spherical
harmonics [Fre97,Fre99,169,294,319]. On the other hand, the scales are different in the
four cases, since the amplitude of the transform diminishes for decreasing values of a.



Fig. 9.12. Spherical wavelet transform of the characteristic function of a spherical triangle with
apex at the North Pole, 0° < 6 < 70°, 0° < ¢ < 90°, obtained with the difference wavelet (9.32),
at scale a = 0.25. (a) Original image. The transform is shown at four successive scales, (b)
a=20.5;(c)a=0.2;(d)a =0.1; and (e) a = 0.035. As expected, it vanishes inside the triangle,
and presents a “wall” along the contour, with sharp peaks at each summit. Notice that the
amplitudes are different in the four cases (from [35]).
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Fig. 9.13. Spherical wavelet transform of the spherical map of the European area, computed with
the spherical DOG wavelet for « = 1.25. (a) The original picture; (b) wavelet transform at
a = 0.032; (c) the same at a = 0.016; (d) the same at a = 0.0082 (from [35]).

As a second, real life example, we present in Figure 9.13 the wavelet transform
of a significant piece of the terrestrial globe, covering Europe, Greenland and North
Africa. As before, we use the spherical DOG wavelet 1//é“) for @ = 1.25. The trans-
forms are shown again at three successive scales, a = 0.032, 0.016, 0.0082 (the grid
used here is finer than the one used in the previous examples, so that smaller val-
ues of a are admissible). As expected, the resolution improves with diminishing a.
However, at a = 0.0082, the discretization grid used for the computation of the trans-
form coincides with that of the original picture, so that one sees exactly the same
artifacts, such as a closed strait of Gibraltar, an unresolved complex Corsica—Sardinia,
ragged coastlines, etc. Of course, we cannot hope to improve on the resolution of the
original!
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Fig. 9.14. Spherical CWT of the spherical triangle at scale a = 0.03, using spherical Morlet wavelet
(9.46): (a) 8’ = 0 and (b) 6’ = 7 /2 (from [35]).

As a final example, we take again the spherical triangle of Figure 9.12(a) and an-
alyze it with the spherical Morlet wavelet (9.46). The results confirm our analysis:
the spherical CWT is able to detect the local orientation of the edges of the triangle
(Figure 9.14).

Extension to other manifolds

The whole construction made so far extends almost verbatim to the (n — 1)-dimensional
sphere S$"~! = SO(n)/SO(n — 1), with help of a similar class I representation of the
generalized Lorentz group SO,(n, 1) [23]. Although the spheres are the manifolds on
which a CWT is most desirable for applications, the mathematical analysis made here
invites to consider other manifolds with similar geometrical properties.

We take first n = 3. The sphere S? = SO(3)/SO(2) is a compact Riemannian
symmetric space of constant curvature « = I. It has a noncompact dual, H> =
SO,(2, 1)/SO(2), of constant curvature x = —1 [Hel78]. H? is a two-sheeted hyper-
boloid, symmetric around the x3-axis. Duality corresponds to the fact that SO(3) and
SO, (2, 1) are the two real forms of the complex group SO(3)¢ ~ SL(2, C).

Exactly as in the case of the sphere, we can perform a stereographic projection  from
the South Pole onto the equatorial plane x3 = 0 (or, equivalently, to the plane tangent at
the other pole). Then ® maps the upper sheet Her onto the interior D of the unitdisk, and
the lower sheet H2 onto the exterior. The domain D, called the Lobachewskian disk,
is conformally equivalent to H2, and both manifolds have SO, (2, 1) as isometry group.
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As we did for the sphere, dilations on H; may be obtained by lifting dilations in
the equatorial plane by inverse stereographic projection. The resulting map has all
the required properties for a dilation, but does not come directly from a linear group
action. Thus it can only be used for constructing wavelets on Hi if one puts it by
hand. It remains to obtain a suitable representation of the resulting set SO,(2, 1) - R}
in L>(H?2, du), where du is the SO,(2, 1)-invariant measure, and to show that it is
square integrable in a suitable sense.

Now this suggests a further generalization. In both cases, S? as well as H?, the unit
disk, image of one sheet or one hemisphere, is a classical domain. Also the stereographic
projection has a group-theoretical origin [Per86]. This paves the way to the general-
ization of the CWT to a whole class of homogeneous spaces (Riemannian symmetric
spaces). For instance,

§" 1 =80(n)/SOn —1) and H"'=S0,(n—1,1)/SOn — 1)

are dual Riemannian symmetric spaces, with constant curvature k = =1, respectively.
Again SO(n) and SO, (n — 1, 1) are two real forms of the complexified group SO(n)®.
Their isometry groups are SO(n) and SO,(n — 1, 1), respectively, so that suitable
representations of the generalized Lorentz group SO,(n, 1) should provide the cor-
responding wavelets. While this has been obtained explicitly in the case of the (n — 1)-
sphere S"~! in [23], the problem is still open in the noncompact case, i.e., the hyper-
boloid H"~.

9.3

Wavelet approximations on the sphere

The central theme of approximation theory is the representation of a function by a
truncated series expansion into a family of basis functions, for instance, the elements
of a frame. Thus, in the flat case, one- or two-dimensional wavelets are widely used
for approximation in various function spaces [Mal99]. The crucial advantage is their
multiresolution character, which is optimally adapted to local perturbations. A natural
framework is given by the Lebesgue spaces L”(R"), 1 < p < 0o. One of the reasons
is that approximation is often formulated in terms of convolution with an approximate
identity, and many useful convolution identities are available in L?.

Therefore, in order to apply these considerations to the sphere S, it is necessary to
have a good notion of convolution on S2. For that purpose, it is useful to represent the
sphere as the quotient SO(3)/SO(2), since the convolution machinery extends almost
verbatim to locally compact groups, and then partly to homogeneous spaces. For the
convenience of the reader, we have collected in the Appendix the main definitions and
essential properties of convolution on a locally compact group. In what follows, we will
need two different cases. For simplicity, we write L2(SO(3)) = L*(SO(3), do), where
do is the Haar measure on SO(3), and L?(5?) = LP(S?, d ).
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o If f € L*(SO(3)) and g € L'(S?), then their spherical convolution is the function on
S? defined as

(f*g)(é“)=/ f@gle™ ') deo. (9.60)
SO(3)

Then f * g € L*(S?) and one has

If*gllz < I fIl211glh, 9.61)

where the norms refer to the corresponding spaces.
« If f e L*(S?) and g € L'(S?), their spherical convolution is the function on SO(3)
defined as

(f*9)0) = ; fo ') g(0)d(@). (9.62)
Then f:g c L2(SO(3)) and

If*gll < Ifl2liglh, (9.63)

Here, however, we are only interested in functions on the sphere S 2 that s, functions on
SO(3) that are SO(2)-invariant. In particular, we will deal mostly with axisymmetric, or
zonal, functions on S2, that is, functions of @ alone. Thus, we will focus on elements of
L*([—1, +1], dt), where t = cos @, for which the Fourier series reduces to a Legendre
expansion:

X 2A+1 ~
W) = ; 5 YO PO),
N +1 dr -~
Y(l) =27 /_ A POV = 570,

where @ (I, m) = (Y"|r) denotes the Fourier coefficient of . If f is an axisymmetric
function, the spherical convolution (9.62) takes a simpler form [Fre97]:

Proposition 9.3.1 Let f and g be two measurable functions on S2. If f is axisymmetric,
the spherical convolution of f and g is a function on S, which can be written:

(o) = [ due) £ Date) (9.64)
where E’ E is the R? scalar product of unit vectors of directions ¢’ and ¢.

The proof amounts to a straightforward application of harmonic analysis (Fourier
series) on S? and of the addition theorem for spherical harmonics, to the effect that
flo™teH) = f(/;‘\’ ~E), where ¢’ = ¢ € S? denotes the left coset of o € SO(3) (see the
geometrical discussion in Section 9.2.4.1).
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Now we may turn to the approximation problem proper. As in the Euclidean case
[Lie97,Ste71], a convenient technique is to perform a convolution with a smoothing
kernel, that acts as an approximate identity, that is, a kernel which tends to the identity
(6 function) as the parameter goes to 0. For the sake of simplicity, we will only deal
with zonal kernels, following mainly [Fre97].

Definition 9.3.2 Let K., 7€ (0,7,], t, € R}, be a family of elements of
LY([—1, +1], dt) satisfying K.(0) = 1. The functional S| f] defined by

SLf1=Kexfo feLl($H), 1< p<oo,
is called a singular integral. It is called an approximate identity of LP(S?) if

liH}) If = S[f11, =0, VfelL’(S. (9.65)

>0

The following theorem characterizes those spherical kernels which are associated with
an approximate identity.

Theorem 9.3.3 Let {C.} be a uniformly bounded spherical kernel, that is, there exists
a constant M, independent of T, such that

+1
/ dit K. <M, Vte(0,1].
~1

Then the associated singular integral is an approximate identity of L?(S?) if and only
if
lim K.m)y=1, Vn>0. (9.66)

>0

A proof may be found in [Fre97]. A particularly interesting case is given by posi-
tive definite kernels. In this case, since |P;(¢)| < 1, {/C;} is uniformly bounded, with
bound M = sup, ¢ 4 }/C\Q (0). The following theorem gives a nice characterization of
approximate identities associated with positive kernels.

Theorem 9.3.4 Let {K.}, T € (0, 1,], be a positive kernel associated with a singular
integral of LP(S?). Then each of the following conditions is equivalent to (9.65) and
(9.66), which means that {K.} is the kernel of an approximate identity:
(i) lim K.(0) = 1,
>0
B

(ii) lin}) dt K. (t) =0,6 € (—1,+1).

>0 -1
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Condition (ii) is in fact a constraint on the localization of the kernel, as we shall see in
an explicit example below (see Figure 9.15).

Approximate identities are a very useful tool for harmonic analysis on the sphere
and many applications can be found in [Fre97]. Thus it is gratifying that the spherical
wavelet transform naturally yields a systematic way of deriving approximate identities
on the sphere. This is actually an interesting way of handling functions on the sphere,
because it allows us to represent information by means of localized, and hierarchically
organized, coefficients. With such a representation, a local modification of the function
would only result in a slight local perturbation of the original coefficients, a definite
advantage over Fourier series (exactly as in the case of flat space).

As a matter of fact, many examples of approximate identities are given in the text-
book of Freeden et al. [Fre97], and they are applied extensively by these authors to
geophysical data [Fre99]. Most of these examples are based on families of kernels
indexed by a parameter which behaves like a dilation. However, since the latter is in-
troduced directly as a parameter in those kernels, there is no unique way of generating
approximate identities, as in R” [Ste71]. But this problem disappears naturally if one
uses the spherical dilation, since, as we shall see, the dilation operator generates an
approximate identity in L?(S?).

However, we have to modify it first and adapt it to the L! environment. Using the
notation of Section 9.2.2, we define, instead of D,, a new dilation operator:

(D)) = U8 = Ma, 0) f(§1/a), 9.67)

and this operator clearly conserves the L' norm. Notice that the situation is more
complicated here than in the flat case. There, indeed, changing the dilation operator
from L? to L' simply amounts to changing the power of a in front of the transform [29].
Here, one replaces the factor A(a, 8)'/? by its square A(a, 6), but this modifies the CWT
itself in a nontrivial way. In particular, the admissibility condition (9.25) becomes

al,m <CcC. 9.68
21+1 Imi<! 0 a

First, we notice that our new dilation operator does not change the mean of a function,
thus simplifying the statement of Proposition 9.2.4.

Proposition 9.3.5 If y € L'(S?), then

/ du(t) ¢“(§)=/ du(g) (). (9.69)
S2 S2

The proof reduces to a simple change of variables, taking into account the cocycle
relation (9.23).
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Acting with the new dilation D¢ on a suitable function, one can now easily construct
an approximate identity, as shown in the next proposition.

Proposition 9.3.6 Let f € C([—1, +1]), with f(O) = 1. Then the family { f* = D f,
a > 0} is the kernel of an approximate identity.

In view of Theorem 9.3.3, the proof consists in two steps. First, one shows that the fam-
ily {f“}, a € (0, 1], is uniformly bounded, which is obvious since f:l dt | f1)| =
Il f1l1 - Next, it remains to verify that

lim f4(l) = 1,

a—0

a>0

and this is done again by a change of variables and applying the cocycle relation
(9.23) [35].

This technique is applied in Figure 9.15 to a zonal function of Gaussian shape, namely
the mother wavelet of the spherical DOG wavelet, ¢4(9, ¢) = exp(— tan>(6/2)), 6 €
[—m, w]. One clearly sees how dilation localizes the kernel better and better as
a— 0.

Inthe L' formalism, we recall from [29] that the necessary condition for admissibility
becomes a genuine zero mean condition, exactly as in the flat case:

a=0.7
10+ Do e @=05 b
‘ a=03

o I oo I S e I I

T 0 -7

Fig. 9.15. Kernel of an approximate identity obtained by dilating a Gaussian mother function with
scaling factor a = 0.7, 0.5 and 0.3 (from [35]).
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/ du®, )y (6, 9) =0, (9.70)
52

Correspondingly, in view of Proposition 9.3.5, the difference wavelet 1//(;“) given in
(9.32) is replaced by

V0, 9) = ¢(0, ) — DGO, ¢) (o > 1).

Now, combining the modified dilation operator D with the usual rotation operator
R,, we define a new set of spherical wavelets, starting from an admissible 1, namely,
Vo = Ry, DY = R, ¢*. Accordingly, we redefine as follows the spherical wavelet
transform of a signal s € L?(5%):

Syie.0) = [ du(o) @50 ©.71)
SZ

In particular, if the wavelet v is zonal, we get

Syt a) = /S dn(@) YaC -2 s (9.72)

In addition, the correspondence between spherical wavelets and their stereographic
projections on the tangent plane (Proposition 9.2.5) is modified, as follows.

Proposition 9.3.7 Ify € L*(R?) is an admissible 2-D Euclidean wavelet, and I ™" de-
notes the inverse stereographic projection (9.44), then the function (1 4+ cos )~ I~y
is an admissible spherical wavelet for the transform defined with the L'norm-
preserving dilation operator D“.

After this preparation, we proceed to show that the spherical CWT admits a recon-
struction formula, valid in the strong L? topology, exactly as the usual CWT in R”. As
in the flat case, described in Section 2.6.1, we may distinguish between a bilinear and a
linear formalism [Tor95]. But there is a crucial difference. In the flat case, it is advan-
tageous, but not compulsory, to treat the large scales or low frequencies separately, in
terms of a scaling function. Here, however, we are forced to do it. The reason is that, ge-
ometrically, only small scales are relevant and lead to the expected filtering behavior, as
discussed in Section 9.2.5.2. We arbitrarily choose a = a, as reference scale and define
the scales a > a, as large. Notice that we recover here, in precise mathematical terms,
the argument behind the mixed spherical harmonics/spherical wavelets representation
of object surfaces from [89], discussed in Section 9.2.4.4.

Let us begin with the bilinear analysis. Given a wavelet ¢ € L'(S?), we define the
corresponding scaling function ® = ®%) by its Fourier coefficients:
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—~ > d —

|, m)|? =/ & lpal,m)*, 1>1, (9.73)
a, a

~ 1

®(0,0))* = — 9.74

|®(0, 0)] = (9.74)

(the integral in (9.73) converges in virtue of the admissibility condition (9.68) satisfied
by ¥). Of course, (9.73) does not define the function ® uniquely. We can, for instance,
assume in addition that 6(1 ,m) =0, VI ,m,asin [Fre97]. Corresponding to (9.71),
we define the large-scale part of a signal s as

So(0. a,) = / du(t) @5 () s(2), (9.75)
SZ
where we have put CIDé“”)(g) = P@(p~10).

Theorem 9.3.8 (Bilinear analysis) Let v € L'(S?) be a spherical wavelet and let
® = &) g, > 0, denote the associated scaling function. Assume the following two
conditions are satisfied:

-foralll =1,2, ...,

|1// ,mp*=1, (9.76)
2l +1 m|<1/

e forall € € (0, a,), there is a constant M > 0, independent of €, such that
“ da a2
— [¥" < M. 9.77)
¢ a

Then, for all s € L*(S*), we have the equality
% da o .

5= / - / do 34(0. ) ¥¢ + / do $o(0. a,) D), 9.78)
0 a4 Jso@) SO(3)

where 5‘]/, is the spherical CWT of s with respect to the wavelet , ¢ is the large-scale
part of s and the integral is understood in the strong sense in L*(S?).

Proof . We consider the first term in (9.78). Since ¥ € L'(5§?)and s € L?(5?), Young’s
convolution inequality (9.62) shows that 5’1/, € L*(SO(3)). As in the flat case, we define
the infinitesimal detail at scale a:

d“(o:/ do 8y(0. @) Y5(©).
SO(3)

This is a convolution on SO(3) and Young’s inequality (9.61) shows that ¢ € L?(S?).
Explicitly, we have

d*(¢) =/ du(g’) S((’)/ do Y0~ '¢N ¥ (™' 9.79)
52 S0(3)
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Using the relation
Y=Y Y Dh@vdm Y@, (9.80)
=0 |m|<1In|<

where D! (o) denotes a Wigner function [Ros57,Tal68], we find

mn

de¢) = /S () s YY) Y () g, n) i, n')
I'm'n’

x / do D (@DL. (o).
SO(3)

Using the orthogonality of Wigner functions and the addition theorem for spherical
harmonics (see Section A.4), this gives:

d“(§)=2nfdu(§)S(§)ZZ P(C-2) Wea. m.

=0 |m|< 1

Now consider the following expression:

a
sé’(c):f = aa@)

=2 [ ducy sy [T ZZ PE-7) 15 mP.

=0 |m|<1

In virtue of condition (9.77), the double summation on the right-hand side of this
equation is absolutely and uniformly convergent, since it is majorized by

o da > da
/ Z > ghd mP —[ — ly)*.
0 |m<! a
Now let us introduce the quantity:
X, G da  ~
KeXy=2xy " > ( / — |wa<l,m>|2) Pi(0),
1=0 |m|<1 V€

so that
Siao) — ’Cgao) 5.

By (9.77), we see that K% € L'([—1, +1]), forall 0 < € < a,, and ||[K“)||; < 27 M.
Next, we show in the same way that the second term in (9.78) equals H“ % s, where

H(a“)(t) =27 Z Z |&3(l, m)|2 Pl(t)
1=0 |m|<1

Again, H'“) e L'([—1, +1]). Finally, we define the kernel K, = /Cg“”) + H“) which
also belongs to L'([—1, 4-1]). Condition (9.77) shows that X, is a uniformly bounded
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kernel. In addition, from (9.76) and the definition (9.73)—(9.74) of 5(1, m), we deduce
the following constraint on its Legendre coefficients :

— 87?2 “da — ~
lim K. (1) = — |y, m)) + | @, m)|?
lim K (1) ZHIZ(/O a|w<m>|+|(m>|>

\m|<l

/ — [eamP =1, 1>1,
mI<1

21+1
82 |d>(0, 0P=1, [=0.

Then Theorem 9.3.3 shows that /C. is the kernel of an approximate identity, which
proves the strong convergence in L%(S?) of the approximation:

lim (IC, * s) = 5. 0O
e—0

As a check of the reconstruction formula (9.78), let us consider the unit function
t. Contrary to the case of the L? formalism, the L'-normalized CWT of ¢ vanishes
identically, as a consequence of Proposition 9.3.5:

Iy(o,a) = /S dp() ¥aQ) = /S du@) ¥(§) =0

Hence only the second term, the large-scale part, subsists in (9.78). Using again the
expansion (9.80), we find successively:

Io(0, ay) = /S2 du(g) ®(0~1¢) = @(0,0),
and, for (9.78),

(©=80.0 [ o ¥ = 87 [BO.0F = 1.
0(3)

This result shows that the large-scale part of a signal must be treated separately, be-
cause constant functions on the sphere are square integrable, and hence must be recon-
structible, although their CWT vanishes identically. In practice, of course, large scales
should be irrelevant, since wavelet analysis is local, and we expect the second term in
(9.78) to be numerically negligible (that is, one must choose a, large enough for this
to be true).

Theorem 9.3.8 applies, in particular, to a zonal wavelet. The only change is the
parameter space of the spherical CWT which takes the form of the product §? x R,
with the measure a~'da du(¢). A further simplification yet is to consider a singular
reconstruction wavelet and build a framework similar to the Morlet linear analysis. As
in the bilinear case, we begin by defining, through its Legendre coefficients, a scaling
function ¢ = ¢ that takes care of the large scales :
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—~ X da —~
¢(l)=/ o val), [>1, (9.81)

$(0) = 1. (9.82)

The corresponding large part of a signal s is then

060 = [ du(e) 6C Ts(c 9.83)
SZ

In these notations, the linear reconstruction formula is given by the following theo-
rem.

Theorem 9.3.9 (Linear analysis) Let v € L'(S?) be a zonal spherical wavelet satis-
fying the following two conditions:
o foralll=1,2,...,

/0 U=, (9.84)
* foralle € (0,a,),

2l+1 - 1/7(1) <00. (9.85)

Then, forall s € LZ(SZ), we have the equality
Y da .
S(;) = ; S¢,(§,a)+0¢(§,a(,),
0
the integral being again understood in the strong sense in L*.
Proof . The same arguments as in the proof of Theorem 9.3.8 show that the partial sum
G da .
sE) = / — Sy(¢.a)
e a
belongs to L?(S?). Expanding this expression and adding the large-scale term, we find

o da ——=——=
se(§)=/ du(é/)/ Fa Yag - ¢ s+ 54(¢, a,)
$2 €

o S S
= /5 ) s ( f Z @)+ 9 r/))
21 +1 _ PN
fdu(é“) (c)Z - <f 7“W<l>+¢<l>) PE-T)

= (ke % 5)(£),
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where we have used (9.85) and set

o0 2l + 1 o da e -
ke(t)= ) —— </ s 1s/f“(l)-i-<15(l)> Pi(2).

= 4

The Legendre coefficients of this kernel are

g Y da = —
ke (1) = f - VD +e0).

As in the proof of Theorem 9.3.8, we deduce from condition (9.84) that lim._,o k. (/) =
I, VI=0,1,.... Thus we have again an approximate identity, which allows us to
conclude that

lim ||s — ke x|, =0. O
e—0

The conclusion of this analysis is that our spherical CWT, with the modified dilation
operator D¢, leads to the same approximation scheme as that developed by Freeden
[Fre97,Fre99]. The present approach, however, has the additional advantage of giving
a clear geometric meaning to the approximation parameter a. By the same token, it
intuitively explains the validity of the Euclidean limit established in [29]. Indeed, taking
a — 0 means going to the pointwise limit where curvature becomes unimportant, that
is, going to the tangent plane and recovering the flat CWT.
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10 Spatio-temporal wavelets and

motion estimation

10.1

343

Introduction

We live in a world where objects (cars, animals, men, birds, aeroplanes, the Sun, etc.)
that surround us are constantly in relative motion. One would like to extract the motion
information from the observation of the scene and use it for various purposes, such as
detection, tracking and identification. In particular, tracking of multiple objects is of
great importance in many real world scenarios. The examples include traffic monitoring,
autonomous vehicle navigation, and tracking of ballistic missile warheads. Tracking is
a complex problem, often requiring to estimate motion parameters — such as position,
velocity — under very challenging situations. Algorithms of this type typically have
difficulty in the presence of noise, when the object is obscured, in situations including
crossing trajectories, and when highly maneuvering objects are present.

Most motion estimation (ME) techniques such as the ones based on block matching,
optical flow, and phase difference [Jah97,280,281] assume that the object is constant
from frame to frame. That is, the signature of the object does not change with time.
Consequently, these techniques tend to have difficulty handling complex motion, par-
ticularly when noise is present.

The time-dependent continuous wavelet transform (CWT) is attractive as a tool for
analysis, in that important motion parameters can be compactly and clearly represented.
The CWT maps a given image sequence into a six-dimensional representation in which
position, time, scale, and velocity (speed and orientation of the velocity) are explicit
parameters. In effect, this transform provides a multiscale description of motion —
the conventional continuous wavelet transform in two dimensions — with additional
operators to provide control over the speed and orientation (i.e., velocity) in space—
time [158]. It is a multidimensional filtering in all six variables, position, time, scale,
speed, and orientation.

Several authors have already shown how band-pass filtering can be used to evaluate
the speed in an image. A large class of models of human motion sensing use this
approach [3,218,371]. The early mechanisms involved in human perception of motion
appeared to be sensitive to spatial and temporal frequencies. Some neurons of the
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visual cortex were found to respond best when they were stimulated with temporally
modulated stimuli, the temporal frequency being included in a given range. One of
these neurons may respond to the presentation of a slowly moving bar, and yet not
respond to the same bar moving faster in its receptive field.

The organization of these filters in spatial and temporal frequencies show some
special characteristics related with our spatio-temporal sensitivity. In fact, our visual
system seems to make a trade-off between its spatial and temporal resolution. For
instance, if one stares at a train leaving the station, at low speed it is still possible to
read the destination of the cars, but at a higher speed it becomes impossible to read those
details, only global shapes are still available for our vision. Actually, the interpretation
of this example is complicated by the fact that our eyes (and head) may be following
the train.

The organization of this chapter is parallel to that of Chapter 2. We start by describing
the spatio-temporal signals and motions, emphasizing that motion is in fact orientation
in space—time. Next we describe the elementary operations applied to spatio-temporal
filters for motion extraction. Five of these operations are the same as the ones introduced
in the 1-D and the 2-D CWT (but in a spatio-temporal setting). The sixth, called speed
tuning operator, is different and acts on space and time in a way that allows us to cope
with the presence of motion in a spatio-temporal signal.

This is then cast into the group-theoretical language, in particular, we define the
appropriate unitary irreducible representation. Since the latter is square integrable,
wavelets in the usual sense may be constructed. Thus we define the (2+41)-D CWT and
give its properties. Finally, we describe the CWT tracking algorithm, referred to here as
the Mujica—Murenzi-Leduc—Smith (MMLYS) tracking algorithm, and apply it to two test
sequences that reflect difficulties associated with noise, accelerated motion, temporary
occlusion, and time-varying signatures. The first scene corresponds to four moving
objects with linear and nonlinear motion. The experiments are performed both for
noiseless and for noisy cases. The results are compared with those of block matching
algorithms (BMA). The second sequence corresponds to a circularly moving object
under the conditions of increasing velocity and acceleration.

10.2

Spatio-temporal signals and their transformations

We will consider (2+1)-dimensional signals s (image sequences) of finite energy,
represented by square integrable complex valued functions on R? x R, i.., s €
L*(R? x R, d*X dt):

s> = // d*3 dt |s(X,1))* < o0, (10.1)
R2xR

where X is a vector of R? and 7 is the time.
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In practice, a black and white sequence of images will be represented by a bounded
non-negative function: 0 < s < M < oo. Asin the spatial case, we will also consider as
admissible signals some generalized functions (distributions), such as a delta function
8(X — v,t) or a plane wave exp i(ky - X + wpt).

The Fourier transform of s is defined, as usual, by

Sk, w) = (2m) 32 / / 2% dt e 1 FF=eng(3 1), (10.2)
RZxR

where £ is the spatial frequency, w is the temporal frequency, and k - % is the Euclidean
scalar product.
If s moves with a constant speed v,, the resulting signal 5’ may be written as

S(X, 1) = 5(X — Vpt, 1), (10.3)
and its Fourier transform becomes
Sk, ) =5k, 0 — k- 0y) . (10.4)

This constant speed motion does not affect the spatial frequency of the signal, but
the components of its Fourier transform corresponding to the spatial frequency k are
translated by —k- v, in the direction of the w axis. This operation transforms the plane
defined by w = 0 into a new plane defined by v = k- U, .

Consider now a static signal which, in Fourier space, is roughly concentrated around
the plane defined by @ = 0. When the same signal moves with constant speed ,, its
Fourier transform is concentrated around the plane defined by

w—k-v,=0

4 1)(5):0 (10.5)

where v denotes the transposed vector. Thus the velocity plane defined by (10.5) is
perpendicular to the velocity vector .

Therefore a filter which is concentrated around this plane will be sensitive to the
moving components of the image which have the same speed v,. This idea is the
cornerstone of the band-pass filtering approach to visual motion perception. It is directly
used in spatio-temporal energy models, such as that of Adelson and Bergen [3]. Their
filters can see a pattern moving with a fixed speed if the ratio of their temporal and
spatial mean frequency fits with the value of the speed and if the direction of the speed
and the spatial frequency are close enough.

As in Chapter 2, we begin by introducing the elementary operations that we want to
apply to spatio-temporal signals for motion extraction. From our past experience, we
know, however, this is equivalent to transforming the filters, in particular, the wavelets,
and to analyzing a given object with help of the transformed filter (this is the so-called
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passive point of view described in Section 7.1). Thus, from now on, we consider trans-
formations to be applied to a given spatio-temporal filter (in particular, a spatio-temporal
wavelet), in order to have a basis on which to decompose a given spatio-temporal signal.
As we will see in next section, appropriate filters, which are wavelets in our case,
must vanish at zero temporal frequency and zero spatial frequency, (10.35)-(10.36). A
fortiori, a good wavelet for motion analysis will have its support in the Fourier domain
concentrated in a convex cone in the half space R? x R, with apex at the origin. It
is also supposed to be concentrated around the plane corresponding to a fixed speed
vector U,.
Let us consider a spatio-temporal filter v (of finite energy, as usual). We consider
the following elementary operations.
* Spatio-temporal translations
The wavelet s shifted to a given point of space and time (R? x R). This transformation
is denoted by T in direct space and T in the spatio-temporal Fourier domain:
(T; )G D =vGE —bt—1), Tk o) =e %k w).  (10.6)
This transformation, with parameter ¢ = (l; , T), 1s used to detect the location of ob-
jects. In the Fourier domain, the wavenumber—frequency spectrum, {5 (l; , ), remains
concentrated around the U, velocity plane, only a linear phase term is introduced.

Rotation

This transformation, denoted by Ry, rotates the wavelet in spatial coordinates around
the temporal (or frequency) axis. In this way, filters can be tuned to a particular
orientation associated with the velocity v,. It is defined by

(RoV)E, 1) = Y (ro(®), 1),  (Rop)(k, ®) = Y (r_s(k), w), (10.7)

where ry is the usual 2 x 2 rotation matrix

. cosf —sinf
"7 \sin6 cosd

) , 0<60 <27 (10.8)

The effect of this transformation is to change the v,-plane into a new velocity plane
associated with velocity r4(,), that is,

w=r_g(k)- Ty =k - rs(3,). (10.9)

Thus, the parameter 6 allows for orientation changes and is used to estimate velocities
in the context of motion estimation, together with the speed tuning parameter c, to be
defined next.

Scaling

This transformation, denoted by D in space—time domain and D in wave-number—
frequency domain, is the analog of the one we used in Chapter 2 and is defined
by
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-

(D)X, 1) =a Y@ '%,a '), (Do), ®) = a>?Y(ak, aw), a > 0.
(10.10)

The dilation preserves the norm of L2(R?> x R, d?X dt). Since it operates in the same
way on both time and space, the speed of the object is not affected by the dilation.
In the Fourier domain, this means that the dilation keeps the wavelet on the same
constant-speed plane.

Speed tuning transformation
Unlike the dilation and the shift transformations, which do not affect the concentration
of the energy of the wavelet around a plane of constant speed in the Fourier space,
the speed tuning transformation allows the concentration of the energy of the wavelet
to move from one velocity plane with speed |U,| to a velocity plane with a different
speed.

The transformation, denoted by A in the space—time domain and A in wavenumber
domain, can be seen as an anisotropic scaling on space and time, that is,

(AWK, w) = Y (c®k, cPw), ¢ > 0. (10.11)

We require the transformation to be unitary and to map the v,-plane into the cv,-
plane. This results in a system of two linear equations, that fixes o and §. The first
constraint gives

1Yk, )I* = AWk, 0)I> = 2+ |12 (10.12)
that is, 2o = B. The second constraint gives
cPo=c"% 0, =k, =k - cv,. (10.13)

This requires that « + 8 = 1, which together with the unitarity constraint requires
that o = % and 8 = % The speed tuning transformation is thus explicitly defined by

(AY)FE, 1) = Y(c %, ), (10.14)
A DK, 0) = Y (' Pk, o). (10.15)

The speed tuning transforms a wavelet which can see a speed 7, into a wavelet sensitive
to ¢,. Therefore, the transformation allows a direct and natural tuning of the value of the
speed that the wavelet is able to analyze. In Fourier space, the transformation generates
a family of wavelets which are distorted and shifted along hyperbolas defined by the
constancy of the product |/€| w. The parameter ¢ of the speed tuning allows to adapt the
speed analysis independently of the scale analysis. When analyzing a moving pattern,
the dilation may be used to adapt the scale of the wavelet to the spatial extension of the
pattern without affecting the speed that the wavelet analysis will detect. Therefore, the
values of the wavelet transform for a fixed point in time and space (5, 7) can be directly
interpreted in terms of scale (with parameter @) and speed (¢ and ).
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Combining all these operators, one obtains the operator U(l;, 7,0;a,c)=
T; .Ro Dy A, namely,

[U(B, ,6:a, c)w] Go)=a Py ' VPr G —b)a ' —1).  (10.16)

From the wavelet 1/, one obtains a family of wavelets {U (l;, T,0;a, c)y}, in terms of
which one can decompose any spatio-temporal signal s.

10.3

The transformation group and its representations

Clearly, the transformations presented in the previous section form a group. In this
section we will develop the wavelet machinery associated with that group. As in the
case of 2-D spatial wavelets studied in Chapter 2 and in Section 7.2, the key to the
construction of spatio-temporal wavelets is to have at one’s disposal a unitary represen-
tation of this transformation group in the natural space of finite energy signals, namely,
L*(R? x R, d*% dt).

We are looking for a group G acting on space—time R? x IR, whose restriction to
space variables coincides with the usual continuous wavelet group in two dimensions,
i.e., the similitude group SIM(2), while the restriction to the time variable coincides
with the usual continuous wavelet group in one dimension, i.e., the affine group G:{ff.

Let us consider first the group G; = E(2) x R, the Euclidean group (rotations and
translations) acting on the (241)-dimensional space—time. The elements of G| are
triplets (l; , T, 0), where b is the translation vector, 7 is the time translation, and 0 is the
rotation parameter. The element (l_; , T,0) € G acts on the point (X, 7) in the space—time
R? x R in a natural way:

(b,7,0): (X, 1) > (rg(X)+b,t +1), ¥ € R: 1 € R. (10.17)

Next, we consider the product G, = R} x R} of two dilation groups with the following
action on space—time:

(a,c): (X, 1) = (ac**%,act), a e R, c e RY. (10.18)

% 9

This action allows one to define the semidirect product Gy = G| X G, = {g =
(b, t,0;a, c)}, with multiplication:

(b,7,0;a,0)b.,7,0:d, )= b+acProd), t +ac P, 0 +6';ad, cc).
(10.19)

The inverse is given by

(l;, 7,05a,¢0)" ' = (—a_lc_mr,g(l;), —a '¢*Be, =007, 7Y, (10.20)
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and the unit element is e = (6, 0,0;1, 1). In 4 x 4 matrix notation, we may write
(compare (7.37)):

ac'Pr, 0 b

(b,71,0:a,c)= 0 ac?? ¢ |. (10.21)

(]}
]
—

The group G,y is locally compact with right Haar measure d ug and left Haar measure
d/,LLI
dug = d*bdz do da @, duy, = d*bdz do d—ff de. (10.22)
a c a* c
In the sequel, we will use systematically the left Haar measure d 4. and, correspond-
ingly, we will write

N N 2 [e%s) d 00 d
f du (b, ‘c,@;a,c)s[ dzb/dt/ dG/ —ff/ a. (10.23)
e R2 R 0 o a Jo ¢

Having identified the appropriate transformation group Gy, we proceed to find a
square integrable representation of it, in the Hilbert space of finite energy signals, ac-
cording to the general formalism sketched in Section 7.1. Forevery g = (l;, 7,05a,c) €
Gy, consider the operator U(g) on L>(R? x R, d°X dt) defined in (10.16), namely,

U@V E, 1) =a 2y ™ Pr (& = b), a3 — 7)), (10.24)
This may be written in the Fourier space as

[0()V] K, w) = a*2e  CP+0 G (e Br_y(k), ac™Pw). (10.25)

Proposition 10.3.1 The operator U defines a unitary representation of Gy in L>(R? x
R, d’X dt).

This is proven by a straightforward verification.

Proposition 10.3.2 The operator U defines two unitary irreducible representations of
Gy in 91 = 9. (R?> x R) and $H— = H_(R? x R), respectively, where

9. (R xR) = {¢ € L2(R®> x R, d?3dt) : Yk, w) =0, w < 0} (10.26)
H_ (R2xR) = {¢ € LAR? x R, d*%dt) : ¥k, w) =0, w > 0} (10.27)
with

L*(R* x R, d*X dt) = H,R* x R) @ H_(R?> x R). (10.28)

Proof . The proof follows the same line as that of Proposition 2.1.2. Let ¥ € £ be an
arbitrary nonzero vector. We are going to show that ¥ is cyclic for the representation
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U, i.e., the linear span of the orbit of i is dense in $.. Let f be orthogonal to the
span of {U(g)y}, thatis, (U(g)y¥|f) =0, Vg € Gyy. We show that f = 0. We have
indeed, for all (b, 7, 60;a, c) € Gy,
UYIf) = (UVIf)
=a’? // Bk do ¢ ®FHeD 1’/f\(ac_1/3r,g(lz), ac=23w)
RZxR

=0.

This means that the Fourier transform of f/?(ac—l/ 3r_g(k), ac—2Pw) ]/‘\(l; ) vanishes
(almost everywhere) for all 6, a, c. Then the transitivity of the action of (6, a,c) €
SO2) x RE x R% on R? x R implies that f(%, w) = 0 (almost everywhere).

The same holds true for $_. O

Proposition 10.3.3 The representation U is square integrable, that is, there
exists a function ¥ € L>(R x R, d?Xdt), ¥ #0, such that the matrix ele-

ment (U (l;, T,05a,c)y|y) is square integrable with respect to the measure
dup(b, t,0;a, c), that is, in the notation of (10.23),

1:/ dur(b, t,05a, ) (Ub, T,0;a, OW|¥)|? < c. (10.29)
G|T|V

In addition,

I=cylyl? (10.30)
where
dk 4o 7 o
ey = Q) vk, ). (10.31)
RZxR |k|2|a)|

Proof . The result follows from a direct calculation:

I=/deWﬁL&mO¢WW
G

myv

zﬁdmﬂaauamawaw

mv

= / dur aS// d* dw @(acilﬂr_g(l_c)), ac R w) eii(i"";“’t) 12(12, )
G RZxR

myv

X // d*k do Y(ac—'Pr_g(k), ac=23w) i K bta') U, o)
RZxR
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2 d d
/ / [ do &4 C// dzkda)// A2k de
2xR R2xR

» { / / Phdre i E=F)yb+@=a) } Yk, @) Yk, o)
R2 xR

X @(acilﬁr_g(l_c}), ac™w) {/7(516—1/31’_9(/2’), ac™2Bw)

3 2 da dc
o [ [

x / / d*k de |P(ac™ " Pr_yk), ac o) [¥k, )|
R2xR

= n) // d*k dw| (k, w))?
R2ZxR

2
[/ / / d@d—“ @W(ac*‘“r o), ac P w))? }

Perform now the following change of variables:

K'=ac™'Pr_g(k),

10.32
w'=acPw, ( )
which is equivalent to

K ki k O ac™ 13 cosh
Kl1=|-k k 0 ac Y3sing |. (10.33)
o 0 0 w ac™?3
dk'de’
Thus the measure d6 da gc¢ becomes —~ and we have
a c k"2
k/ 2 N L
I =) // '1/’( 2l f/ Pk do |9 K, w)?
RZxR |k’|2|a) | R2xR

=@ *// aF do LEL
(27) . s 11>

It is clear that the integral / converges if and only if i satisfies the admissibility
condition (10.29). O
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10.4 The spatio-temporal wavelet transform

10.4.1 Spatio-temporal wavelets: definition and examples

By definition, a spatio-temporal wavelet [158,Duv91] is a complex-valued function
V¥ e L2 (R? x R, d?X dt) satisfying the condition:

Pk do ~ -
cy = Q2n) // - W (k, w)|* < oo (10.34)
r2 xR |k|?|w]
where 1’/7 is the Fourier transform of .
If ¢ is regular enough, the admissibility condition (10.34) simply means that the
wavelet must be of zero mean with respect to space and time independently:

V0, 0) =0 /dziw(z,t):o. (10.35)
Rz

and

Uk, 0) =0 /dt (1) = 0. (10.36)
R

Clearly the unitary operators T(,;’T), Ry, D,, A, preserve the admissibility condition,
and so does therefore U(l;, 7,0;a, c). Hence any function Vit oae = U(l;, T,05a,c)f
obtained from a wavelet ¢ by translation, dilation, rotation, or speed tuning is again a
wavelet. Thus the given wavelet { generates the whole family {y; . 5., .}, indexed by the
elements (1;, 1)eR*>x R, 0 €[0,27),a > 0, ¢ > 0, that is, by'the elements of Gy

We will consider only one example of spatio-temporal wavelet, the spatio-
temporal Morlet wavelet, characterized by the wavenumber—frequency (120, p) and
the anisotropy parameter € and defined by

VoG t) = (eiEO.A—lze_%\A-lz\z _ e—%|A-1;|Ze—%v¥“|2)

X (e,>"“’(’t.f3_%’2 — e_%'ze_%“%) (10.37)
in the spatio-temporal domain and by
{/I\e(lz, w) = (e,%M];,;}U‘Z _ e*%(\A;IZHIEO\Z))(e*%(w*wo)z _ e*%(w2+w(2,)) (10.38)

in the wavenumber—frequency domain, where A = diag[e~!/2, 1], € > 1, is the usual
anisotropy matrix. As in the pure spatial case, for large |ko| and |wo|, typically |ko| >
6, |wg| = 6, the counterterms (the second term in each factor of (10.37) and (10.38))
are small enough to be neglected.

This wavelet is a good candidate for motion estimation applications. Its region of
support can be appropriately located around a particular plane, v,, typically v, = (1, 0),
for example in the case where 120 = (ko, 0), kg = wy.

Figure 10.1 shows half-energy equisurfaces of the squared amplitude of Morlet
wavelets for different values of the parameters, 0, a and c. This illustrates how the
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Fig. 10.1. Wavenumber—frequency domain coverage of the spatio-temporal Morlet wavelet for
different parameters of the CWT. (a) Rotation 6; (b) scale a; (c) speed tuning c; (d) rotation, scale,
and speed tuning 9, a, c.

wavelet parameters distribute the energy of the resulting filter on the wavenumber—
frequency domain. The energy is distributed around a circle by the rotation parameter,
along a conic volume by the scale parameter, and along a hyperbolic-like path by the
speed tuning parameter. In order to control the variance of the wavelet with respect to
the reference velocity plane, an anisotropy parameter € applied to the spatial variables
is used. This indeed controls its temporal support. As it can be seen from Figure 10.1,
the region of support of the filters is an ellipsoidal cone concentrated around a particular
velocity plane. Thus, velocity detection and filtering are possible.

10.4.2 The spatio-temporal wavelet transform

Letnows € L*(R? x R, d*Xdt)be animage sequence. Its (2+1)-D continuous wavelet
transform (with respect to the fixed wavelet ¥), S = Wys is the scalar product of s
with the transformed wavelet Vicaco =U (l;, 7,0;a, c)yr, considered as a function
of (I;, 7,a,c,0):



354 Spatio-temporal wavelets and motion estimation
]

. 1
SGoz.0:0, 0y = — o 10.39
( T a C) ﬁ = wb,r,@,a,cls > ( )

1 // 2= —3/2 - 7 =
=—— [| d® dt a*? y(ae B ro(x — b), a= '3t — 1)) s(X, 1)
Ny
(10.40)

1
Ve
The main properties of the (2+1)-D CWT W, : s — § may be summarized as

follows [Com89,Mey91]:
(1) As the purely spatial version, Wy, is linear in the signal s;

// &k dw a3 e~ ikb+or) 1?(5161/3 ro(K)ac—2Pw)5(k, w). (10.41)

(i1) Wy is covariant under all the operations considered, namely [Com89,Mur90,13].
Proposition 10.4.1 The map W, is covariant under translations, rotations and
dilations, which means that the correspondence Wy : s(X, 1) —~ S(l;, 7,0;a,c)
implies the following ones:

S(X — by, t) > S(b — by, 7,054, ) (10.42)
s(Et—t,) > S, T — 1,04, ) (10.43)
s(r_g,(¥), 1) > S(r_g,(b), 7.0 — Op34a, ¢). (10.44)
a;'s(a'X,a;'t) S(a;ll;, a;'t,0;a;'a, c) (10.45)
s(c; ' PR, M) > S(cPb, ;1,0 a,¢) ' ¢) (10.46)

It is worth noting that, conversely, the wavelet transform is uniquely determined
by the three conditions of linearity, covariance and energy conservation, plus some
continuity [Mur90].

(iii) Energy conservation:

N R 1 - R
// dzxdr|s<x,r>|2=—/ dur(b, T, 0;a, ) (U, t,0;a, c)¥ | s)|*
R2xR Cy J G
(10.47)

Thus, Wy, is an isometry from the space of signals into the space of transforms.
(iv) As a consequence, Wy, is invertible on its range and the inverse transformation is
simply the adjoint of Wy,. Thus one has an exact reconstruction formula:

s(X, 1) = Ci f dur(b, T, 050, WV, g0 (3. 1) S(b, T, 050, ). (10.48)
¥ J Gy
In other words, the (2+1)-D wavelet transform, like its 1-D and 2-D counterpart,
provides a decomposition of the signal in terms of the analyzing wavelets ¥ _ ., .,
with coefficients S (l;, 7,05a,c). '
(v) Redundancy: Exactly as in the 2-D case discussed in Chapter 2, one has:
Proposition 10.4.2 The projection from L*(Gyy, djuy) onto the range Hy of
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Wy, the space of wavelet transforms, is an integral operator whose kernel
Kb, 1t',0d,c |b,t,0;a,c) is the autocorrelation function of ¥, also called
reproducing kernel:

K@, 7.05d ¢ |b.t.0:a,0)=c;' (Wi o gae | Vieoac) (10.49)

Therefore, a function f € L*(G, dg) is the wavelet transform of a certain signal
iff it satisfies the reproduction property:

f@. 7,04, )

:/ dur(b,t,05a,0)K(b',7',0";d,c | b, t,0:a,c) f(b,T,0;a,c).
GIHV

(10.50)

10.4.3 An alternative: relativistic wavelets

The spatio-temporal wavelets just described, which could be called kinematical, may

not always be sufficient, depending on the type of signal to be analyzed. One may wish

to consider a specific form of movement, i.e., choose a particular relativity group. Three

examples may be of interest (we begin again with one space dimension).

(i) Galilean wavelets

Here we add to the transformations discussed above the Galilei boosts, thus get-
ting (x, t) — (a1x + vt + by, apt + by). The resulting group G*l‘ff, called the affine
Galilei group, is quite complicated. It has a natural unitary representation in the
space of finite energy signals, which splits into the direct sum of four irreducible
ones, and each of these is square integrable, so that wavelets may be constructed
in the usual way [25]. In addition, more restricted wavelets may be constructed
by taking as parameter space various quotient spaces Gi'/ H, where H is not the
stability subgroup of the basic wavelet.

(i1) Schrodinger wavelets
One obtains an interesting subclass of the previous one by imposing the relation
apg = alz, so that the transformations leave invariant the Schrodinger (or the heat)
equation. Then the unitary irreducible representation Ug of Gﬁ‘ff splits into the
direct sum of two square integrable ones of the (Schrédinger) subgroup. Thus
again a CWT is at hand, which may prove useful for describing, for instance, the
motion of quantum particles on the line.

(ii1) Poincaré wavelets
In order to get a CWT in the relativistic regime, it suffices to replace Galilei
transformations by Poincaré ones, while of course imposing the relation ay = a;
to space and time dilations. The result is the affine Poincaré group, that we have
discussed at length in Section 7.4. The Poincaré wavelets might be useful, for
instance, in the presence of electromagnetic fields.
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Of course, this analysis extends in a straightforward way to higher dimensions, just
by adding rotations. Details may be found in [Ali0O; Section 15.3].

These three types of relativistic wavelets offer additional examples of the general
group-based wavelet formalism. They have a definite mathematical interest, but they
have not been tested on practical situations, indeed no motion estimation (ME) algorithm
based on them has been designed. On the contrary, the kinematical spatio-temporal
CWT does lead to an efficient ME algorithm, that we now describe in detail.

10.5

10.5.1

A motion estimation (ME) algorithm

We shall now exploit the general CWT formalism developed in the previous section
and describe an algorithm for motion estimation. A complete discussion can be found
in [Muj99,281,282].

Velocity filtering approaches for motion estimation allow temporal information to
be incorporated in the estimation process. These techniques have performance ad-
vantages over two-frame-at-a-time based approaches, like block matching and opti-
cal flow [Tek95,353] in nonideal environments. The spatio-temporal CWT facilitates
adaptive velocity filtering and offers an elegant framework for motion analysis and
estimation. It performs a mapping from the Hilbert space H to a parameter space
meaningful for motion estimation purposes. It can also be seen as a tool for motion-
based filtering, where the filter characteristics are appropriately determined by a set
of parameters directly associated with motion features. The wavelet basis matches the
motion characteristics of the object of interest rather than its spatial features. General
spatial selectivity is taken into account through the scale parameter a.

It is assumed that starting conditions, i.e., position and velocity, of the object of
interest are known initially. Our ME algorithm deals with the problem of following time-
varying motion parameters on a frame-by-frame basis, which allows us to determine
object coordinates at any time [Muj99]. In this sense, our ME algorithm can be viewed as
an object tracking algorithm after the initial detection has been performed. This section
is organized in two parts. First, we formulate the rdle of the spatio-temporal CWT as
a motion parameter estimator and we describe the three partial energy densities used
for this purpose. In the second part, we describe how the interaction of these energy
densities can be used to track a particular object from incoming video. Our CWT-based
tracking algorithm is then introduced.

Partial energy densities

The multidimensional nature of the spatio-temporal CWT allows for the definition of a
multitude of energy densities either by fixing a subset of the parameter space or, better,
by partial integration of the CWT energy,
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E(g) = Els1@) = |(Wel9) [ =[Sy, &= (b7, 0:a,¢), (1051)

on subsets of the parameter space. As discussed at length in the spatial case, in Section
2.3.4, this approach has the nice property that it can result in invariant representations
with respect to some parameters. Thus, partial integration on subsets of the parameter
space results in different energy representations that can be used to extract relevant
features. Three energy densities particularly interesting for motion estimation purposes
are studied here.

(1) Speed-orientation energy density:

Here integration is performed over spatial translation, b= (by, by), on aregion

B : (by,, <bx <by )Ny, <by, <by ), (10.52)

while the scale a and the temporal variable t are fixed. As a result, we obtain the
first energy density,

2

€0 = [ & |50l (10.53)
beB

which can be interpreted as an estimator of local velocity. The boundaries of the
spatial region 53 are updated on a frame-by-frame basis to reflect changes in object
location. This allows the algorithm to focus on the object of interest, and reduce
interference with other nearby objects.

(2) Spatial energy density:
In this representation, the speed tuning parameter c, the orientation 6, the scale
a, and the temporal translation 7, are fixed, while the spatial translation, b is the
variable of interest. The resulting energy density is given by,

|
EY tae® = =5 (V50,0005 (10.54)

We can think of this energy density as the output energy of a velocity selective filter,
where the location of objects moving at a pre-specified velocity, v = ¢, €%, can
be easily determined. In addition, size selectivity (invariability) can be obtained by
appropriately choosing (integrating over) the scale parameter a.
(3) Scale energy density:

The scale parameter is associated with spatial size. Consequently, there exists an
optimum scale aop that best matches the size of the object of interest. A measure of
“scale optimality” can be defined by integrating the global energy density, E, over
the spatial variables, b, while fixing the temporal translation 7, and the velocity
parameters, ¢ and 6, leading to

1 N
Eg},@,,ry(a) = ;ﬁ d’b |(w5,r,,,0n;a.,cn| S>|2' (10.55)
beB
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The spatial integration is constrained to the region B to avoid interference with

nearby objects.
These energy densities can be used to derive local estimates of the motion parameters. It
is noteworthy that these energy densities are different from the global energy densities
where additional integration is performed over the temporal parameter T [279]. The
global approach can only handle linear motion, while the local approach can deal with
accelerated motion and time varying signatures as well.

The energy densities presented here are the computational core of the CWT-based

tracking algorithm, which is presented in the next section.

Description of the algorithm

Computer implementation of the CWT requires discretization of the spatial and tempo-
ral variables (X, t). The energy densities E', E"!, and E™ of (10.53), (10.54), and (10.55)
must then be discretized by replacing integrations with appropriate summations.

It is assumed the input data is presented as an incoming video signal with one or
more objects moving with a constant or accelerated speed. For instance, the /-th object
in a given image sequence is denoted s;(X, ., #;), where n and m are spatial indices
(horizontal and vertical respectively), and i is the temporal index. The resulting model
for the input image sequence is then

$CGums )= Y S 1) + WEn s 1), (10.56)
1

where w is assumed to be zero-mean white noise. The sum in (10.56) must be inter-

preted carefully when occlusions occurs. In this case, if the point (X, ;) is subject to

occlusion from two or more objects, the correct expression is

S()_én,m’ ti) = SL()_En,m, ti) + w()_én,rm ti), (1057)

where L is the index denoting the object closest to the sensor.

The CWT-based ME algorithm relies on the three energy densities defined above and
consists of a frame-by-frame optimization of the motion parameters associated with a
given object in the image sequence. These motion parameters are gathered in a state
vector L(t;) defined as

L) = (¥, %, a,)", (10.58)

1

for time ¢ = 1;. Note the convention we use for the position variable; X, ,, represents
the spatial location indexed by the pair (n, m), while X, represents the spatial state at
time ¢ = 1;. We assume that the starting position, Xy, and velocity, Vo, for the object of
interest are known initially.

The CWT energy densities are used here as optimality criteria or cost functions for
updating the state vector L. This update can be done either by searching for the local
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maximum or by a gradient-based approach like the LMS algorithm, on each of the
energy densities. In either case, this process is denoted symbolically by

La) FEE L. (10.59)
The optimization of equation (10.59) is performed sequentially. That is, when optimiz-
ing one component of the state vector (i.e., v, X, or a), the others are kept constant.
Indeed, we are searching for an optimal set of motion parameters in the 6-D CWT space.
The sequential optimization of the parameters considerably reduces the search space
and consequently the computational requirements (with respect to a simultaneous 6-D
search). This is possible due to the implicit redundancy of the CWT representation and
its ability to isolate motion features. Thus, each of the energy densities corresponds to
a 2-D (or 1-D for the scale energy density) “slice” of the CWT parameter space, where
one parameter is optimized independently of the others.

The CWT can be seen as a spatio-temporal filtering operation where the filter char-
acteristics are controlled by a set of parameters associated with motion features (i.e.,
velocity and size). More explicitly, manipulating the inner product of equation (10.40)
the CWT can be defined as a convolution sum, i.e.,

Sy(g) = // d’3dt s(x, 1) Vo.a.c(X — bt — 7)
R

2xR

= f/ dRdesG oyl (b—F 1 —1)
R2xR o

=39S ® E@,a,c(bv T)’

where the symbol ® represents the (241)-D convolution operator,

-

Vo.a.c(X —b,t —T) = Y54, (X, 1), and

# - -5 ., = <
We,a,c(% t) = w@,a,c(_-xa _t)

The indices of the filtered signal correspond to the spatio-temporal translation param-
eters of the CWT (i.e., b and 7). This allows us to take advantage of the Fast Fourier
Transform (FFT) to compute the CWT (and its associated energy densities) efficiently in
the wavenumber—frequency domain. The separability of the wavelets can be exploited
to reduce the required computations to construct the motion and scale selective filters.

A block diagram of the state updating process performed by the CWT-based ME
algorithm is depicted in Figure 10.2. The N x M x K block of data represents a por-
tion of the incoming video signal with K frames of N columns by M rows. This
image sequence is first transformed to the Fourier domain by means of a 3-D DFT.
As suggested by Figure 10.2 and equation (10.59) the parameter update is done in a
specified order: velocity first, then position, and finally scale. Two arguments support
this implementation choice. First, velocity is a motion parameter of higher order than
position. For highly maneuvering objects, the relative change in velocity from frame to
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K
_
N
B 3-D .
M [ Spatio-Temporal CWT
FFT
Input image 1
sequence \ M/
L(n) .| Speed-Orientation L(n)’ Space-Time L@, Scale (size) S Lintl)
| Energy Density Energy Density Energy Density n

Fig. 10.2. CWT-based tracking algorithm.

frame is smaller than the relative change in position. Second, some of the calculations
necessary for determining the position energy density are already done at the end of
the speed-orientation energy density stage.

The three update stages embodied in the tracking algorithm are now described in
detail. It is important to point out that the diagram shown in Figure 10.2 represents the
operations performed in order to update the state vector L(t;) for each frame of a given
data block.

10.5.2.1 Velocity update stage

In this stage the speed-orientation energy density E' is used as the optimality criterion
to update the velocity state at time ;1. The position and scale states are fixed to their
corresponding values at time #;, which are, x;, and a,, respectively. The discrete version
of the speed-orientation energy density E' is

I
Eamfo(c’ 9) = Z <¢a0,c,9,5”vm,1’0|s>
b

nm €8

2
, (10.60)

where a, = a;,, T, = t;+1, and the spatial region B, defined in (10.52), corresponds to a
local neighborhood around the previous position state, X;,. This allows for discrimination
of objects moving with similar velocity but spatially separated.

Denoting by v, the value of v that maximizes (10.60),

max {E [E;, ., (c(®),0@)]}, (10.61)
ve

the updated velocity state is simply v,,, = v,. Here V, defined as

Vi (Vg < Ux < Uyp) N Wy < Uy < Uy, (10.62)

is a local neighborhood around the previous velocity state, v,,. The limits of V' can be
fixed or can depend on the current velocity estimate by defining a maximum acceleration
(and de-acceleration). Symbolically, this update operation can be expressed as

B, —> By, (10.63)

The maximization of (10.61) requires the evaluation of the speed-orientation energy
density of (10.60) at various values of v and searching for the local maximum on V.
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For evaluating Esz{‘(co, 6,), we take advantage of the FFT computational efficiency by
calculating the CWT convolution sum of (10.60), as follows.

(i) Evaluate ¥, , o (k, w).
(i) Obtain the product

2k, 0) =5k, 0) ¥y, o, 0, (K, @), (10.64)

which is a partial result for the (2+1)-D convolution in (10.60).
(iii) Apply a 1-D IFFT to Z with respect to the frequency variable and for all wavenum-
bers k to obtain

#(k, v) = IFFT,, {?(ié, w)} . (10.65)
(iv) Calculate the 2-D IFFT of 2(12, 7) in the wavenumber variables at 7 = 7,
2o, (b) = IFFT; {2(1?, ro)} . (10.66)

(v) Finally, the speed-energy density (10.60) is

ELOJO(C(N 90) = Z

512
zfo(b)‘ . (10.67)
beB

Maximizing E' can be accomplished in many different ways. One possibility is to
evaluate E' on a dense grid and search for a local maximum within the region V. But
this is computationally complex. Gradient-based approaches are another possibility but
present the problem associated with derivatives when dealing with noisy data. We have
chosen to use the Nelder—Mead simplex search algorithm [133] which performs an
oriented search and does not require gradients or other derivative information.

10.5.2.2 Position update stage

Here the current velocity state vy, and the previous scale state a,, are fixed while the
position state, X;,,,, is updated. The optimality criteria is now the discretized version of
the spatial energy density E",

2

El , (10.68)

> 1
au,cnﬁmru(b"vm) = ; ‘<waaucmeml;n,mufn|S>

o

with a, = a,,, ¢, = |, |, 6, = arg (Vy,,,), and 7, = f;41.
It is important to note that the spatial energy density E"! has already been calculated
in the previous stage prior to integration on the spatial translation, b. Thus,

E" =z, (b), (10.69)

with z obtained from steps (i)—(iv) of the speed—orientation energy density at the updated
velocity v, ..~ The location of the local maximum in (10.68),
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max {Eil,,,c,,,e,,,z,,(l;n,m)} , (10.70)

is done in two stages. First, direct search on the discrete grid of (10.69) give us an
approximate location for the local maximum, b Second, this local maximum is refined
by interpolation around the immediate vicinity of b'. The new local maximum is denoted
b.

Once the location of the maximum of (10.68) is identified (i.e., at b= 5*), the position
state is updated as X,,, = I;* This updating operation is denoted symbolically by,

N
X, —> Xpp,, (10.71)

i

10.5.2.3 Scale update stage

This stage allows the ME algorithm to handle 3-D object motion, where the 2-D object
may experience dramatic changes in its spatial signature. In the simplest case, such
variation can be produced by objects moving toward or away from the imaging sensor,
i.e., scale changes. In general, 3-D object motion can produce rather complex changes
in the object spatial signature, which typically are unknown or difficult to model. The
effect of the scale parameter in the Duval-Destin—Murenzi wavelet family [158] is to
provide some degree of spatial selectivity. The velocity and position estimation accuracy
is not highly sensitive to the particular shape characteristics.

After the velocity and position states are updated, they are used in the scale energy
density to obtain the scale that best matches the general spatial characteristic of the
object of interest at 7, = #;;;. The discrete version of the scale energy density takes the
form

1 2
B @ = = 3 (Vi) - (10.72)

by meB

An optimal value a, is computed for the scale parameter by maximizing the expression
max {EM,  (a)}, (10.73)
aEA 0sYos o

over A, a range of scales around the previous scale state a,,. To update the scale state
we let a;,, = a,. This maximization also requires evaluating E[", _ (a) for different
values of @ and is performed with the Nelder—Mead simplex search algorithm. This
is done using a similar procedure to the one depicted before for the speed-orientation

energy density. When the size of the object of interest is known to be constant, the
optimization of (10.73) is not necessary.

10.5.3 Application of the algorithm: results

Tracking results of the CWT-based algorithm are presented here for two synthetically
generated scenarios. A 64 x 64 x 64 image sequence, of 256-gray levels, representing
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Table10.1. Parameters of TESTI sequence (t, = 1)

Obje(:t X(l‘(,) y(to) vy (7,) Uy(to) Qx ay
1 3 3 0.5 0.5 0.05 0.05
2 3 60 05 =05 0.05 —0.05
3 56 48 -1.0 -05 00 —0.075
4 60 50 -1.0 0.0 00 0.0

60

50

40

30

20

20

6o 50 40 30

y

Fig. 10.3. Space-time representation of the trajectories of the four objects on sequence TEST1.

a block of data from incoming video is used in the two examples. The first test scenario
(TEST1) includes four Gaussian shaped objects moving with accelerated motion and
it is used to assess performance under noisy conditions. The second example (TEST2)
contains a Gaussian object following a circular trajectory and is used to estimate the
maximum velocity and acceleration that the CWT-based algorithm can handle. It is
important to point out that the image sequences are constructed by uniformly sampling
the associated (2+1)-D continuous signal, which is obtained from the mathematical
expression for the object shape and the continuous motion equation. Thus, the center of
the object, which is the location parameter of interest, will in general lie in noninteger
locations. It is assumed that the initial conditions are known for every object in the
scenes and that the simulation starts ten frames into the sequence. We use the Morlet
wavelet (10.38) with k, = (—6, 0)” and w, = 6.

The initial motion parameters of the four objects in the first example are given in
Table 10.1. The initial spatio-temporal location and velocity are (x(%,), y(¢,), t,) and
(vx (%), vy(t,)) respectively, with 7, = 1, while the constant acceleration is (ay, a,).
Figure 10.3 shows a space—time representation of the trajectories of the four moving



364
—

Spatio-temporal wavelets and motion estimation
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Fig. 10.4. Position estimates with the CWT-based ME algorithm for the noiseless case of the first
scenario (TEST1). Dotted lines correspond to the desired trajectories, and the solid lines represent
the estimated ones.

objects. Note that only Object 4 moves with linear motion. The other three objects have
accelerated motion and the trajectories of Objects 1 and 2 cross each other.

Figures 10.4 and 10.5 show estimates of position and velocity for the four objects
(solid lines) along with the desired curves (dotted lines). The algorithm is able to handle
accelerated motion well. Even when Object 2 occludes Object 1, around the middle of
the sequence, tracking is successful.

We compare the CWT tracking results with a block matching (BM) approach. This
particular implementation is based on an exhaustive search BM algorithm and differs
from the classical implementation [Jah97,Tek95] in two aspects. First, it includes an
object mask to unevenly weight the error in the block in order to improve performance
for nonrectangular objects, and second, the starting point for the search is obtained
from a temporal filtered version of the previous displacement estimate. To some extent,
this takes into consideration the temporal history of the motion. As it can be seen from
Figure 10.6, this BM algorithm fails to maintain track at the occlusion point. More
specifically, it loses track of Object 2 after the occlusion and tracks Object 1 instead.
Also, the tracking error increases for Object 1 in the vicinity of the occlusion point.
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Fig. 10.5. Velocity estimates with the CWT-based ME algorithm for the noiseless case of the first
scenario (TEST1). Dotted lines correspond to the desired velocities, and the solid lines represent
the estimated ones.

To assess the performance under noisy conditions, we add white Gaussian noise to
the first test scenario. We use the peak signal to noise ratio (PSNR) to quantify the noise
level, i.e.,

2552
PSNR = 10 log;y ——-. (10.74)
o

where o2 is the noise variance. Tracking performance is measured using the Euclidean
distance between the real and estimated trajectory, and we define the error,

2 = (i) — £ + (i) — 516))°, (10.75)

ieD;

[ 1
2
o, = E UM (10.76)
ZZNI ] :

where [ is the object index, D; and N, are respectively the range and number of valid

temporal indexes i, (x;, y;) is the real trajectory, and (¥;, ¥) is the estimated one.
Figure 10.7 shows plots of tracking performance versus noise level for the first
test sequence. Figure 10.7(a) shows a considerably higher error for the BM technique
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Fig. 10.6. Position estimates with the BM algorithm for the noiseless case of the first scenario
(TEST1). Dotted lines correspond to the desired trajectories, and the solid lines represent the
estimated ones.
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Fig. 10.7. Performance versus noise level for the first scenario (TEST1), for (a) all four objects, (b)
object 3, and (c) object 4. Solid lines correspond to the CWT-based ME algorithm and the dashed
lines to the BM approach.

(dashed lines) even at high PSNRs. This is mainly caused by the inability of the BM
algorithm to handle the occlusion of Objects 1 and 2. In fact, after the occlusion point
and even for the noiseless scenario, Object 2 is confused with Object 1. When noise is
present, Object 2 is tracked when the algorithm is supposed to track Object 1 and vice
versa. At 10, 5, and 1 dB PSNRs, track is lost for all four objects a few frames after
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Object #1 Object #2 Object #3 Object #4
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Fig. 10.8. Position estimates with the CWT-based ME algorithm for the first scenario (TEST1) at
the 5 dB PSNR noise level. Dotted lines correspond to the desired trajectories, and the solid lines
represent the estimated ones.

the initiation point. On the other hand, the CWT-based ME algorithm (solid lines) only
mistracked Object 2 for the 1 dB PSNR case, and even then the other three objects were
tracked successfully. Figures 10.7(b) and 10.7(c) show tracking results for Objects 3
and 4 respectively, which are not subject to occlusion. We can note that at very high
PSNRs, the BM algorithm is able to perform very accurate tracking, provided there are
no occlusions. The CWT-approach in this PSNR range is good, but slightly less accurate.
This is in part due to the fact the wavelet filters used in the CWT-based approach are
tuned to linear motion, while the BM algorithm does not assume any particular motion
model. This explains why the curves for the BM and CWT approaches are so close
to each other at low PSNRs for Object 4, which is the only one that follows a linear
trajectory.

In order to get a qualitative feeling for the performance figures, we present tracking
results for the 5 dB noise level. Figures 10.8 and 10.9 correspond respectively to po-
sition and velocity estimates using the CWT-based approach. These figures show two
levels of reliability for the motion estimates, indicated in the figures by thick and thin
lines. The thick curves corresponds to reliable estimates and the thin curves represent
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Fig. 10.9. Velocity estimates with the CWT-based ME algorithm for the first scenario (TEST1) at
the 5 dB PSNR noise level. Dotted lines correspond to the desired velocities, and the solid lines
represent the estimated ones.

partially reliable estimates. These two cases are differentiated by two weighted thresh-
olds applied to the local maximum of the spatial energy density, E"(b,), i.e.,

If E'Gb,) > thy E, (b,) — Type 1 (10.77)
If E'(b,) < thyE, (b,) — Type 2, (10.78)

where the Type 1 and Type 2 labels correspond to the reliable and partially reliable
cases respectively, the thresholds ¢/ and th, satisfy th| > th;, and E:I(Z;*) is the time-
filtered local maximum of the spatial energy density. We use a 4-tap moving average
filterand th; = 0.9 and th, = 0.5.

The CWT-based algorithm is able to maintain track of all four objects as is evident
from Figure 10.8. Estimates for Object 2 become partially reliable around the occlusion
point, however tracking is still maintained and the reliable classification is recovered
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Object #1 Object #2 Object #3 Object #4
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Fig. 10.10. Position estimates with the BM algorithm for the first scenario (TEST1) at the 5 dB
PSNR noise level. Dotted lines correspond to the desired trajectories, and the solid lines represent
the estimated ones.

a few frames after that. Equivalent results for the BM-based algorithm are shown in
Figure 10.10. The BM algorithm on the other hand loses track of all four objects after
a few frames. Comparing Figures 10.8 and 10.9 with their counterparts for the noise-
less scenario, Figures 10.4 and 10.5, show the robustness of the CWT-based tracking
algorithm to noise. Recall this test scenario also includes temporary occlusion and
acceleration effects.

Figure 10.11 shows frame # 20 of the TEST1 sequence, at the 5 dB PSNR noise level,
along with the spatial energy density results for each of the four objects. Notice that
the four objects have been isolated and the background noise considerably reduced. As
expected, the shape of the spatial energy density in the vicinity of the object is elongated
in the direction of the motion. This is a consequence of the effective convolution of two
signals with similar local motion characteristics (see the discussion in Section 10.5.2).
It is important to point out that the shape of the energy density is not needed for motion
estimation purposes. All that is required is the local maxima, since these indicate the
object locations.

The second test scenario (TEST2) attempts to estimate upper bounds for the maxi-
mum speed and acceleration that the CWT-based ME algorithm can handle. This is a
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Frame #20 Object #1 Object #2 Object #3 Object #4

X X X X X

Fig. 10.11. Frame no. 20 of the first test scenario (TEST1) at the 5dB PSNR noise level and filtering
results for each of the four objects.
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Fig. 10.12. Position (x, y) and velocity (v, v,) estimates with the CWT-based ME algorithm for the
second scenario (TEST2) with |¢| = 8. Dotted lines correspond to the desired trajectories, and the
solid lines represent the estimated ones.

difficult task, since these bounds depend on a number of factors, including background
noise, temporary occlusions, object shape, etc. To obtain an estimate of these bounds,
we examine a circularly moving object under conditions of increasing velocity and
acceleration (i.e., decreasing frame rate). The object has again a Gaussian shape and
the family of trajectories, parameterized by the object speed |9, has the form

x(1) = 20cos (9] 1/20) + 32
y(t) = 20sin (|v] 1/20) + 32. (10.79)

Scenarios with object speeds ranging from 1 to 10 pixels-per-frame are used. Equiva-
lently, the associated accelerations range from 1/20 to 5 pixels-per-frame?. It is found
that the CWT ME algorithm is able to successfully handle speeds up to 8 pixels-per-
frame and subsequently, accelerations of 3.2 pixels-per-frame”. This is illustrated in
Figure 10.12 for |v| = 8 where both position and velocity estimates (solid lines) are
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i (time index)

Fig. 10.13. Position (x, y) and velocity (v, v,) estimates with the CWT-based ME algorithm for the
second scenario (TEST2) with |¥| = 2. Dotted lines correspond to the desired trajectories, and the
solid lines represent the estimated ones.

shown against the desired curves (dashed lines). For comparison purposes, we show in
Figure 10.13 the corresponding results for |v| = 2. Note that tracking performance as
defined by (10.76) is 1.1343 for the case |v| = 2 and 5.1752 for the case || = 8. This
last figure might be unacceptable for many applications. A more desirable error figure
of less than 3 is maintained for speeds up to 6 pixels-per-frame, which translates to an
upper bound for the acceleration of 1.8 pixels-per-frame?. These upper bounds for the
speed and acceleration can be used as a rule of thumb to estimate the minimum frame
rate necessary for proper operation of the CWT-based ME algorithm.

CGonclusions

The CWT-based motion estimation algorithm described in this section dynamically
adapts the parameters of a wavelet filter on a frame-by-frame basis and can handle
both linear and accelerated motion, even when occlusions and background noise are
present. The CWT parameters, which are directly associated with motion features, i.e.,
velocity, position, and scale, are sequentially updated. This, as compared to a full 6-D
search, considerably reduces the computational requirements. Another advantage of
these wavelets is their separability. Because the spatial and temporal responses are
independent of each other, more efficient implementations can be realized compared
to nonseparable approaches like conventional 3-D matched filtering.

Tracking of the object trajectories was shown to be possible even under severe noise
conditions, and even when occlusions were present, for both the linear and accelerated
motion cases. The presence of noise and occlusions do not impair the accuracy in
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estimating of object locations. The ability to deal with maneuvering objects is illustrated
for a circularly moving object and bounds are giving for the maximum speed and
acceleration.

The algorithm represents a general framework for motion analysis. It outlines a
strategy for tracking moving objects which leads to the design of efficient discrete
filtering approaches suitable for motion estimation purposes.
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Up to now, we have developed the 2-D CWT and a number of generalizations, relying in
each case on the group-theoretical formalism. Given a class of finite energy signals and
a group of transformations, including dilations, acting on them, one derives the corre-
sponding continuous WT as soon as one can identify a square integrable representation
of that group.

On the other hand, we have also briefly sketched the discrete WT and several trans-
forms intermediate between the two. One conclusion of the study is that the pure DWT
is too rigid, whereas redundancy is helpful, in that it increases both flexibility and
robustness to noise of the transform. Indeed, the wavelet community has seen in the
last few years a growing trend towards more redundancy and the development of tools
more efficient than wavelets, such as ridgelets, curvelets, warplets, etc. The key word
here is geometry: the new transforms and approximation methods take much better into
account the geometrical features of the signals. To give a simple example, a smooth
curve is in fact a 1-D object and it is a terrible waste (of times or bits) to represent it by
a 2-D transform designed for genuine 2-D images.

It is therefore fitting to conclude the book by a chapter that covers these new devel-
opments. Actually, we will consider two classes of techniques, that both go beyond our
standard group-theoretical paradigm. First we describe two new, geometrically inspired
transforms, ridgelets and curvelets, and their application to image compression using
anisotropic quadtrees and N-best term approximation. Next we will extend the idea
to a general quest of sparse representations of signals using redundant dictionaries —
a hot topic in approximation theory at this moment. Then, in a second part, we turn
back to wavelets, but based on “exotic” sytems of numeration (for instance, with the
golden mean t instead of 2 as basic scaling factor). Here again, there is no obvious
group and the driving force is geometry. This is mostly visible in 2-D, where one builds
wavelet systems based on the famous Penrose—Robinson tilings of the plane. Hence
such developments fit also well in the present chapter.
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11.1

11.1.1

New transforms: ridgelets, curvelets, etc.

The ridgelet transform

The main idea behind the continuous ridgelet transform is to efficiently catch and
analyze line singularities in images. We have already seen in Chapter 3, Section 3.4.3,
that the 2-D CWT is a very efficient tool to this effect, since it is able to localize the
singularity and its orientation. On the other hand, if the data to be analyzed is a truly
infinitely long ridge, there is no information along its principal direction. There is thus
no need to localize the wavelet transform and one could save an unnecessary degree
of freedom in the transform. This can be checked on Figure 3.13. Indeed, the modulus
of the CWT quickly saturates and reaches a stable constant regime along the regular
direction (length of the slab), while precisely detecting the singularity in the orthogonal
direction. These considerations led Candes [Can98] to introduce a slightly modified
version of the 2-D CWT.

Starting from the original definition (2.18)—(2.20), given in Definition 2.1.3, one
requires that a ridgelet behaves like a 1-D wavelet ¥ in a given direction, represented
by the unit vector ug of orientation 6, and be constant along the orthogonal direction.
Such an object can then be shifted along its oscillating direction, rotated and scaled in
order to yield a family of continuous ridgelets (see Figure 11.1):

Yo s @ =a 'y (M> :
a
Equivalently, ridgelets can be seen as usual 2-D wavelets, except they are constant
along a preferred direction and will thus never be admissible. The very notion of an
admissible ridgelet and the associated ridgelet transform can nevertheless be easily
derived as shown by the following result. Note that v is a function of one variable only.
‘We manifest this by using a different notation, namely, “a, 8, b as subscript instead

of the traditional “b ,a, 0” (in that case, the order of the variables was imposed by the
structure of the similitude group).

Theorem 11.1.1 (Reconstruction formula) Any f € L'(R?) such that f € L'(R?)
admits the following decomposition:

+ooda 2
r=c' [ 5 [ an [ abtansis,

with

1 [y ()
=3 f 8 e
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(b) ()

Fig. 11.1. (a) A typical ridgelet; (b and c) a rotated and a scaled version.

Any profile ¥ satisfying ¢y, < +00 is termed admissible ridgelet, or simply ridgelet
for short. As in the wavelet case, this condition is essentially equivalent to imposing at
least one vanishing moment on .

The definition of the continuous ridgelet transform (CRT) follows that of the CWT

and shares most of its properties:
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Proposition 11.1.2 (Continuous ridgelet transform)
Let T ={(a,0,b), a € RY, 6 € SOQ), b € R}. Then the linear map R : L*(R?) —
L*(T", a—3 da d6 db) defined by

Rf(a,0,b) = (Yapouslf)

is an L? isometry.
The CRT is a stable representation, since it satisfies the following Plancherel formula.

Theorem 11.1.3 (Plancherel formula) For any f € L' N L*(R?) and  admissible,
one has

_ da
IFI3 =)' / S d0db |(Yaoslf)P.
r

It is very interesting to wonder about the existence of frames of ridgelets and what
would be their properties. Such a construction was proposed by Candes [Can98] and we
simply highlight here the main ideas. As usual, the problem is to find a discretization
(aj, 0, b)) of the parameter set I' such that one can sample the CRT in a stable
manner, that is, satisfying a norm equivalence:

AllFIP < D IRf(a;. 050, b0 < Bl FI™. (11.1)
Jok.t

First, the scale and position variables are sampled exactly as in the case of wavelets
or Littlewood-Paley analysis, i.e.,a; = ag27/, b; x = k by ap 2~/ . The difference with
respect to usual 2-D wavelet frames comes in the particular sampling of the rotation
parameter. In order to reach the equivalence (11.1), Candés found out that the angular
resolution should increase at finer scales, 0; , = 27 £ 2-J. The difference between the
ridgelet and wavelet discretization of the frequency plane is illustrated in Figure 11.2.

More information about the properties of the CRT can be found in the seminal
reference [Can98] and in the papers [93-95]. Applications to statistical estimation and
image processing can be found in [97].

Links with the Radon and wavelet transforms

A very handy way of understanding the CRT consists in seeing it as a combination of
a Radon transform followed by a classical 1-D wavelet transform. The Radon trans-
form [Ang92] of a bivariate function f is the collection of line integrals:

Rf(O,1) :f dxdy f(x,y)8(xcos@ + ysinf —t).
R2
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Fig. 11.2. Comparison between the wavelet (left) and ridgelet (right) tilings of the frequency plane.

The CRT coefficients are then simply given by taking the 1-D CWT of Rf(0,¢) as a
function of the line variable 7:

Rf(a,0,b) = \/_‘/dll//< )Rf(@ 1).

If the analyzed object is singular along a single line, the Radon coefficients at this
angle will be constant. Because of the vanishing moments of the wavelet yr, the CRT
coefficients will then vanish for this direction.

Actually, the 2-D CWT bridges the gap between the Radon and the ridgelet trans-
forms [Hol95]. Let us first consider the following analyzing wavelet:

Y(X) =8¢ - X). (11.2)

This a §-distribution along the line € - X = 0, i.e., perpendicular to e. It is a very singular
wavelet, but we recall from Section 2.1.2 the generalized cross-admissibility condition
(2.30) which allows the use of such objects:

cop = @) / wac) 2(8) < oc.

Applying translations, rotations and dilations to this particular wavelet, we obtain:
T; Ro Do (X) = T; Roa™'8(¢ - a”'%)
= ad(rpé - (X — b))
= a8(r95-1? — rgé'-l;) ,

where we have used the homogeneity of the § function (D,§, s) = a(§, s). Using this
wavelet, the 2-D CWT becomes a Radon transform:
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(T Ry DuVls) =a/ P7(r? - % — 1o - B) s(®)

]RZ
= aRs(@, rge - I;)

This result tells us that we may use the wavelet inversion formula for inverting the
Radon transform, provided we choose a suitable synthesis wavelet x:

27
s(X) = / ps / d@f d*ba” )(( “Ir_ g(x—b))aRs(Q roé€ - b) (11.3)
R R2

The following theorem, due to Holschneider [224], shows that x is a ridgelet-like
synthesis wavelet.

Theorem 11.1.4 The relation (11.3) holds strongly in L*(R?) provided the synthesis
wavelet x satisfies the condition

¢y = /Rdu Xwe) oo (11.4)

u

We will just sketch the proof here. The interested reader can check [Hol95,224] for
more details. The right-hand side of (11.3) is a convolution between the rotated and
scaled synthesis wavelet x and the Radon transform Rs. We can interpret the latter
quantity as a 2-D wavelet transform that is constant in the direction orthogonal to rge.
One degree of freedom can thus be removed. In the coordinate system (¢, oy) defined
by a; = rge, the reconstruction formula is again a convolution of Rs(6, ;) with the
kernel defined by integrating the synthesis wavelet over a;:

K(a1)=fdaz x(rza), (11.5)
R

where r; is the rotation matrix corresponding to the angle defined by the unit vector é.
Equation (11.5) can also be written:

K(ary) =f d*u x () 8(e - it —ay). (11.6)
R2

Plugging this definition into (11.3) yields:

2
S5(X) = / — / d@/dot] a” K( - r_ gx—al))aRs(@ o).
R d

Notice that this is almost the inverse ridgelet transform with ridgelet profile «. Let us
now focus on the 1-D integral over «; on the right-hand side and apply the Fourier
convolution theorem:
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2
S(X) / -3 / dba /d{ F RS(Q )](é‘) X(a;e) elf(é’r 6%)
RS A
2 s R
=%/cwfﬂﬂwmnﬂm@ﬂ@,
0 R

where F[Rs(@, -)] stands for the 1-D Fourier transform of Rs with respect to its sec-
ond argument. Noticing that this last equation is exactly the inverse Radon transform
completes the proof. The admissibility condition (11.4) can also be rephrased in terms
of the 1-D profile « using (11.6):

cK=/du&Z) < 0. (11.7)
R u

This condition is a little bit stronger than the usual ridgelet admissibility condition
of Theorem 11.1.1 because the analysis ridgelet used is a very singular object (a §
function).

Ridgelets and 2-D singularities

One of the most interesting properties of ridgelets lies in their ability to sparsify ob-
jects with linear singularities in higher dimensions. It is well known that wavelet (bi)-
orthogonal bases are ideal for efficiently representing piecewise smooth functions [138].
To illustrate this, consider the example of a univariate function f whose smoothness
is measured by its belonging to the Sobolev class H*, s a non-negative integer. Ex-
pressing f in a wavelet basis and keeping only the largest n coefficients would yield
an approximation error of order O(n™"):

If = fulla ~ O(™).

This result is not particularly impressive and could also be obtained in the Fourier basis,
for instance, but a little miracle happens when one adds singularities to f. In this case
indeed, the approximation error of trigonometric series reduces to:

If = falla ~ O,

which means that Fourier techniques don’t see the local regularity of the signal. This
is the celebrated Gibbs effect. What about wavelet expansions? This is where the
miracle occurs: wavelet bases allow for representing these singular objects with a rate
of approximation of order O(n~*). In a nutshell, the nonlinear approximation power
of wavelets is not spoiled by the presence of singularities [Mal99]. Moreover, this
result is optimal, in the sense that no other orthonormal basis would yield a better
rate of approximation. Thus wavelets are the most economical system for representing
piecewise smooth objects and this further explains their success in statistical estimation
and compression [148].
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Unfortunately, when moving to higher dimensions, the nice properties of wavelet
orthonormal bases degrade suddenly. Consider the simple example of a 2-D function
on the unit square [0, 1] x [0, 1], that is singular along a line, but regular everywhere
else. Expanding in an orthonormal basis of compactly supported wavelets, it is easy
to check that there will be O(n) coefficients greater than 1/n. To see this, it suffices
to notice that the number of wavelets overlapping the singularity at scale 2/ is of
order O(2/). Such an amount of significant coefficients drives the rate of nonlinear
approximation to O(n~'/?), independently of the regularity of the signal far from the
singularridge! In other words, wavelets face a curse of dimensionality: they are unable to
catch the regularity of the object. This should not be a surprise, since discrete wavelets
were mainly developed in 1-D and extended to 2-D by tensor product. They use an
isotropic refinement mechanism which only allows for catching point-like singularities.
But in dimensions larger than one, there is a whole geometry of possible singular
behaviors.

What is the advantage of ridgelets? The main difference between wavelets and
ridgelets lies in the fact that the latter uses an anisotropic refinement mechanism.
Consider a linear singularity again. Once the orientation of the ridgelet has been tuned
to that of the line, one can arbitrarily refine in the orthogonal (singular) direction and
obtain a nice estimation of the singularity, essentially as good as the corresponding
wavelet estimation for this 1-D profile. Using 2-D wavelets would require us to pave
the whole line, while a few ridgelets (ultimately one if using the correct angle) will
do the job. This translates into a rate of nonlinear approximation of order O (n~*/?) for
objects which are s-Sobolev smooth away from a linear singularity: ridgelets are nearly
optimal at representing such objects [95].

The curvelet transform

When turning to efficiently representing natural images with wavelets, one faces the
problem that typical images contain curved singularities, namely, contours. Wavelet
compression algorithms suffer from the curse of dimensionality explained above and
this is the main cause of annoying ringing artifacts in low bit rate image compression, for
example. Ridgelets alone are not sufficient to deal efficiently with curved singularities,
but intuitively a correct localization of ridgelet elements might help. This heuristic led
Candes and Donoho [96,97] to introduce a new multiscale system particularly well
suited for curved singularities: curvelets.

The first step is to localize the ridgelet transform. This can be done by building a
smooth partition of the image into dyadic squares of size 2° x 2°. These squares are
then translated in order to cover the whole image. Following [96,346] we denote by
Qs = Qy(ky, kp) = [k1/2°, (k1 4+ 1)/2%) X [ky/2°, (ky 4+ 1)/2%) such asquare at scale s.
In practice we use smooth partitioning windows wy essentially supported on Q; in order
to build a partition of identity:
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wa:].

ki, ky

We also denote by To, the transport operator:

(To.£)r =27 (2% — ki, 2y — ko).

It was then shown in [97] that an image f can be reconstructed as

/ —d@db (wsTo, Va0 f) wsTo, Vb - (11.8)
ki k2

Equation (11.8) shows that any signal can be expressed as a superposition of elements
of the form w,To V,.0.5, that is, ridgelets localized in the square Q;. Now letting the
scale 2* of the partition vary would yield a tremendously overcomplete dictionary of
localized ridgelets, and no reconstruction formula would exist. But the inner refinement
scale 2°a and the localization scale 2° should not be independent. Indeed consider a C?
curve y(x) and represent it by its Taylor series:

2
y(x) ~ y(0) +xy'(0) + y"(O) + 0.

Using the translation and rotation degrees of freedom of ridgelets and neglecting higher
order terms, we can always assume the reduced form:

kK 2
yx) ~ D) X,
where ¥ = y”(0) is the curvature at the analysis point. Such a curve has a natural
parabolic scaling: dilating along the x axis by a factor ¢ amounts to dilating along the y
axis by a factor a”. Furthermore, if we model a localized basis function by a rectangular
box aligned along these axes and use it to approximate the curve, it should have an
aspect ratio given by

width ~ % length?.

We will see later on that trying to find an economical representation of simple image
models somehow forces us to use building blocks with the same aspect.

Restricting our attention to signals smooth away from C? edges, the ideal represen-
tation would thus consist in a system looking like localized ridgelets, but obeying a
parabolic scaling law and looking like anisotropic needles of aspect width ~ length?.
At the same time, these constraints allow to reduce the redundancy of the original
multiscale ridgelet dictionary by imposing some interscale orthogonality. Candes and
Donoho proposed a very simple way to achieve this using band-pass filtering. Pick up
a set of filters ® and W, such that @ is a low-pass filter concentrated at frequencies
|ié| < 1and @(2%1;), s =0, 1, 2... is a set of isotropic band-pass filters concentrated
in the radial coronas |ié| € [2%, 2%*2]. Furthermore, we impose the following partition
of frequencies:
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These requirements can be easily fulfilled by designing a dyadic wavelet transform,
as described in Section 2.4.4. The full algorithm for computing the curvelet transform
reads then:
+ Subband decomposition using ® and the set of W(27>¥).
* Smooth partitioning of each subband into squares of scale 2°.
* Localized ridgelet analysis, as described above.

Putting it all together, we end up with an analyzing dictionary consisting of highly
anisotropic needle-like probes. Each probe has an aspect ratio satisfying width ~
length? and due to the combination of band-pass filtering and smooth partitioning,
the whole system exhibits a parabolic scaling law well suited for representing curved
singularities. Fast algorithms, based on fast digital Radon transforms or fast slant stack,
exist. We refer the interested reader to [96,97,346] for more details. Curvelets provide
a near optimal rate of nonlinear approximation for images that are smooth away from
C? edges.

11.1.5 Other wavelet-like decompositions

Besides the ridgelet and the curvelet transforms, several new types of wavelet-like

representations have emerged recently. Here again the leitmotiv is to adapt the decom-

position to the local geometry of images, in order to circumvent the limitations of the

DWT. We may quote, for instance:

* Contourlets
The aim of this transform is again to construct an efficient linear expansion of 2-D
signals, which are smooth away from discontinuities across smooth curves. Unlike
curvelets, however, this is a purely discrete construction, due to Do and Vetterli
[142], that combines a standard multiscale decomposition (Laplacian pyramid) and
a directional filter bank. The result is an image expression using basic elements like
contour segments — hence the name — and it turns out to be quite efficient.

* Complex wavelets
In the standard orthogonal DWT, and in the biorthogonal scheme as well, filter
coefficients are almost always taken as real. This results in a number of incon-
venients, for instance, lack of translation covariance (“shift invariance”), nonsym-
metric wavelets, etc. These difficulties can be circumvented, however, by admit-
ting complex coefficients. The idea was pioneered by Lina and Mayrand [256], for
designing a basis of orthogonal, symmetric wavelets on the line or a finite inter-
val. More recently, Kingsbury [243,244] came back to the same idea, in a differ-
ent context, namely, trying to achieve approximate shift invariance. His so-called
Dual Tree DWT consists in omitting the down-sampling by 2 at each level (or
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at least, at the first level) of the DWT pyramid, thus obtaining a redundant trans-
form. The structure is essentially equivalent to having two parallel fully decimated
trees (hence the name “dual tree”). Since the two sets of coefficients may be taken
as real and imaginary parts of a single coefficient, we do have a complex WT,
and it has good shift invariance properties. More interesting, the construction ex-
tends to 2-D and yields both approximately rotation-invariant wavelets, and wavelets
with good directional properties (somewhat related to Simoncelli’s steerable filters
[341,342] described in Section 2.7). Once again, we verify that the advantages of
redundancy outweigh its drawbacks! Section 11.3 below will go further in the same
direction.
Other new methods have been proposed for overcoming the difficulties of the DWT.
For instance, wavelet footprints is a concept designed by Dragotti and Vetterli [153] for
allowing a perfect reconstruction of non-band-limited functions. The basic tool here is
the WT of a single Dirac peak, the footprint being the set of wavelet coefficients lying
in the support of the wavelets v, (there are finitely many of these at each scale, since
Y is supposed to have compact support). The technique is quite efficient but, since it is
purely 1-D, we will not go any further in its description.

In order to get a feeling of the vitality of these new approaches generalizing wavelets,
we refer the reader to the proceedings of the last SPIE Wavelet conference (San Diego,
2003) [UnO3]. Each one of the approaches mentioned above is illustrated by several
papers, even a dedicated parallel session!

11.2

Rate-distortion analysis of anisotropic approximations

Let us now turn to the analysis of these new wavelet-like decompositions for image
compression. Our aim in this section is to perform a rather simple theoretical study of
the asymptotic performances of anisotropic decompositions for a class of “toy” images
called the horizon model. This model is composed of images defined on the unit square
[0, 172, and such that

I(x1,x2) = L,> e 0<x,x <1, (11.9)

where y(x;) € C? is p-times continuously differentiable and has finite length. One way
to represent this image is through a quadtree decomposition, which is in fact a toy
model for wavelets. Do, Dragotti, Shukla and Vetterli [143] already demonstrated that
the rate-distortion behavior of this model is characterized by a power law decay of the
form D(R) ~ R~', where the rate R is the number of bits used to represent the image
and the distortion D is measured by the mean square error with respect to the original
object. We will now show that using some anisotropic subdivision clearly improves
this result [168].
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Fig. 11.3. Anisotropic quadtree with rotation.

An anisotropic quadtree

Let us highlight now how we can build a recursive partition of an object belonging to
the horizon model. Let us take a closer look at the edge curve defined in [0, 1]* and
join the two extreme points with a line that represents its average slope. This line can
be then moved up and down in such a way that it does not cross the edge anymore. This
defines a rectangular box that models a coarse basis function. This procedure is repeated
iteratively, continuing to split the x axis inside the previous box in a dyadic way (see
Figure 11.3(b)). As can readily be noticed, the x-partition is a fixed dyadic grid, while
the y-partition basically depends on the edge. Let us now compute the distortion, that
is, the error we commit when replacing the fine edge by this crude approximation. At
each iteration j (0 < j < J) and for each box k, the distortion is limited by the area
of the box that encloses the edge (see Figure 11.3(a)):

DY < SKH™ = St HY coso =277 HE. (11.10)

Inside every box, the edge function will be approximated by its second-order Taylor
expansion at the central point of the partition, taking as initial partition the unit interval.
Defining x_ as the lowest point on the x axis which is inside the interval to be analyzed
and x4 as the highest one, the coordinates of the two extreme points of the curve,
quantized on a dyadic grid, will be (x_,Q[y(x-)]) and (x4, Q[y(x+)]). The line which
joins these two points is:

yeo(x) = Qly(x_)] + Q[y(x;)] - XQ[W‘)} (x — x_), (11.11)
+ - p—
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where Q[-] stands for uniform quantization. The parallelogram cannot cross the edge,
therefore its superior and inferior distances to the line are:

dy = max {0, sup(y — yLo)} >0

11.12
d_ = max {O, sup(yLo — y)} > 0. ( )
Then the height of the parallelogram confining the edge will be:
H=0ldy+d_]. (11.13)

Three cases have to be considered: d; and d_ are both larger than zero, one of them
is equal to zero, and finally d; = d_ = 0. The distortion equals at most the area of
the parallelogram that contains the edge, as already shown in (11.10). So, when the
evolution of H with the number of bits is found, the evolution of the distortion as a
function of the iteration number will be known as well.

11.2.1.1 Cased; >0andd_ >0

Let us first compute the distances d, and d_ in order to determine H. If x4, is the point
on the x axis where y; o — y is maximum, we get:

dy = y(xa,) = yro(xa,)- (11.14)

The above expression, when approximating the curve and y(x_) of (11.11) by its
second-order Taylor expansion at the central point of the interval being analyzed, turns
into

dy = |:y/(x+ -;X_)_ yxg) — y(x—)i| (xd+_x_)

Xyp—X—

T e W

Xp—X_ 2
+1 " X++x_ x++x_ 2 Xy—X_ 2 (1115)

272 Y. T 3

+0 et 2 )Y L ()

x - .

dy > 5
It is possible to show that the first term in (11.15) is O (2_3j ) [168] and that the fourth

term is bounded by 1 |y” (*3*=)|272U*1. This expression is related to the second
derivative computed in the middle point of each interval k at each iteration j. From

now on, to simplify the notation, it will be referred to as K f :

()

k _
Kj_

(11.16)
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with 0 <k <2/ —1. Since the curvature of a function y(x) is (1 + y*)~*2y”(x), K can
be considered as its approximation. As the edge is a C? curve, the set of K f is bounded:

B= max K} <oo. (11.17)
0<hk<2/ -1

From (11.15) it follows that the asymptotic behavior of d is given by

| B 3 .
dy~ SKjarimenl 4 207, (11.18)

In fact, the other terms are O(27%/) (one order of magnitude smaller), so they can
be rejected when computing the asymptotic behavior. Finally d_ can be found with
exactly the same method and has identical behavior. The iterative algorithm is going
to stop when the requested resolution is reached, i.e., when H; = 27, Substituting
in (11.13), the number of iterations needed to reach this parallelogram height can be
obtained as a function of the resolution and of the curvature of the edge:

. 1

Jistop = Max {0, h (J + [log, B] + 1)} } (11.19)
Notice that now the parallelogram has the a/a? anisotropy present in curvelets [96]:
Width 20 o2t width (11.20)
height 2-7 2=/ width?

The final distortion (j = jiop) is

DJstop |

D= Z (d++d_)27.is&op
k=0

2Jstop | QJstop |
— 272]‘5‘01) E K;imp 2 /stup + E 3 . ijslop X
k=0 k=0

On the right-hand side of this equation, the second sum gives a constant, while the
first, when jop — 00, converges to the Riemann integral of the second derivative of the
curve, which can be seen as an approximation of the total variation TV of the edge,
with the only difference that we have a sum of K; k instead of the Riemann integral of
the curvature. Calling it TV, the final expression of the distortion turns into

D ~ (TV +3) - 27%0 ~ (TV 4 3) . 2777w, (11.21)

Each rotated box is coded by means of H; and a left and a right vertex. At iteration j,
as at least two of the vertices of the following parallelogram will be inside the previous
one, the number of bits needed to code one vertex of the box k will evolve as follows:

Ny = J =2 —2) + [log, (K¥_))]. (11.22)

Therefore, the total rate will be:
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Ji stop

R =" "(Nyis.v + Noitsn) - 27, (11.23)
=0

where Nyiis.u = Npis_v 1 the number of bits needed to code the height of each box.
Simplifying,

jslup

R<3J+2+ Y ((J =2 — 1)+ Mlog, 1) - 3+2) - 2/.
j=1

This is an arithmetico-geometrical progression, whose sum, for J large enough, can be
approximated by [Gra94]:

R ~ 22U/ +Tog: A1) (11.24)
Combining this equation with (11.21) we obtain the asymptotic R-D behavior:

D(R) ~ (TV +3) - 2728k ~ (TV 4 3) . R2, (11.25)

11.2.1.2 Cased; > 0,d_ = 0 or vice versa

This case turns to have the same R-D as the previous one, because the evolution of the
rectangle height is led by the positive distance.

11.2.1.3 Cased_=d. =0

This case is very favorable to our coding scheme, because it means that the minimum
distortion requirement is reached with just one iteration. The parallelogram height will
be H = 277, and the rate will consist of the bits needed to code the two vertices and
the box height, R = 3J. This makes a R-D behavior coherent with the results obtained
in [143]:

D(R) = 2783, (11.26)

The anisotropic quadtree with rotation has a good R-D decay, but it has the draw-
back that the reconstructed edge may lose its original continuity. The introduction of
refinement solves this problem. In this case, the procedure is exactly the same as that
explained in the previous section but, when the minimum resolution has been achieved,
a refinement is performed inside the last resolution rectangle by splitting the x axis
into intervals of size 277. The effect of adding refinement in the anisotropic quadtree
with rotations does not change the slope of the R-D decay, but it allows a better PSNR
given a certain rate, shifting the R-D line to the left (see Figure 11.4). Following the
procedure that has been adopted previously, the distortion found for the case d; > 0
and/ord_ > Ois

D~TV.27% 43.277-M (11.27)
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Fig. 11.4. Comparison among JPEG2000, isotropic quadtree with refinement and anisotropic
quadtree for an image of 1024 x 1024 pixels.

The rate now has to take into account the number of refinements performed inside
each parallelogram, the number of parallelograms to refine and the number of bits to
perform the refinement. Including the refinement bits in (11.24) and taking M = J, we
find

R = 2:U+loeaB) 4 ar 0 (11.28)

From (11.27) and (11.28), it is easy to deduce the final R-D expression:

log, R

D(R) ~ TV - =5

(11.29)

The R-D found in the case where both distances vanish (i.e., the edge is a straight line)
is very similar to the one obtained in the case without refinement:

D(R) = 27k2, (11.30)

We display in Figure 11.4 a comparison between this scheme, the classical isotropic
quadtree that models wavelet expansions for the horizon model, and the isotropic
quadtree with refinement studied by Do et al. [143]. For the sake of comparison, we
also include the results obtained by using a JPEG2000 encoder [237] on the image,
although it is evident that such an encoder is not well suited for bi-level images. It
should be seen as a reference.
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11.3

11.3.1

Further into redundancy: sparse approximations
in redundant dictionaries

Redundant approximations

Browsing this book in search of guiding lines, the reader may identify several can-
didates. An obvious one is given by wavelets, in all different incarnations presented
before, but there is an alternative candidate that opens new perspectives: flexible redun-
dant representations. It is somewhat remarkable that wavelet representations stemmed
from continuous, i.e., fully redundant expansions, but gained success through the widely
used orthogonal bases of wavelets. At the very core of the wavelet foundation lies the
idea of obtaining a sparse approximation of the signal. This is really the key idea that
leads to efficient techniques in such diverse fields as compression, statistical estimation
or even scientific computing: concentrating the interesting characteristics of the signal
in few coefficients. We have already shown that, when moving to higher dimensions,
classical wavelet bases fail to give very sparse representations because they cannot
cope with the geometry that is inherent to the nature of images for example. This is
the reason why curvelets were invented and their most promising property lies in their
ability to provide sparse representations of 2-D piecewise smooth images with edges.
On the other hand, we have seen that including redundancy in the representation brings
robustness with respect to noise and more flexibility in the design of wavelets. A natural
question arises then at this point: is it possible to obtain highly sparse representations of
signals using redundant families of wavelet-like functions? This question is presently
a very hot topic in approximation theory and, in the following, we intend to give only
a flavor of that boiling field for the interested reader, pointing to precise technical
references when necessary.

Let us first pose the general problem more clearly. We want to obtain sparse approx-
imations of signals defined as elements of a given Hilbert space H. In what follows, we
will mostly restrict ourselves to the finite dimensional case, i.e., H = RN or H = CN.
The infinite dimensional case leads to some technical difficulties, at least for a part of
the algorithms described below as we will see later.

Definition 11.3.1 A dictionary D in H is a collection of unit norm vectors, called
atoms, {g,, y € I'}, that spans 'H, where I is a given index set.

The index y could be a mere number used to identify an atom but in most cases
it carries a particular significance. The atom g,, could for example be well localized
around the position y = (¢, w) in the time—frequency plane. Another possiblity would
be to have atoms that are well concentrated around a particular time instant such that

gr g S CUA+]x—yD7", seRS, s> 1.
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A dictionary composed of coherent states, for instance, is localized by the reproducing
kernel of the CS system:

(gyv gy’) = Kg()/, V/)-

We seek to find a very sparse representation of any signal s € H in terms of atoms
in D, in other words, we would like to find a set of indexes and associated coefficients
such that the following equality holds in the strong sense:

M—1
5 = Z Cnyp- (11.31)
m=0

In the following we will call this representation a M-sparse approximation. It may
happen that this definition is too restrictive and we will also consider the slightly
relaxed definition:

M—1
su=Y_ cngy, lsu—sll <e, (11.32)
m=0

where sy is called (e, M)-sparse. Our ultimate goal would be to find the best, that is the
sparsest, possible representation of the signal. In other words, we would like to solve
the following problem:

M—1
minimize ||c||o subjectto s = Z Cnyms

m=0

where ||c||o is just the number of nonzero entries in the sequence {c,}. If the dictionary
is well adapted to the signal, there are high hopes that this kind of representation exists
and would actually be sparser than a nonlinear wavelet-based approximation.

In [128], Davis et al. seemed to give a fatal blow to such a hope by showing that
finding the best (e, M)-sparse approximation in an arbitrary dictionary leads to a NP-
hard problem! Nevertheless, this result holds for an unconstrained dictionary and it is
not hopeless to look for such a solution given a particular dictionary, as we will see now.

11.3.2 Algorithms

11.3.2.1

N-term approximations
When dealing with orthonormal bases, we have seen that best M -term approximations
are obtained by means of a fairly simple algorithm: the best approximant is found by
first looking for the M strongest Fourier coefficients |(¢,, s)| and then constructing:

S =) (b $)Pm,
meA

where A is an index set of cardinality M that corresponds to the best coefficients
selected above. Now that we have the freedom of considering arbitrary dictionaries,
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such a simple procedure does not hold anymore and other types of algorithms have to
be considered. In the following we will mainly consider two classes of such algorithms:
greedy algorithms [137] and basis pursuit [102].

11.3.2.2 Greedy algorithms

Greedy algorithms iteratively construct an approximant by selecting the element of the
dictionary that best matches the signal at each iteration. The pure greedy algorithm is
known as Matching Pursuit (MP). Assuming as before that all atoms in D have norm
one, we initialize the algorithm by setting Ry = s and we first decompose the signal as

Ro = {8y, Ro)&y, + R1.
Clearly g,, is orthogonal to R and we thus have
IRolI” = {8y, Ro}* + I RyII*.

If we want to minimize the energy of the residual R; we must maximize the projection
[{(gy,> Ro)|. At the next step, we simply apply the same procedure to R, which yields

Rl = (g)/la R1>g)/1 + R27

where g,, maximizes [(g,,, Ri)|. Iterating this procedure, we thus obtain an approxi-
mant after M steps:

M—1
5= Z<ng’ Rm)gy,,, + RM’
m=0

where the norm of the residual (approximation error) satisifies

M—1
IR I = Us1® = D 18y, Ru) .
m=0

Some variations around this algorithm are possible. An example is given by the weak
greedy algorithm, which consists in modifying the atom selection rule by allowing to
choose a slightly suboptimal candidate:

(R &y,)| 2 twsup (R, g)|,  tw < 1.
geD

One can easily show that Matching Pursuit converges exponentially in the strong topol-
ogy in finite dimension, see [263] for a proof. Unfortunately this is not true in general
in infinite dimension, even though this property holds for particular dictionaries [365].
However, DeVore and Temlyakov [137] constructed a dictionary for which even a good
signal, i.e., a sum of two dictionary elements, has a very bad rate of approximation:
s — syl = CM~'/2 In this case a very sparse representation of the signal exists, but
the algorithm dramatically fails to recover it!
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A clear drawback of the pure greedy algorithm is that the expansion of s on the linear
span of the selected atoms is not the best possible one, since it is not an orthogonal
projection. Orthogonal Matching Pursuit [304,127] solves this problem by recursively
orthogonalizing the set of selected atoms using a Gram—Schmidt procedure. The best
M -term approximation on the set of selected atoms is thus computed and the algorithm
can be shown to converge in a finite number of steps, but at the expense of a much
bigger computational complexity.

11.3.2.3 Basis pursuit

As previously stated, the problem of finding a sparse expansion of a signal in a generic
dictionary leads to a daunting NP hard combinatorial optimization problem. In order
to overcome this, Chen et al. [102] proposed to solve the following slightly different
problem:

M—1
minimize ||c||; subjecttos = Z Cn&ym-
m=0

Minimizing the ¢; norm helps finding a sparse approximation because it prevents
diffusing the energy of the signal over a lot of coefficients. While keeping the essential
property of the original problem, this subtle modification leads to a tremendous change
in the very nature of the optimization challenge. Indeed, this £, problem, called Basis
Pursuit or BP, is a much simpler linear programming problem, that can be efficiently
solved using, for example, interior point methods. Another very important difference
with respect to greedy algorithms is that BP seeks for a global solution to the problem
(while MP constructs a step by step approximation). What are the performances of
BP? In particular can BP recover a sparse approximation of a signal if the latter exists?
As we will see now, it turns out that the answer to this question is positive in certain
circumstances.

In order to obtain constructive results concerning highly nonlinear approximation
in dictionaries, we must first restrict our attention to particular dictionaries. In the
following we will thus focus on incoherent dictionaries, i.e., dictionaries such that
M = sup|(gi, &)l (11.33)

ij
where M is the coherence of D. Coherence is another possible measure of the redun-
dancy of the dictionary and (11.33) shows that D is not too far from an orthogonal
basis (although it may be highly overcomplete). Let us first concentrate on a dictio-
nary D that is given by the union of two orthogonal bases in RY,i.e., D = {v;} U {¢;},
1 <1, j < N.Building on early results of Donoho and Huo [149], Elad and Bruckstein
have shown the following two striking theorems [160].

Theorem 11.3.1 Let D be the concatenated dictionary described above with coherence
M. If a signal s € RY has a representation



393

11.3 Sparse approximations in redundant dictionaries

s = Zcigi
i

such that ||c|lg < 1/M, this representation is the unique sparsest expansion of s in D.

This first result shows that, although redundancy rules out uniqueness of expansions,
a sufficiently sparse solution is unique provided the dictionary is incoherent! We still
do not know how to find this solution though, and remember that the generic problem
is NP hard. The next theorem shows that incoherence helps us in an astonishing way.

Theorem 11.3.2 If the signal s has a sparse representation in the concatenated dic-
tionary such that

V2-05
llcllo < v (11.34)

then the £\ minimization problem has a unique solution and it coincides with the unique
solution of the original £y problem.

This result means that you can replace the original combinatorial optimization prob-
lem of finding the sparsest representation of s by the much simpler ¢; problem solved
by BP. In other words the incoherence of D helps you solve a problem that is NP hard
in general! These results have been extended to arbitrary dictionaries by Gribonval and
Nielsen [202] who showed the following

Theorem 11.3.3 Let D be an arbitrary dictionary of coherence M in a finite dimen-
sional Hilbert space. If the signal s has a sparse expansion satisfying:
1 1
< =(14+—=),
licllo 2( + M)
then this is the unique solution of both the €y and £ problems.

So far the results obtained are not constructive: they essentially tell us that if a
sufficiently sparse solution exists in a sufficiently incoherent dictionary, it can be found
by solving the ¢, optimization problem. Practically, given a signal, one does not know
whether such a solution can be found and the only possibility at hand would be to run
BP and check a posteriori that the algorithm finds a sufficiently sparse solution.

Greedy algorithms, discussed in the previous section, offer constructive procedures
for computing highly nonlinear N-term approximations. Although the mathematical
analysis of their approximation properties is complicated by their nonlinear nature,
interesting results are emerging (see for example [190]). Let us illustrate this by an
example dealing with Orthogonal Matching Pursuit (OMP):

Theorem 11.3.4 Let s, be the optimal (sparsest) approximation of s in a dictionary D
of coherence . Assume that M < % w='. Then OMP generates M-term approximants
which satisfy
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s = smllz2 < V14 6Mlls — sopill-

Other modified greedy algorithms exist and show better performances, but their
description is beyond the scope of this book.

11.3.3 Applications

Highly nonlinear approximation techniques provide us with the basic ingredient for
many applications, namely, a sparse data representation. Stemming from this point,
numerous applications are flourishing and, since these techniques are just emerging,
we expect more successes in the near future. Some typical examples where redundant
approximations have been applied include source separation [203] and, of course, data
compression [296,139,320]. We will focus on the latter in order to give a flavor of the
advantages of using redundant approximations.

11.3.3.1 Image compression using redundant dictionaries

As already explained previously, 2-D orthogonal bases of wavelets suffer from a curse
of dimensionality: the nonlinear approximation properties of wavelets are severely
impaired by their lack of geometrical adaptivity. We already discussed ridgelets and
curvelets that try to solve this problem, but an obvious alternative solution would be to
decompose the image over a redundant dictionary built with some structure.

A good dictionary can be built by acting on a generating function of unit L? norm
by means of a family of unitary operators U,,:

D={U,, y €T}, (11.35)

for a given set of indexes I". Basically this set must contain three types of operations.
* Translations 13 to move the atom all over the image.

* Rotations 6, to orient the atom locally along contours.

* Anisotropic scaling (ay, a;), to adapt to contour smoothness.

A possible action of U,, on the generating atom g is thus given by:

Uyg =U(b,0)D(ay, a)g (11.36)
where U is a representation of the Euclidean group,
UDb, 0)g(F) = g(r_o(& — b)), (11.37)

7y is the usual rotation matrix, and D acts as an anisotropic dilation operator:

D(ai, a)g(x, y) = (=, 2. (11.38)

1
g ’
Jaay  Cap a
It is easy to prove that such a dictionary is overcomplete using the fact that, when
a; = a, one gets the 2-D similitude group of R? and thus 2-D continuous wavelets. It
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is also worth stressing that, avoiding rotations, the parameter space is a group studied
by Bernier and Taylor [69]. The advantage of such a parametrization is that the full
dictionary is invariant under translations and rotations. Moreover, it is also invariant
under isotropic scaling, that is, a; = a».

The choice of the generating atom g is driven by the idea of efficiently approximating
contour-like singularities in 2-D. To achieve this, the atom must be a smooth low
resolution function in the direction of the contour and must behave like a wavelet in
the orthogonal (singular) direction. In our experiments, we chose a combination of a
Gaussian and its second derivative, that is,

g(x,y) = (4 x* —2) exp(—(x* + y%)). (11.39)

This choice is motivated by the optimal joint spatial and frequency localization of
the Gaussian kernel. We also noticed that degradations caused by truncating the MP
expansion are visually less disturbing with this choice.

Based on this dictionary, a candidate compression algorithm could be the one depicted
in Figure 11.5, see also [177]. The image is first recursively decomposed, by MP, in a
series of coefficients and atoms chosen from a redundant dictionary. The coefficients
are then quantized by means of an exponentially bounded uniform quantization method
adapted to MP characteristics [178]. Coefficients and atom indexes are finally entropy
coded with a context adaptive arithmetic coder, and the reverse operations are performed
atdecoder. Matching Pursuit provides meaningful image representations even with very
short descriptions of the input signal. The reconstructed image is then successively
refined by each additional bit of information.

Due to the structured nature of our dictionary, the MP stream provides spatial scal-
ability features. Indeed, when the two scaling parameters are equal, the group law of
the similitude group of R? applies and allows for covariance with respect to isotropic
scaling, rotation and translation. When the image to be decomposed is submitted to any
combination of these transforms (denoted here by the group element y = (I;, a,0)),
the indexes of the MP stream are simply transformed according to the group law:

ID Atom

Redundant Dictionary

Search Exponential
e —— Coefficient Quantization Quantized

Residue Atom index
Matching Pursuit Context Adaptive Bi
Arithmetic Coder itstream

Coefficient

Fig. 11.5. Block diagram of the Matching Pursuit image coder.
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+00

U =Y (8nIRaf) 8yoy- (11.40)
n=0

where U(+) is the familiar representation (7.40) of the similitude group SIM(2) and R,

is the nth order residual of the MP algorithm.

The decoder can thus apply those transformations to the reconstructed image by
simply modifying the parameter strings of the atoms. For example, the bitstream of
an image of size X x Y can be decoded at any resolution « X x oY by multiplying
positions and scales by the corresponding factor « and re-scaling all coefficients. The
scaled image f“ is given by

N
f=a ) el (11.41)
i=0

The transcoded atoms g, are given by simply scaling the original indexes y; in the
decomposition. Atoms that are too small after transcoding are discarded, which allows
to reduce further the bit rate. Note that the scaling factor « can take any real value, as
long as the scaling is isotropic. Finally, image editing manipulations, such as rotating
the image, or zooming on a region of interest, can be performed following the same
principle. Hierarchical coding can also be efficiently implemented using this flexible
image representation.

Results of spatial transcoding are summarized in Table 11.1, where a comparison
with the JPEG-2000 standard clearly shows the gain of using redundant dictionaries
for image coding. PSNR values are computed with reference to the original 512 x 512
lena image downsampled to 128 x 128 pixels. This is but one possibility for computing
such a reference and other more complex techniques involving, for example, filtering
and interpolation, could be adopted. However we don’t think this could significantly
change the comparison. A simple example of this procedure is given in Figure 11.6.

Due to the very good match between the dictionary and image structures, MP quickly
recovers visually appealing image features and, specially at very low bitrates, the quality
of the compressed image is much better than with wavelet techniques as can be seen on
Figures 11.7 and 11.8. Moreover, MP generates naturally progressive streams, which
means that we can obtain a lower bit-rate image by simply truncating the bit stream
(i.e., considering the first B bits is more or less equivalent to discarding the lowest
energy atoms). This is also illustrated on Figures 11.7 and 11.8.

Table 11.1. Comparison of spatial scalability of the Matching Pursuit (MP) encoder
and JPEG-2000; the numbers given are in (dB/bpp)

Encoder 32 x 32 64 x 64 128 x 128 256 x 256 512 x 512

MP 16.7/4 18.97/2.25 30.37/1.7 26.05/0.41 25.94/0.1
JPEG-2000 16.98/6.5 19.18/4 33.8/1.7 — —
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Fig. 11.6. lena image of size 128 x 128 encoded with MP at 1.6 bpp (center), and decoded with a
scaling factor of 1/ /2 (left) and with a scaling factor of V2 (right).

Fig. 11.7. lena image of size 128 x 128 encoded with MP at 1.7 bpp (top left), and truncated at
0.1 bpp (top right), 0.4 bpp (bottom left), and 0.8 bpp (bottom right).
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Fig. 11.8. lena image of size 128 x 128 encoded with JPEG-2000 at 1.7 bpp (top left), and
truncated at 0.1 bpp (top right), 0.4 bpp (bottom left), and 0.8 bpp (bottom right).

11.4

Algebraic wavelets

‘We conclude the chapter with a topic of a different nature. The term “algebraic wavelets”
refers a class of wavelets obtained by replacing the usual natural numbers, and the dyadic
numeration underlying the multiresolution approach, by another system of numeration.
Although thisis actually a generalization of the discrete WT, it provides another example
of wavelets adapted to a specific geometry; hence it is not out of place in this volume.

In order to give the reader a feeling for this type of construction, we will begin with the
1-D case, and first with the simplest example, based on the golden mean t = %(1 +/5),
and we shall describe it in some detail in Section 11.4.1.1, following [184] and [Ali0O;
Section 13.4]. Two interesting aspects emerge. One is a construction that is a genuine
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generalization of the standard multiresolution, as described in Section 1.5, and yields
a corresponding orthonormal wavelet basis, the so-called 7-Haar basis. The other is
the occurrence of a quasiperiodic structure at each multiresolution level, instead of the
usual lattice structure. Then, more general cases will be indicated in Section 11.4.1.2,
namely wavelet systems based on particular Pisot numbers, first studied in [185], or
adapted spline wavelets, following [Ber98,70, And02, 11].

In a second step, we will turn to the 2-D case and consider wavelet bases correspond-
ing to particular tilings of the plane, namely 2-D t-Haar or spline wavelets based on
successive subdivisions of the so-called Penrose—Robinson triangles.

11.4.1 Algebraic wavelets on the line

114.1.1

T-wavelets of Haar
In this section, we will construct the Haar basis obtained by replacing as scaling factor
the usual factor of 2 by the golden mean v = %(1 + +/5) [184]. The algebraic nature
of 7, based on the equation > = 1 + 1, implies the T-adic property

=142 VjelZ, (11.42)
which is similar to a certain extent to the binary splitting 2/ = 2/~! 4 2/=!, This fact
has an immediate consequence on the form of the r-wavelets. Whereas the discrete
dyadic wavelets constructed in Section 1.5 are functions y(x) € L?(R) such that the
family

{Wjx =292 x — k), j,keZ)

is an orthonormal basis in the Hilbert space L?(IR), the T-wavelet(s) will be function(s)
Y, € L?*(R), 1 in some finite labeling set, such that the family

{0/ (t/x —b), jeZ)
is an orthonormal basis (or at least a Riesz basis) in L?(R), provided the numbers b

belong to an appropriate discrete number set, namely, the so-called -integers.
To begin with, (11.42) provides a subdivision of the unit interval into two parts

A=1[0,1]= [0, %:| U |:l, 1j| , (11.43)

T

of lengths 1/7 and 1/72, respectively. Then the equation (11.43) is the starting point
of an iterative sequence of subdivisions of A into intervals of the type
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b b+1

Ajp = [—-, +- ] JEN, Agp=A4A, (11.44)
T/ T/

Ajp=Aj 10 UAj o 2pgq, (11.45)

where b is an appropriate t-integer [184]. This concept derives from the system of
numeration based on the irrational t [71,325] and can be described as follows. Each
nonnegative real number x can be expanded in powers of T with coefficients & equal
toOor I:

x=&T+E T 4+t +.., =01 (11.46)

The coefficients &; satisfy the relation & §,_; = 0, which means that no partial sum like
! + /=" occurs in (11.46), since it equals T/*!. The coefficients & are computed with
the aid of the so-called Rényi algorithm. First, the exponent j in (11.46) is the highest
integer such that

) <x <o/ (11.47)

sothat&; = |x/t/| = integer part of x/t/ = 1. Then we put r; = {x/7/} = fractional
part of x/ 7/, and the other digits &, | < j, are determined recursively from (§;, r;):

& = Ltril, = {tr1} (11.48)

In this system of numeration based on t, the set of non-negative t-integers is the
(lexicographically ordered) strictly increasing sequence of real numbers having only
non-negative powers of 7 in their r-expansion:

ZFr =0, 1, e, 2+ 1,08, P+ 1, o et ) (11.49)
The set Z, of t-integers is then defined by
Z. =7F U (=Z). (11.50)

The numbers in Z; are the nodes of a quasiperiodic chain, called the Fibonacci tiling of
the positive real line with two types of tiles, the long one with length 1 and the short one
with length 1/7. A similar quasiperiodic sequence will occur at each multiresolution
level j, Z7 itself corresponding to j = 0.

We now come to the explicit construction of the T-Haar basis of L*(R). For that
purpose, we need a “mother” wavelet, called here a T-Haar wavelet, namely the function
on the real line R defined as:

12, for0< x < 1/1,
h'(x) =14 —t'2, forl/t <x <1, (11.51)
0, otherwise.

As in the usual dyadic case, the basis wavelet 27 may be obtained from a scaling function
by the action of particular elements of the affine group, under the representation U (b, a)
givenin (6.8) (see Section 6.1.1). Here the scaling function is the characteristic function
x4 of the unit interval A = [0, 1] and one has (almost everywhere)
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) =171 ya(e) — 72 xa(tx — 1)
= (t7'UO, rH = PUET ) xa ). (11.52)

Using the basis wavelet %, one constructs first an orthogonal basis in L?[0, 1], then
combining the latter with translations by t-integers, one obtains finally.

Theorem 11.4.1 The system
(T2 h"(t/x = b), TP h*(t/x +b+1); j € Z, b etZl) (11.53)

is an orthonormal basis of L>*(R), called the t-Haar basis.

One may note that the construction above is not based on the standard concept of
multiresolution. However, the latter may be generalized to the t-adic environment, as
follows.

Definition 11.4.2 A t-multiresolution analysis is an increasing sequence (V;)jcz of
closed subspaces of L>(R)

L..CVLcVayacVyeoVicVC.. .,

with (); o, Vi = {0} and | J; ., V;j dense in L*(R), and such that

(1) f(x) € Vjifandonly if f(t™/x) € Vy;

(2) There exists a function ® € Vy, called a scaling function, such that the
system {®(x —b), ®(x +b+1); b € tZF}U{P(tx —b), P(tx+b+1); b €
ijOdd}, where 7..°% = L \1Zy, is an orthonormal basis in Vy (or at least a
Riesz basis).

The main difference with respect to the standard dyadic multiresolution of Definition
1.5.1 is the condition (2), the counterpart of the invariance of V| under translations
by integers. Indeed, one cannot assert that f(x) € V; if and only if f(x —b) and
f(x+b+1) e Vyforallb € tZ], since the latter is not closed under addition. Instead,
Z. has only the so-called Meyer property [Mey72,271], since

1 1
Lo+ 7, CZT—}—{O,:I:—,:I:—Z}. (11.54)
T T

Motivated by this discussion, the following definition of T-wavelets has been proposed
in [AliO0], where further details on the whole procedure may be found.

Definition 11.4.3 A t-wavelet is a function ¥ (x) € L*(R) such that the family of func-
tions

Wi = /Pyl =), vy () = TP Y x + b+ D),

where j € Z and b € TZ}, is an orthonormal basis (or at least a Riesz basis) in the
Hilbert space L*(R).
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An example of such a t-wavelet is, of course, the T-Haar wavelet. A less trivial example
is that of T-spline wavelets constructed by Bernuau [Ber98,70] (a full account may also
be found in [And02]).

11.4.1.2 Pisot wavelets, 3-spline wavelets, etc.

Of course, the procedure that was followed in the previous section could tentatively
be extended to any real number 8 > 1. Indeed, for such a g, there exists a numeration
system based on the so-called Rényi -expansion of real numbers, analogous to (11.46)

J
R, >x = Z B =& .. EE ..., (11.55)
l=—00
where j is the largest integer such that 8/ < x < p/T!. The positive integers & take
their values in the alphabet (for g noninteger) {0, 1, 2, ..., | 8]} and are computed with
the so-called greedy algorithm. One defines recursively

g =|x/p'l, rj={x/p'}, andforl < j, & = |Briz1), 1 ={Bri}. (11.56)

The set of real numbers which have a zero fractional part in their 8-expansion is called
the set of B-integers and is denoted by

Lo ={£EB +&-18"" +.. . +&B + &) =Z; U(=Z)). (11.57)

As in the t-case, some configurations §;&;_1...8§&_; ... in this definition are not
possible, but the situation is clearly more complicated here.

The countable set Zg is naturally self-similar and symmetric with respect to the
origin:

BLyC Ly TLg=—Ly. (11.58)

It tiles the line with intervals separating two nearest neighbors x; < x;;. The length of
the intervals, [; = x;.; — x; < 1, may then take its value in a finite or countably infinite
set, depending on the nature of the number S. The simplest case is that where f is a
Pisot—Vijayaraghavan (for short, PV or Pisot) number, i.e., an algebraic integer which
is a solution of the equation

X" =ap X" '+.. . +a1X+ay, a €7, (11.59)

such that all other solutions 8% of (11.59) (the Galois conjugates of 8) have a modulus
strictly smaller than 1,

BO=p>1, 1p9<1,i=1,....m—1. (11.60)

Examples of Pisot numbers are 1+ V2, 1= %(1 +/3), 14+/3, %(3 +4/5), and
2 + +/3; on the other hand, neither %, nor +/2 is Pisot.

The crucial result is that, when B is a Pisot number, then Zg is a self-similar tiling of
the line with a finite set of different tiles (in general, one may need infinitely many of
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them). This result makes it possible to extend to Pisot numbers the algebraic approach
described in the previous section and construct “Pisot wavelets”. For instance, the
following definition is the exact counterpart of Definition 11.4.2.

Definition 11.4.4 A B-multiresolution analysis is an increasing sequence (V) jcz of
closed subspaces of L*(R)

L..CVLcVayacVyeoVic VL.,

with (); o5 Vi = {0} and | J; ., V;j dense in L*(R), and such that

(1) fx) € V; ifand only if f(B~x) € Vi;

(2) There exists a function ® € Vy, called a scaling function, such that the collection of
all its suitably translated—dilated copies on the set of B-integers is an orthonormal
basis (or at least a Riesz basis) in V.

Similarly, a definition of S-wavelets can be given that parallels Definition 11.4.3.
Examples of -wavelets are again the f-Haar wavelets and the B-spline wavelets con-
structed by Andrle ef al. [And02,11]).

11.4.2 Two-dimensional algebraic wavelets

11.4.2.1

Introduction
As we mentioned already in Section 4.5.2, 2-D wavelet analysis may have interesting
applications in the field of quasicrystals. The latter have characteristic dilation fac-
tors T = %(1 +/5) (symmetry of order 5 or 10), 1 + V2 (symmetry 8), and 2 + V3
(symmetry 12), and these are all Pisot numbers, as we have seen above.

As soon as quasicrystals were discovered, in 1984, one recognized the importance
of geometric models like the one-dimensional Fibonacci chain (as toy model) or two-
and three- dimensional Penrose tilings in the theoretical developments. The former
was described in the previous section, here we shall concentrate on the 2-D case, more
precisely on the T-invariant case.

A moment’s reflection on the construction of Section 11.4.1 shows that the possibility
of having a multiresolution analysis rests upon the presence of a hierarchy of tilings
of the line. At each resolution j, the line is covered by infinitely many nonoverlapping
segments, which are all translated copies of a finite set of basic ones. In addition, going
to the next finer resolution is achieved by splitting each basic segment into several
smaller ones, which are contracted copies of the previous ones by a fixed scaling factor.
For the usual dyadic case, there is only one basic tile, e.g. the interval [0, 1], and the
scaling factor is, of course, 2; in the 7-case, there are two of them, of lengths 1/7 and
1/72, respectively, and the scaling factor is 7; in the B-case, two or more, etc. This
gives a hint as how to proceed in the 2-D case, we simply need a similar hierarchy of
tilings (the 1-D t-case is described in detail in [Ali0O; Section 13.4]).
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For the sake of precision, we first recall that a tiling of R is a covering with nonover-
lapping pieces (tiles) which are all congruent (in sense of Euclidean group action, i.e.,
translation and rotation) to tiles belonging to a predetermined finite set of prototiles or
tile alphabet:

R =UjenPi, P, =T, Ty €{T,-- . Ty}, NP, CRY, i#j d <d. (11.61)

In addition, one needs matching rules prescribing which neighbors are allowed for a
given prototile. In the d = 2 case that we consider here, tiles will be just nonoverlapping
polygons, usually triangles.

In the Penrose tiling picture [309,310], tiles represent distinct clusters of atoms,
and matching rules represent atomic interactions. As a quasiperiodic alternative to
crystalline lattices, the set A of vertices (or nodes) of a Penrose tiling is the ideal
illustration of a point set with the following properties [276].

* It is a Delone (or Delaunay) set, which means it is uniformly discrete (the distances
between any pair of points in A are greater than a fixed r > 0) and relatively dense
(there exists R > 0 such that R? is covered by balls of radius R centered at points of
A).

* It has locally finite complexity.

« It displays repetitivity.

« It displays a rotational symmetry (n = 5) which is forbidden in crystallography.

Additional examples are the quasiperiodic point sets described in Section 4.5.2.2.

11.4.2.2 Penrose-Robinson tiling of the plane

The construction of 2-D 7-wavelets described here is based on a unique iterative de-
composition process of the so-called Penrose—Robinson triangles, which leads to a
triangular covering of the plane. At any given step of the iteration, the resulting patch
of triangular tiles is a finite subset of a Penrose—Robinson tiling. The principle of this
construction has been given in [186,187,189], but without consideration of uniqueness
of the process. The latter was achieved in [188], that we follow.

We denote by A the triangle with vertices 0, 1, £ = ¢/™/> and by B the triangle with
vertices 0, 1, £3 = ¢37/5 (see Figure 11.9). These two triangles, called the Penrose—
Robinson triangles, are at the heart of five-fold planar tilings first considered by these
authors [309,310]. They may be used as prototiles in the construction of several classes
of nonperiodic tilings with pentagonal symmetry. An example of such a tiling given
through a deflation—inflation iteration procedure (see below), is depicted in Figure
11.10. This tiling can be transformed by means of substitution rules into the famous
Penrose kites and darts tiling given in Figure 11.11 (for details see [Gru74]).

The segmentation of the Penrose—Robinson triangles given in [188] may be formu-
lated in terms of an action of the affine group SIM(2), following the standard pattern

b,a)X =b+aX, a,beC,a#0,



405
—

11.4 Algebraic wavelets

ei31\’/5
6li7t/5
//////i;:\\ B
0 1 0 1

Fig. 11.9. The Penrose—Robinson triangles.
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Fig. 11.10. Part of the Penrose—Robinson triangular tiling.

where X is an arbitrary set in C, so that (b, a)(b', a’)X = b + ab’ + aa’X. (Note that
here we use the complex viewpoint, identifying R?> with the complex plane C, e.g.
b=beC, (hry)=acC.)

It turns out that there are two distinct ways of decomposing the triangles A and B
with the self-similarity factor 7, as shown in Figure 11.12. The choice between two
types of division of each triangle corresponds to a mirror symmetry with respect to the
main bisector of the latter. Hence, we shall distinguish between the triangles .4 and B,
and their reflected partners, denoted A and 13, respectively.

The key to the uniqueness of the procedure is to formulate these segmentations in
the language of affine transformations, using a tensor-like notation: ©” means that a
triangle of type w is obtained through affine action on a triangle of type v. The indices
W, v take the values «, 8, @, E, corresponding to the triangles A, B, A, B, respectively
(tensor rule). The four possible decompositions are the following:
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A=a"A, A=o"A, B=pB, B=pB.

If the four segmentations of .4 and B are performed in a random way, clearly they
cannot lead to a deterministic decomposition process, by which we mean a step-by-
step segmentation of all triangles starting from a finite patch of triangles. In particular,
since the affine transformations 8%, B are not deflations (that is, contraction by a factor
7), we obtain after a rather small number of iterations a set of triangles with a large
number of different sizes. The following rule prevents this defect: at any given stage j
of a decomposition process, we allow only two types of triangles, either congruent to
7/ A, or congruent to T /1 3.

Forexample, at j = 1, starting from the triangle A, we decompose it into two triangles
congruent to A/, and one triangle congruent to /72, following a composition chain
respecting the markings of the tensorial symbols in (11.62)—(11.65):

A=a"AUa’BPBUPBA,
= (&, -t "EHAU (%, —T)BUE, —Tt e A. (11.66)

On the other hand, if we start from the triangle 3/, such a first decomposition process
is the same as (11.63), up to the similarity 1/t. This procedure can advantageously be
reformulated in a matrix form. Using the vector notation V' = (A, B/, A B /T), we
may write (11.66) as

4
A=)"8,V;,
j=1

where addition is understood as set union, and similarly for the other decompositions
(11.63)—(11.65). Globally, this yields the eigenvalue equation

V=38V, (11.67)

where the first row of the matrix S is

(S1)) = (¢, —17'€Y), (1726, —17%), (£.—17'€), 0).

There are other ways of formalizing the gradual decomposition process just de-
scribed, using, for instance, the notion of 5-coloring of the ring Z[£] of cyclotomic
integers (see [188] for details). But in any case, the crucial result is that the decompo-
sition process of the triangles .4, I3 generated by the segmentations (11.62)—(11.65) is
unique, provided one respects the tensorial rule at each stage. Of course, other decom-
position procedures exist, like that one leading to the so-called triangle tiling [189].

We now come to the construction of the whole Penrose—Robinson tiling. To that
effect we need an inflation procedure, which allows to inflate the patch obtained after
the action of the segmentation, in order to restore the original scale. The general notion
is the following [59,119]. A tiling 7 of IR? is said to have the stone-inflation symmetry
if everyone of its tiles, when rotated and scaled by a given RA, R € SO(2), A > 1, and
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translated by a given b € R?, can be packed face-to-face with copies of the original
ones (a similar definition can be given in R?, d > 2). More precisely, suppose we are

given a tiling 7 of R? built from a finite set of prototiles {7}, - - - , T},},
n
T=JUnr 1 (11.68)
=1 y,el",

where y; = (l;l, rg,) is a translation—rotation and I'; € R? x SO(2) consists of all those
transformations y; = (151, rg,) which bring the prototile 7; to one of its congruent com-
panions appearing in the tiling. The stone-inflation symmetry based on the affine-linear
inflation o = (1;, a, 0) then means that for each / and each y; € I';, the following finite
patch

n

ov-Ti=J U om-Tn (11.69)
m=1 o, €l
is present in the tiling.
In the present case, choosing as inverse stone-inflation the affine transformation o
from (11.66), 0 ' = a® = (£, —t~'£?), we obtain a Penrose—Robinson tiling 7 as the
following inductive limit, in the notation of (11.67):

4
T = lim o/ ) (S (11.70)
=1

/—)OO

The first steps of this specific stone-inflation are shown in Figure 11.13.

11.4.2.3 Multiresolution scheme for stone-invariant tilings

With the geometric tools just described, we are now able construct an adapted wavelet
analysis, following the usual procedure. Indeed, in accordance with the Penrose tiling
discretization (11.68) of R?, there exists a multiresolution analysis of the Hilbert space
L*(R?). The appropriate definition is the exact counterpart of Definitions 11.4.2 and
11.4.4 (and, of course, subsumes them both), namely,

Definition 11.4.5. Let T be a tiling of R?, generated by the prototiles {Ty, ..., T,)}
and stone-inflation invariant with respect to the affine transformation o. Then,

(0,0) (00‘004 (00)%

Fig. 11.13. First three steps of stone-inflation.
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a o-multiresolution analysis is an increasing sequence (V) ez of closed subspaces

of L*(R?)
L..CcVLcVayacVoyoViCc VL,

with () Vj = {0} and |, ., V; dense in L%(R?), and such that

(1) fX)e Vo & f(o/X)eV);

(2) There exist n scaling functions (¢1(X), -- -, $p(X)) = ®(X)7, such that all their
linear affine transforms {(l);(yl_l)?), 1 <1 < n, y € Iy} forman orthonormal basis
(or at least a Riesz basis) in V.

The rest is standard. Let W, denote the orthogonal complement of Vjin V|, V, C V| =

Vo @ Wy. Then a wavelet set is given by (y(X), ..., ¥,(X)) = W(X)7, such that all

linear-affine transforms {1#1()/1_1 -X), 1 <1< n, y €I} form an orthonormal basis

of Wy. Then the set

iy 'o7%), jeZ, 1 <I<n, yely

is an orthonormal basis of LZ(R?).
Now, the way to obtain such a wavelet basis from the scaling function set {¢;(X)}
rests on the scaling equation resulting from the inclusion Vy C Vi:

oy B =a Y Y cyduly, o X)

m=1y, el

Y3 ey U@ dnl), (11.71)

m=1y, el

where U is the usual unitary representation (7.39) of the affine group SIM(2) in L?(R?),
written in complex notation, that is,

(U, A))E) = |det A" 2 p(A™" - (F = b)), be C=b e R2.

The “scaling admissible sets” I"! are defined according to consistency requirements,
namely that (11.71) be also valid for all qb;(yfl -X), yy €Iy

I ={ymeluly, 'ony ' €T, foraly eI}, (11.72)

and these sets should not be trivial! This is a restriction on the original tiling 7", which
is satisfied by the present Penrose tiling.
Introducing as above a vector notation, (11.71) can be rewritten as follows:

BF) = Mo, y1, - .., y)OE). (11.73)

This is an eigenvalue equation for the refinement operator M. The latter is an n X n
scaling matrix with entries belonging to the unitary representation of the group algebra
of SIM(2) associated to U. More precisely, we have from (11.71):
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Mlm = Z Clme(O'ilym)‘ (11.74)

Ym€l:,

Taking Fourier transforms, we obtain
(k) = M0, 1. ... y) D), (11.75)

where /T/l\lm = Zy,,, ert Cly, U (07 'y, and U is the Fourier-transformed representation
(7.40). Iterating (11.73) or (11.75) provides a way of finding the set of scaling functions.
Of course, convergence conditions have to be stated in a rigorous way. Similarly, the
corresponding wavelet set in W, can be found also via the scaling equation resulting
from Wy C V). The counterpart of (11.73) has the form

V(X)) =N(o, Y1y ... V) D(X), (11.76)

where A\ is also an n x n scaling matrix with entries belonging to the group algebra
of the unitary representation group U. Specific conditions involving both M and N/
stem from the orthogonality V L W,. They allow in principle to solve the problem of
finding the orthonormal wavelet family.

11.4.2.4 Wavelet bases for a stone-inflation invariant tiling

The simplest example is provided by the Haar wavelets, for which the scaling functions
are the normalized characteristic functions of the prototiles:

1
q)T = (¢17 ¢21 ¢3’ ¢4) = ﬁ(XAi \/?XB/fv XA \/?XB/T)»

where Q4 = |area A|. It is easy to check that these functions indeed generate a mul-
tiresolution in the sense of Definition 11.4.5 (see [And02] for a proof). The scaling
equations (11.71) or (11.73) just reproduce the geometric scaling equation (11.67)
V = SV at the group representation level. For instance, the first row of the matrix M
in (11.68) is given in the present case (in the complex notation) by

_ 1 _ _
UE, —77'8%), —=UG %, —17'8), UE, —17'8), 0).

1
(M) = T 7

7

This means that

¢ =

1
U, —17 €2 + UG %, -7} +UE, —77! i) .
o (UE E)xa+ U@ 78 E)xpe +UE £)xa)
One recognizes easily the decomposition of a tile A into three tiles of type A, B and
A, respectively, as shown in Figure 11.13. One possible Haar wavelet system is W7 =

(Y1, Y2, W3, Yr4) is given by the corresponding matrix N [188]. This yields, for instance,

= (iws ) UG — o )y
1 ‘L'\/Q_A «/? s A T > B/t

—JTUE, —T‘E)XA)-
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One verifies indeed that the functions ; and ¢; are normalized and orthogonal to
each other. The other three basic wavelets (protowavelets) v, V3, ¥4 are obtained
in the same way. Note that all four of them vanish a.e. outside of the initial tile A.
The subdivision and the linear decomposition can then be repeated on every tile at
the next scale. All the new functions will be orthogonal to their predecessors. In the
limit one obtains an orthogonal wavelet basis for the space L>(.A). Using the inflation
procedure, one can then generate a tiling of the full plane R? and a corresponding
orthogonal wavelet basis of L?(IR?).

Further details on the construction of Penrose wavelet bases may be found in [And02],
including another explicit construction for the Haar wavelets, based on a Gram orthog-
onalization process, and the principle of construction of a spline basis adapted to the
tiling. Furthermore, the method can be extended easily to higher dimensions, for in-
stance, the 3-D Danzer tiling based on four tetrahedral tiles with a global icosahedral
symmetry.

Comparing now the results derived in this section with the discussion of quasiperiodic
point sets given in Section 4.5.2.2, one is led to the following strategy. When faced with
a set, such as the diffraction pattern of a quasicrystal, one may first determine the
geometric type of the pattern, using the CWT-based technique of Section 4.5.2. Then
one may build an orthonormal wavelet basis in the manner outlined here. Such a wavelet
basis should then provide a better representation for the corresponding class of patterns.
Preliminary results in that direction have been obtained in [And02].
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‘We may now conclude our overview of the “world according to (2-D) wavelets” [Bur98].
We have thoroughly analyzed the 2-D continuous wavelet transform, given some ideas
about the discrete or discretized versions, discussed a large number of applications and
generalizations (3-D, sphere, space—time). Where do we go now?

Why wavelets in the first place? When should one use them instead of other methods?
Suppose we are facing a new signal or image. The very first question to ask is, what do
we want to know or to measure from it? Depending on the answer, wavelets will or will
not be useful. If we think they might be, we must next (i) choose a wavelet technique,
discrete or continuous; (ii) then select a wavelet well adapted to the signal/image at hand,
and (iii) determine the relevant parameter ranges. We emphasize that this approach is
totally different from the standard one, based on Fourier methods. There is indeed no
parameter to adjust here, the Fourier transform is universal. Wavelets on the other hand
are extremely flexible, and the tool must be adapted each time to the situation at hand.

As for the first choice, discrete versus continuous WT, it is a fact that the vast majority
of authors use the former, in particular if some data compression is required. However,
we hope to have demonstrated throughout the book that the CWT often offers a viable
alternative, and in a number of cases (e.g. feature detection) it is the only efficient
method. This is already true in 1-D, but the situation gets worse in 2-D, because the
discrete approach has intrinsic limitations, characterized by the catchword “curse of
dimensions.” The reason is that the DWT does not properly take into account the geom-
etry of the image to be analyzed. A plane curve is basically a one-dimensional object
and the conventional 2-D DW'T simply ignores this fact. This was in fact the motiva-
tion for more specific techniques such as ridgelets, curvelets or other contourlets, and
indeed there is in recent times a growing trend in the wavelet community toward more
redundancy and hybrid methods. Once again the SPIE Proceedings volume [Uns03] is
a vivid testimony of this situation.

Today the wavelet world continues to grow at a rapid pace. As we said in the begin-
ning, wavelet techniques are spreading into virtually all corners of physics and signal
processing, and they also occupy a sizable niche in applied mathematics. The recent
relaunch of the popular electronic news bulletin, the Wavelet Digest, with a readership
of more than 25 000 people, attests of the good health of the subject. As for tomorrow,
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one can safely predict that no slowdown is to be expected. The trend toward more
diversity of techniques will surely continue. In particular, nonlinear extensions and ge-
ometrically adapted transforms probably represent the incoming wave. Only the future
will tell.



Appendix Some elements of group theory

This appendix has been put in place mainly for the benefit of readers who may not be
entirely familiar with group theory, or with square integrable group representations.
To this end, we have collected here some essential abstract notions and results which
underlie the concrete examples discussed in the book. However, this is by no means
intended to be a ‘““crash course” on group theory. There is a vast, indeed bewildering,
amount of literature on groups, their representations and applications, pertinent to the
subject matter of this book. The interested reader may wish to browse some of it, of
which the following is just a small sampling: [Bar77,Cor84,Cor97,Gaa73] or [Gil74].
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Groups

We begin with some basic notions, at a purely algebraic level. Examples appear in the
next subsection.

Definitions

(1) A group is a set G on which there is defined a binary operation, usually called the
group multiplication or group product mapping G x G to G, (g, g') — gg’, and
obeying the following three axioms.

(G1) Associativity: for any g;, g2, g3 € G, one has

(8182)83 = 81(8283)-

(G2) Neutral element: there exists a (necessarily unique) element ¢ € G such that
ge=eg=g,Vgeai.

(G3) Inverse: every element g € G possesses a unique inverse g~ !, such that

1:g‘lgze.

88
If in addition,
8182 = 8281, V&1, 8 € G,

the group G is said to be abelian or commutative.
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(2) Givena group G, asubset H C G is called a subgroup if it is stable under all group
operations:

hi,ho € H=—= hh, e H
heH=—=h"'eH

(this implies of course, that e € H). Thus a subgroup is itself a group under the
same law of multiplication.

(3) Given k € G, the conjugation by k is the map g + kgk~'. A subgroup H is called
invariant or normal if it is invariant under conjugation:

heH=ghg' e HVgeg.
This may also be expressed as
gHg71 = H.

(4) Given a subgroup H of G, the left cosets of G mod H are the subsets gH = {gh |
h € H}. Itis easy to see that two different left cosets are always disjoint, and thus
the subgroup H induces a partition of G into left cosets:

GZHUngUgQHU...

(where, of course, H = eH 1is the only left coset containing the unit element e).
Similarly, one defines right cosets Hg and a corresponding partition of G. Note
that these two partitions are in general distinct.

(5) Given a subgroup H of G, the set of left cosets is called a quotient of G by H and
is denoted G/ H. Similarly the set of all right cosets is the quotient H\G.

(6) The two partitions of G into left and right cosets coincide if given g € G, there is
an element g’ € G such that

gH =Hg',
that is, if and only if H is an invariant subgroup. In that case, the quotient G/ H
(and also H\G) is itself a group, with respect to the following operations:
(81H)(g2H) = g182H, V81,8 € G,

(gH)'=g¢g 'H, Vg eG,

and the neutral elementis eH = H.
(7) Given two groups G, G', a homomorphism o : G — G’ is a map that preserves the
group properties:

o(g1)o(g2) =0(g182), Vg1, 4 € G,
o(g) ' =o0(g™"), Vg eG,

which implies o (eg) = eg'. The kernel of the homomorphism o is the subset
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Kero ={g e G |o(g) =eq}.

The homomorphism o is an isomorphism if it is bijective and its inverse o' :

G' — G is also a homomorphism. If G’ = G, the isomorphism o is called an

automorphism.

One has the following fundamental result :

« if H is an invariant subgroup of G, the map o : g — gH is a homomorphism
(called canonical) of G onto G/H and Kero = H;

* conversely, if 0 : G — G’ is a homomorphism, the kernel Ker o is an invariant
subgroup of G and G /Ker o is isomorphic to G’.

(8) Given two groups G, G’, their direct product G x G’ is the set of pairs (g, g’) with

the group law

(g1, 81)(82. 85) = (8182, 8185)-

Then both G, identified with {(g, ¢’), g € G}, and G’ (similarly identified) are in-
variant subgroups of G x G’. Let K be an abelian group (with composition denoted
by the addition symbol) and G an arbitrary group, and let o be a homomorphism
of G into the automorphisms of K (thus, for each g € G, o(g) : K — K 1is an
automorphism). Then the semidirect product K X G of K by G (with respect to o)
is the set of pairs (k, g) with the product law

(k,g)k', &)= (k+o(g)k', gg).

Thus K is an invariant subgroup of K X G, and G is a subgroup which is invariant
iff 0(g) is the identity for all g € G, and then the semidirect product is the direct
product.

A.1.2 Examples

* R*(n > 1), with vector addition (a, b) — a + b, is an abelian group.
* SO(2), the group of plane rotations around the origin of R?, is an abelian group. It
may also be realized by the 2 x 2 rotation matrices,

cosf —sinf
reg = , 0<0 < 2m.

sinf®  cos@

One has

-1
o, fo, =To, ', = To,10,, Ty =Tr—p, Tro=1.

+ SO(3), the group of rotations of R, is a nonabelian group. It may be realized as the

set of all 3 x 3 real orthogonal matrices of determinant 1:

RTR = RRT (thus, R™' = R7), detR = 1.
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SO,(1, 3), the connected component of the Lorentz group is a nonabelian group,
that may be realized as the set of all real 4 x 4 pseudo-orthogonal matrices A, i.e.,
matrices with the property:

—1

ATpA =n, det A=1, Agp =1, n=

o O O

oS o = O
o = O O
- o O O

Subgroups

— R¥ is a subgroup of R”, Vk < m.

— SO(2) is a subgroup of SO(3), but a noninvariant one. Indeed the quotient space
SO(3)/SO(2) may be identified with the 2-sphere S, which is not a group.

— SO(3) is a noninvariant subgroup of SO,(1, 3).

The affine subgroup G, of the line is the set of transformations

(b,a):x+—>ax+b, beR, a#0.

The group G, may be realized as the set of 2 x 2 matrices of the form

a b

Thus the group law is

(b,a)b',a") = (b+ab,aa)
(b,a) ' =(=a"'b,aM).

The subgroup of translations (b, 1), b € R, is an invariant subgroup and G . is the
semidirect product

GaHZRNR*.

The ax + b group, also noted G, is the subgroup of G corresponding to a > 0.
The group law is the same and

Gix=RxR}.

The similitude group SIM(2) of the plane is the set of transformations consisting of
translations, dilations and rotations

(b,a,0): X+ arg(X)+b, a>0, r, €SOQ), beR2

or, in 3 x 3 matrix form,

g ary l_;
b,a,0)=1{ = .
g (9 1)

The group law is thus
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(b,a,0)b' . 6) = (b +ary(b), ad',6 +6),
corresponding to the semidirect product structure:
SIM(2) = R? x (R x SO(2)).

Indeed dilations and rotations commute, and the subgroup of translations is invariant.
One defines in the same way the similitude group for R?:

SIM(3) = R? x (R x SO(3)).

Groups of transformations

Groups may be defined abstractly or by a matrix representation, as above. They can
also be defined geometrically, as groups of transformations of certain manifolds. Let
X be a (smooth) manifold, such as the space R”, the 2-sphere S?, space—time R x R
or R? x R, etc. Then a group G is said to act on X if each element g € G defines a
(smooth) map x — g[x] of X into itself, in such a way that g[g'[x]] = gg[x], and
e[x] = x, Vg, g € G, x € X.Theactionis called transitive if, for any pair x, x’ € X,
there is at least one g € G such that g[x] = x’. One usually writes the action simply
as x — gx.

Trivial examples of a transitive group action are the action of the group G on itself
by left translation, Ly, : g > g, 'g or by right translation, R, : g+ gg,. Another
one is the left action of G on the quotient G/H by a (closed) subgroup H, namely,
Le :gH —~ g;' gH. Concrete examples are, for instance, the action of G;H on R;
that of SIM(2) on R?; that of SO(3) on the 2-sphere S?; or, less intuitively, that of
the connected Lorentz group SO, (1, 3) on 52, which underlies the construction of the
continuous wavelet transform on S, described in Section 9.2.

If the action of G on X is transitive, and if H denotes the subgroup of G that
leaves invariant an arbitrary point of X (it is easily seen that all invariance subgroups
are conjugate, hence isomorphic, to each other), then the manifold X may be identi-
fied with (is homeomorphic to) the quotient G/H. The manifold X is then called a
homogeneous space for G, or a (transitive) G-space. The classical example is % ~
SO(3)/SO(2).

Let X be a transformation space for G and x € G. The orbit of x under G is the
set

Gx ={y=gx|g e G} CX. (A.1)

If X is a homogeneous space, it corresponds to a single orbit under G.

(Remark: Mathematicians usually define group actions in terms of the map
G x Y — Y givenby (g, y) — g[y], under suitable smoothness assumptions. Group
actions may also be considered on arbitrary sets.)
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Integration on groups

All the groups encountered in this book are locally compact — in fact, they are Lie
groups (further information on Lie groups and Lie algebras is given in Section A.3).
Now, every locally compact group G carries a left and a right invariant Haar measure,
both unique up to equivalence. We shall denote the left Haar measure by u and use
it systematically. The right Haar measure, when used, will be denoted by u,. Here
“invariance” means invariance under left or right translation by G:

w@'E)=w(E) and  p(Eg) = u(E), (A2)

for any Borel subset £ C G and all g € G. Equivalently,

du(g,'e) =du(g) and  dp,(gg,) =du,(g), ¥g, 8 €G. (A.3)

If u = u,, the group is called unimodular. Examples of unimodular groups are all
abelian groups, and all compact groups, such as SO(2) or SO(3).

In general, p and p, are different, but equivalent measures; i.e., they have the same
null sets. Thus, there exists a measurable function A : G — R™T, such that

du(g) = A(Q)dur(g). (A4)

This function, called the modular function of the group, is an Rt-valued character,
which means that, for p-almost all g, g1, g2 € G,

A(g) > 0,
A(e) =1, e = identity element of G, (A.5)
A(g182) = A(gA(g).

Furthermore, for u-almost all g, g’ € G, the following relations hold:

di,(g) = A(g ) du(g) = du(g™),
du(gg) = Ag') du(g).

While the group itself always carries a left (and a right) invariant Haar measure, the

(A.6)

homogeneous space X need not carry any measure invariant under the action x — gx.
Quasi-invariant measures, however, always exist on X. The measure v on X is said
to be quasi-invariant if v and v, are equivalent measures, for all g € G, where v, is
defined to be the measure obtained by the natural action of g on v:

ve(E) =v(gE), forany Borel subset E C X. (A7)

The Radon—Nikodym derivative of v, with respect to v,

B dvg(x)
T odv(x)’

Ag, x) (A.8)

is then a cocycle, A : G x X — R, with the properties
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Mg182, X) = g1, X)A(g2, g7 '),

re,x) =1, (A9)

(these equations may always be assumed to hold for all g;, g € G, and all x € X).
Note that all the measures v, g € G, have the same measure-zero sets.

Convolution on groups

The convolution of two functions on a locally compact group is a well-defined operation
that shares many properties with its well-known Euclidean counterpart. We have the
following definition:

Definition A.1.1 (Group convolution) Let G be a locally compact group with left
Haar measuredy, andlet f, g : G — C be two measurable functions. The convolution
product of [ and g is defined (almost everywhere) by the integral:

(frg) () = fG dy fley)g") = fG dy F0)grx). (A.10)

When G is a commutative group, one has f x g = g x f. In general, however, convo-
lution is a noncommutative operation and we have the following relations:

(f * ©)x) = fG dy Fery HeMAG,

where A(x) is the modular function on G.

One of the most interesting properties of the convolution integral is its regularizing
effect on L”-elements. This is embodied in a number of inequalities, which all stem
from the following general statement.

Proposition A.1.1 (Young’s inequality) Let G be a locally compact group with left
Haarmeasuredx. Let p,q,r =2 land1/p+1/qg+1/r =2.Let f € L?(G,dx), g €
L9(G,dx), and h € L"(G, dx). Then

'/de (f * g)(x) h(x)

= ‘ fG dy fG dx f(y)g(y "x)h(x)
< ISl lighy IRl (A.11)

Equivalently,

If*>gllr < IIfIpligllg, with1/p+1/q =1+1/r. (A.12)

A proof may be found in [35], following that of the corresponding theorem on R”
given in [Lie97; Theorem 4.2], which itself generalizes [Gaa73; Proposition V.4.6].
The above result extends to homogeneous spaces, as mentioned in [Gaa73; Section
V.4] for the particular case p = 1, r = p’. First we have to define the proper notion on
quotient spaces.
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Definition A.1.2 (Group convolution on a homogeneous space) Let G be a locally
compact group, H a closed subgroup such that the quotient space G/H has the left
invariant measure d¢. Let g, h be two measurable functions defined on G/H. Then
the spherical convolution product of g and h, with respect to G, is the function on G
defined (almost everywhere) by the integral

(gxh)(y) = / g 'O h)de. (A.13)
G/H

Similarly, if f and h are two measurable functions defined on G and G/ H, respectively,
their convolution is the function on G/ H defined (almost everywhere) by the integral

(f *9)(¢) = fG FO) 8060 dy. (A.14)

Following the pattern of Proposition A.1.1, we may now state the following general-
ization.

Proposition A.1.2 (Young’s inequality on homogeneous spaces) Let G be a locally
compact group with left Haar measure dy, H a closed subgroup such that the quotient
space G/ H has the left invariant measure d¢. Let p,q,r > land 1/p+1/q + 1/r =
2. Let f € LP(G,dx), g € LY(G/H,d¢), and h € L"(G/H, d¢). Then

/ d¢ (f*g)(oh(o‘:/ dc/dy FO 8O DR
G/H G/H G
<11y gl 1Al (A.15)

Equivalently, f € L?(G,dx), g € L1(G/H,d¢) implies f xg € L'(G/H, d¢) with
1/p+1/g=1+1/r and

If*gllr < Iflplglg- (A.16)

Similarly, g € LY(G/H,d¢), h € L"(G/H, d¢) implies gxh € L?(G, dx), with
1/g+1/r=1+1/p, and

lgxnll, < lglg Al . (A.17)

The proof is an easy adaptation of that of Proposition A.1.1, and may also be found
in [35].

Note that sharper constants, smaller than 1, may be put in the upper bounds on the
right-hand sides of all the inequalities, as shown in detail for R” in [Lie97]. These in-
equalities are used in Chapter 9, Section 9.3, for G = SO(3), G/H = SO(3)/SO(2) =
S2. under the following continuous inclusions:

L*(SO(3),do) » L'(S?, dp) — L*(S?,dw) (A.18)
LX(S?, dpu)* L'(S*, dp) — L*(SO(3), do). (A.19)



423
—

A.2 Group representations

A2

A.21

Group representations

Definitions

(1) Given a group G and a vector space V, a representation of G in V is a homomor-
phism 7 : G — GL(V) of G into the group G L(V) of invertible linear operators
on V; thus:

T(g182) =T(g1)T(g2), Ygi,8 €G,
T(gH=T( ' Vgeg, (A.20)
Te)=1.

The dimension of the representation 7 is the dimension of V.

(2) Most interesting is the case where the representation space is a Hilbert space ), the
operators 7'(g) are bounded with bounded inverse, and the operator 7'(g) depends
continuously on g, e.g.,

I(T(g) = D¢l > 0 forg — e, Vo € 9.

In particular, the representation U of G into §) is unitary if every operator U(g) is
unitary, that is

U@U) =UE)U(g =1, VgegG,
which implies
U ' =U H=U(g"

(3) Two unitary representations U; and U, of G in Hilbert spaces $); and $),, respec-
tively, are unitarily equivalent if there is a unitary operator S : )1 — $)» such that

Us(g) = SU(g)S™!, Vgeg.

In that case, U; and U, may in general be identified.

(4) Asubspace 8 C fisinvariantunder U if h € Rimplies U(g)h € K, Vg € G.The
restriction of U to an invariant subspace is called a subrepresentation. We consider
only Hilbert (i.e., closed) subspaces.

The representation U is said to be irreducible if there are no nontrivial subspaces
invariant under U (that is, subspaces different from {0} and $) itself). Otherwise U
is said to be reducible.

(5) The representation U is said to be completely reducible if the orthogonal comple-
ment A1 of any invariant subspace £ is also invariant. In that case, ) decomposes
into a direct sum

H=Ra R,
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of subspaces, each carrying a subrepresentation. A fundamental result is that every
reducible unitary representation is completely reducible.

A.2.2 Examples

(1) If G is compact, all its unitary irreducible representations (UIR) are finite dimen-
sional, and any unitary representation of G decomposes as a direct sum of irreducible
subrepresentations.
¢ For SO(2), all UIRs are one-dimensional and of the form

U0)p = "¢, k € Z, 6 € SO2).

* For SO(3), the UIRs are of dimension (2 + 1), and denoted D;,forl =0, 1,2...;
in appropriate (spherical) coordinates, a convenient basis of D is the family of
spherical harmonics Y;"(0, ¢), m = —[, ..., 1.

(2) The left regular representation Uy, of G is defined by left translation in the Hilbert

space L*(G, d):

(UL(go)$)(8) = ¢(g,'e), ¢ € L*(G.dn), g €G.

The right regular representation Uy is defined in an analogous way in L%(G, di,):

(Ur(g)¥)(8) = ¢(88,), ¢ € L*(G,du,), g € G.

If H is a maximal compact subgroup of G, and X = G/H carries a left invariant
measure v, then the (left) quasi-regular representation U, of G is defined by left
translation in L2(X, dv):

(U,n(9)9)(x) = p(g'x), ¢ € LX(X,dv), g € G.

Two standard examples are given by SO(2) and SO(3):
(i) The regular representation of SO(2) acting in L>(S', df) decomposes into the
infinite direct sum of all the one-dimensional representations Uy:

UL(©®) = EP Uk(0).
keZ
Actually this is nothing but the theory of Fourier series expressed in group-
theoretical terms!
(i1) The quasi-regular representation U, of SO(3) acts in L?(S?,d¢) and decom-
poses into the direct sum of all UIRs D;, each appearing once:

o0
Uy(9) = EP Dilg). s€G

1=0
Considering polar spherical coordinates ¢ = (6, ¢) on the 2-sphere S°, one ob-
tains in this way the orthonormal basis of L>(S?, d¢) consisting of all spherical
harmonics ¥,"(0,¢), [ =0,1,2,... . m=—I,...,L
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(3) The affine group of the line G4 has, up to unitary equivalence, only one UIR, acting
in L2(R, dx), namely,

[U(b, a)pl(x) = |a|~2¢(a™" (x — b)). (A.21)

Upon restriction to the connected subgroup Gg}-, corresponding to a > 0, the rep-
resentation U decomposes into two inequivalent representations Uy, acting in the
so-called Hardy spaces $)4:

H:(R) = {f € LR, dx) | f(§)=0, V&
H-R)={f € L’R.dx)| f(§) =0, V&
and, of course L*(R, dx) = $H.(R) ® H_(R) (here f(&) denotes the Fourier trans-
form of f(x)). These representations underlie the one-dimensional CWT.

(4) The similitude group SIM(2) has, up to unitary equivalence, only one UIR, which
acts in L>(R?, dX), namely:

0}, (A.22)

<
= 0}, (A.23)

U, a,0)f)F) =a" fla"ryE — b)) (A.24)

This representation generates the 2-D CW'T.

(5) For the Lorentz group SO,(1, 3), which is noncompact (and simple), all the non-
trivial UIRs are infinite dimensional. An interesting class are the representations
acting in L*(S?, d¢) (see Section 9.2), which underlie the construction of the CWT
on S2.

A.2.3 Square integrable representations

Let U be a UIR of the locally compact group G in the Hilbert space §). A vector n € 9
is said to be admissible if

I(n) = / (U (gmIm)|* du(g) < oo (A.25)
G

(one can replace the left invariant Haar measure p by the right one p, in this definition).
Equivalently, n is admissible iff

/G (U (@mlg) > di(g) < o0, Vo € 9. (A.26)

Let A denote the set of all admissible vectors. Then, it follows from the irreducibility
of U and (A.26) that either A = {0}, or A is dense in . The representation U is said
to be square integrable if A # {0}.

Theorem A.2.1. Let U be a square integrable unitary representation of the locally
compact group G in the Hilbert space §). Then, for any n € A, the map W, : § —
L*(G, d ) defined by

(Wyd)(8) = [c(m] = (ngld), ¢ € H. g € G, where c(n) = I(n)/[In]]*, (A.27)
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is a linear isometry onto a (closed) subspace %), of L*(G,dw). In other words, the
resolution of the identity

1
. d =7 A.28
e /G n¢) (| dpu(g) (A.28)

holds on $). The subspace $),, = W,$ C L*(G,dp) is a reproducing kernel Hilbert
space, so that the corresponding projection operator

P, =W,W;,  P,L*G.du) = 9, (A.29)

has the reproducing kernel K,

®,3)g) = / Ky (3. $)B(&) du(g). e LG, dp),
G

1
K,(g,8) = C—n)(nglng/), (A.30)

as its integral kernel. Furthermore, W), intertwines U and the left regular representation
UL,

W,U(g) =UL(e)W,, gE€G, (A.31)

and therefore, U is unitarily equivalent to a subrepresentation of the left and the right
regular representation of G.

A characteristic property of square integrable representations is the existence of the
following orthogonality relations.

Theorem A.2.2. Let G be a locally compact group and U a square integrable repre-
sentation of G on the Hilbert space 5). Then there exists a unique positive, self-adjoint,
invertible operator C in ), the domain D(C) of which is dense in §) and is equal to A,
the set of all admissible vectors; if n and n' are any two admissible vectors and ¢, ¢’
are arbitrary vectors in §), then

/ (n, | ¢"Yng | @) din(g) = (Cn | Cn') (¢ | @). (A.32)
G
Furthermore, C = Al, A > 0, if and only if G is unimodular.

Therefore, one may write c(17) = ||Cnl|>. The operator C, which is in most cases a
multiplication operator, is called the Duflo-Moore operator.

Examples
 If G is compact, every UIR is square integrable. In fact, square integrable represen-
tations generalize to noncompact groups the UIRs of compact groups.
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+ The representation (A.21) of G in L*(R, dx) is square integrable, and so are its
restrictions U4 to G;rff, acting in $. In the case of U, for instance, a vector n €
9. (R) is admissible if its Fourier transform satisfies

d§

c) = 271/0 17(&)? T <o (A.33)

The proofs of these statements may be found in Chapter 6, Section 6.1.1, in the context
of the 1-D CWT.

+ The same situation prevails for SIM(2). The natural UIR (A.24) in L*(R?, dX) is
square integrable, and a vector ¥ is admissible iff

2 Pk~ - 2
cy = (2m) — v (k)] < oo, (A.34)
R |k|?
as discussed in Sections 2.1.2 and 7.2 (@ is the Fourier transform of ).
+ The representation of SO,(1, 3) in L?(S?, d¢) that underlies the spherical CWT is
square integrable (and this is precisely what allows the construction to proceed, as in
the previous cases), see Section 9.2.2.

A3

Lie groups and Lie algebras

All the groups we have encountered in this book are in fact Lie groups, that is, groups
whose elements depend in a smooth way on finitely many parameters. More precisely,
a Lie group is a group G that is at the same time a C> manifold in such a way that the two
group operations, (g, g') — gg’' : G x G — G (multiplication) and g > g~ : G —
G (inversion) are C> mappings. Note that the C? conditions, together with the group
structure, imply C* conditions: G is a smooth manifold and group operations are
smooth.

The simplest example is the group GL(n, R) of all n x n nonsingular real matrices.
Other examples we have met are the translation group R”, the rotation groups SO(2)
and SO(3), the proper Lorentz group SO,(1,3), the ax + b group, the similitude group
SIM(2), and all these groups are matrix groups (that is, subgroups of GL(n, R) for
some n), the group multiplication being simply matrix multiplication. The theory of
Lie groups is a monument of mathematics, for which we refer the reader to standard
textbooks such as [Bar77], [Dui0O0], [Gil74] or [Hel78].

The characteristic feature of a Lie group G is that is possesses a unique Lie algebra g,
defined as the tangent plane at the identity element e of the group (this is well-defined,
since G is a smooth manifold). In more intuitive terms, this can be visualized as follows.
Let d be the dimension of G (as a manifold), that is, the number of independent pa-
rameters necessary to describe G. Next, consider d linearly independent one-parameter
subgroups g;(s), s € R, j =1,2, ... ,d, with g;(s)g;(t) = gj(s +1), s,t e R, i.e,
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curves on G that intersect at e only. For each such subgroup g;, take the tangent vector,
X at e, which generates the subgroup g; by exponentiation, g;(s) = expsX; (while
this operation can be given a general abstract meaning, it is best understood in a ma-
trix realization). Then the Lie algebra g is simply the real vector space generated by
X1, ..., Xy, equipped with the so-called Lie bracket (X, Y) — [X, Y]. This is a bilin-
ear map from g x g to g, which is antisymmetric, [X, Y] = —[Y, X] and satisfies the
Jacobi identity

(X, [Y, Z1+ (Y. [Z, X]1+ [Z,[X,Y]]=0, VX, Y,Zeg.

Once again, things are easy in a matrix realization, the Lie bracket is the commutator,
[X,Y] = XY — YX. A Lie algebra g is abelian, and stems from an abelian Lie group,
iff its Lie bracket vanishes identically, [X, Y] =0, VX, Y € g. Thus the Lie bracket
measures the noncommutativity of the Lie algebra (and thus also of the corresponding
Lie group).

Instead of pursuing the general theory, let us give a few concrete examples, using
throughout matrix realizations. We may remark that the conventions are different in the
physical and in the mathematical literature. Whereas the latter uses the exponentiation
law g;(s) = exps X, the former considers the law g;(s) = exp —is)~(j, so that the
generators are represented by self-adjoint operators in a unitary representation of the
group. In Chapter 6, we have followed the physicists’ convention.

(1) The rotation group SO(2)
In the familiar 2 x 2 matrix realization

6 —sind
rg = C?S s , 0<60 <2m,
sin @ cos 6

the infinitesimal generator is clearly the matrix

(1)

(there is only one, since SO(2) is a one-parameter group). One has indeed ry =
exp6J.
(2) The rotation group SO(3)

From the standard realization as 3 x 3 rotation matrices, parametrized in terms of
the three Euler angles, one sees easily that the infinitesimal generators are the three
matrices Jy, J,, J3, with the cyclic commutation relations [J;, J,] = Js, etc. (the
corresponding hermitian generators f, represent the three components of angular
momentum in quantum mechanics).
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(3) The ax + b group

Starting from the 2 x 2 matrix realization

a b
(b,a):(o 1), a>0,beR,

we readily obtain the two infinitesimal generators:

1 0 oL 0 1 .
D = < 0 0) (dilation), P = ( 0 O)’ (translation),

with commutation relation [D, P] =

(4) The similitude group SIM(2)

From the 3 x 3 matrix form,

g arg l;
b’ 79 = = 9
.2,6) <0T 1)

we obtain the infinitesimal generators

1 0 0 0
D=]10 1 0] (dilation), 1 0 (rotation),
0 0 O 0
0 0 1 0 0 O
Pr=]10 0 0|, P,=]0 0 1] (translations),
0 0 O 0 0 O

with commutation relations

[D,J1=0, [D,Pjl="P;, [P, P]=0, [J,Pl=P, [J Pl=-

A.4 Some useful formulas from harmonic analysis on the sphere

In Chapter 9 we used formulas involving representations of the rotation group SO(3),
for the analysis of wavelets on a sphere. We collect some of these expressions here; for
details, the reader may wish to consult [Bar77,Tal68]. The group SO (3) consists of 3 x 3
real, orthogonal matrices, of determinant one. Its unitary irreducible representations
are in one-to-one correspondence with the integers, / =0, 1,2, ..., and for each /
the corresponding representation is realized by unitary matrices D'(p), on a 2/ + 1
dimensional Hilbert space &. Here o denotes an SO (3) variable, which we will represent
by the set of three Euler angles, x, 0, ¢.
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Let Y;" denote a spherical harmonic, m = —[, —[ + 1, .../ + 1. These form an or-
thonormal basis in &, satisfying the orthogonality relations,

b d 2
[ao [~ ap vre. o 0.6 sing = 51 8 (A35)
0 0

and the addition theorem,
i

YY)y, (4)——P1(A§ (A.36)

m=—I

where ¢, ¢’ denote unit vectors with polar angles 6, ¢ and ', ¢’, respectively. Denoting
by D'(0)n, the matrix elements of D'(p) in the Y, /"-basis (called Wigner functions in
the physics literature), it can be shown that

| 4w .
D,(0) = mY’”(@ @), witho =(x.0,9). (A.37)

Furthermore, the matrix elements satisfy the orthogonality relation

872
d'Q D (Q) D (Q) 81t S Snn s (A38)
50(3) 20+ 1

where dp is the invariant measure on S O(3), normalized as

/ do = 872
50@3)

Let L2(S?) denote the Hilbert space of all square integrable functions on the sphere
(with respect to the usual surface measure). As a consequence of (A.38), the action of
a rotation o on a function f € L*(S?) can be analyzed into “Fourier components” in
the manner

o0 1 1
f@7'O=Y"3">" Dh@ FU,mY"Q), VY f e LXS), (A.39)

=0 m=—In=-1

where f (I, n) is a “Fourier coefficient”:

F,ny = (Yf).
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